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PREFACE. 



rpHIS book has been prepared to meet a generally-expressed 
wish for more problems than are found in most text-books on 
Algebra. It contains about 4500 problems, classified by subjects, 
and including all the topics usually taught in schools. The exercises 
have been selected mainly from the rich French collection of Morf 
and Tzaut. The simplest and the most difficult of the 12,000 prob- 
lems in that collection have been rejected, and it is believed that 
these exercises will be not only new to American teachers but well 
adapted to their wants. 

The book may be used in connection with any Algebra for sup- 
plementary or review work ; and, in order that it may be brought 
within the reach of scholars as well as teachers, the price has been 
made as low as possible. 

G. A. WENTWORTH. 

G. A. HILL. 
Mat, 1884. 
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ALGEBRA. 



Ex. 1. 

Notation. 

1. Write the sum of a and h. 

2. Increase a by 8 units. 

3. What is the value of m, if m = w + jo, and n = 27, and 

p = 36? 

4. If « is a whole number, what is the whole number which 

immediately follows it ? 

5. John takes d steps forward, and then/ steps backward ; 

how many steps does he take in all ? 

6. To-day the thermometer indicates m degrees above ; 

yesterday it indicated n degrees below ; how many 
degrees warmer is it to-day than yesterday ? 

7. A man sells a horse for c dollars, and loses a dollars ; 

what is the price paid for the horse ? 

8. If a is a whole number, what whole number immediately 

precedes it ? and what precedes this last ? 

9. The sum of two numbers is m, and one of them is 18 ; 

what is the other ? 

10. What value does x have when 

(i.)a:-F5=12? Cii.) a;-f 37=63:a:-f-w=18:a:-f-w=;?«? 

11. A man bought a house for 'p dollars, and sold it for n 

dollars ; how much did he gain ? 



EXERCISE MANUAL. 



12. A man sold a horse for c dollars, and gg.ined 25 dollars ; 

what did he pay for the horse ? 

13. A man has an income of m dollars ; his expenses amount 

to n dollars ; how much has he left (i.) if m is greater 
than n ? (ii.) if m equals n ? (iii.) if n is greater 
than m? 

14. A man makes m steps forward, and then n steps back- 

ward ; at what distance from the point of starting is 
he? 

15. A body moves a feet in one direction, and then b feet 

in the opposite direction ; at what distance from the 
point of starting is it if a>6?a = i?a<6? 

16. Three towns, A, B, and 0, are situated in a straight 

line. The distance from A to B is a miles, that 
from A to C is i miles ; what is the distance from B 
toO? 

17. If the length of a day is 8 hours, what is the length of 

the night? 

18. Two steamboats move in the same direction, one behind 

the other. The first goes m yards per minute, and 
the second n yards. At the end of one minute, 
what distance separates them when 7n>n? when 
n>m? 

19. A steamboat makes, without taking account of the cur- 

rent of the river and the force of the wind, 491 
yards per minute. The current, by itself alone, will 
carry the boat 71 yards per minute, and the wind 
100 yards. What distance will the boat go in one 
minute (i.) when it goes with the current and with 
the wind ? (ii.) when it goes with the current but 
against the wind? (iii.) when it goes against the 
current but with the wind? (iv.) when it goes 
against the current and against the wind ? 
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20. What will the results of the preceding problem become 

if rf, 5, and w are substituted for 491, 71, and 100, 
respectively ? 

21. What is the product if the multiplier is 7 and the mul- 

tiplicand is a ? if the multiplier is p and the multi- 
plicand q? 

22. A rectangular field is a rods long and b rods wide ; 

what is its area ? 

23. A man pays m dollars for 1 yard of cloth ; what must 

he pay for n yards ? 

24. A locomotive passes over a yards per second ; how many 

yards will it pass over in t seconds ? 

25. A man has oats enough for n horses during t days ; how 

long will the oats last 1 horse ? 

26. A product is p, the multiplicand is m ; what is the 

multiplier ? 

27. What is the value of y when 9y = 63 ? when 8y = 72 ? 

when 43y = 2451 ? when 53y = 1537 ? 

28. A body moves 5 yards in t seconds ; how many yards 

does it move in 1 second ? 

29. How many times greater is the velocity of a bullet 

making m yards per second, than that of a stone 
making n yards per second ? 

30. What value has x when a; -f- 7 = 9 ? when ar-r- 23 = 17 ? 

when 35^27=7? when 703 -r- a; = 19 ? 

31. How many rolls of paper, g feet long by k feet wide, 

will be required to paper a wall a feet long by b feet 
high? 

32. The cogs of 2 wheels fit into one another; the large 

wheel has n cogs, and the small wheel has m cogs. 
How many revolutions will the small wheel make 
while the large wheel is making 1 revolution ? 
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33. Find the values of 3« ; 4» ; 2*« ; 10» ; 2* ; 4«. 

34. Express the fifth power of 4, the a;th power of y, the 

mth power of n, the jpth power of q, the ar + yth 
power of a ? 

35. l£af = Zf and a? = 5, and y = 7, what is the value of 2? 

.36. What is the shortest way of representing the product 
of 7 factors, each equal to 3, and what is its value ? 

37. What is the shortest way of representing 

aXaXaXaXaXaXaXaXaXaXa? 

38. What is the shortest way of representing the product 

of X factors, each equal to m ? 

39. Into how many parts is a line divided, when it is first 

divided into m parts, and afterwards each of these 
w parts is divided into m new parts, and so on rt; 
times? 

40. A man mixes a drop of a certain liquid with 4 drops 

of water ; then he takes a drop of this mixture and 
mixes it again with 4 drops of water, and so on 6 
times. What part of the first drop will finally remain 
in a drop of this mixture ? 

Ex. 2. 

Addition. 
Add: 

1. a' + Sa^b + Sab' + b''; a? -Sa'b + Sah* -V; 

-a^' + Sa'b-Sab' + b*] -d" -Sd'b -Bab^ -b'\ 

2. x^+Sax'-bx'+Scx-d; 4:X*-6ax'+bbx'-Scx+2d; 

— 5a?* — 6aa^ — 5bx^ — Sex — 2d] 
63^ + 7ax'-Sbx' + 6cx + 7d; 
-lOx'-ax'+lObx'-cx + d] 

— x* — aa^ — bai^ — cx — d. 
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— 2a^ + 4:a*b + 12a'b^c- lOaJ ; 
da'-iea*b-lla'b'c + lSab; 

— l0a'^ + Sa*b + a*b^c — 6ab. 

4. — 7aa;--5aVi+12y; 5aa:+aVa?— 8y; — aa;+9aV5— y; 
4aa; — 3aVa? + 5y; — aa? + aVi+y. 

5; a^ + Vx — 10 + 2Vax; 2a''- 3 Vi + 20+ Voi; 

— 5 a' — 3 VS + 30 -- 5 Vo^ ; 

— 4a' + 2Va:+l + 12VaS; 

— 25 a' — 25 Vi — 25 — 25 VaS. 

6. a~ — 2Z>* + 3c* — 4^?^; 23a"' + 166"- 13c' + 12c?'; 

— 14a"'+155»— ITc^' + lQc?'; ISa*- 6" + c*- c?*; 

— 13a~ + 5 J"— 3^^ + 11 #. 

7. 5a«J-7a»6c-136V+10; ia«J+8a%c-10iV+A; 

-^a'i-15a»6c-76»c*-^; 

a 7a-3i+5c-10c^; 25-3c + ^-4e; 

5c — 6a — 4e + 2rf; — 3J — 8c + 7a— c; 

21c— 16c + a — 5rf. 
a 3ai«-4a'6 + «'; -4ac' + 5a6»-c'; 

-75» + 2a'J-6ac'; 5a»- lla^>»- 12ac'. 
la a' + 3a»J + 3a6» + 6»; - 5a6» + 3a'i-y + 3a»; 

+ 3aJ»~5a'6 + 3&»-3a'; 

-5J' + 2a'i-4a« + 3aJ«; 

7a»+6*»-5a«J + 5a6»; 4a'J + 3aJ«-3i» + 4a'. 
11. ^xy^-Ba^7/'2^ + nx'y'z'-Sxy'2^; 

— xYt!" - 2a;»y*2* + 4a^z» + 19a;*y»2* ; 

-12ay/ + 4a;Y2«-15a;»y^z*-a;»yV; 
Ba?*y*2;" + 41a;'5^2* - a;»3/V + 7a;y»/. 
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12. a"' + 6a"'-'6 + 10a"'-«Z»»+ 6a~-'5» + ^*; 

8a~-«6' + 3a~-»&'- Sa- + 3 J* + Ba"-^ J ; 

— 3a— ^ J + boT-'b' + 3a-' - 5 J* - 3a-'-»6». 

13. aa^ + bx^ — cx\ bx^ — baf^ + Tx; — daf^ + 4:X ~ ex* ; 

d3^ •\- f:if — gx \ ma^—na^+px) —Sa^+7ax* — Sdx. 

14. mx*7^+na^i/*—p3^y+9x; —ma^y* +8x^7^— px+ps^y ] 

— ax+px'y—px*y^ + nu^y*\ x*i^— x^y^+x — x*y ] 
px + cux^y — 2ma^y^-\- 5 Twary. 

15. af + y« + z* — r ; abaf — mn^ + «^y' + biT] 

— 5a^>af+3aJy*+8r— az*; ar- 3 ^>z*+77iaf +14 y»; 
35caf — 4y« + 3m2;* + nr. 

16. abwF-^'' + ben''-' — edvf'^ +fgv' ; 

— 3a' Jm'+' + 36c"n'-' + ^e'^d^u^-^ + bfgv' ; 

— en'-' + 3a'^>m'+' — >fcw»-' + atf ; 

+ 5 m'+' — 3 5w*-' — 3 c» cP w»-» — 8/^if ; 
a' m^^ — ben^-' —/if + edv?-\ 

Ex. 3. 

Subtraction. 

1. From w^* — n' take n*. 11. From m — w take 2 m. 

2. From m' — n' take m^. 1^. From m + n take 2n. 

3. From n' take m' — n*. 13. From 27A take m + n. 

4. From m' take m' — w'. 14. From 3n take m + n. 

5. From — m' take m' + w^ 15. From 8w take 3n — 5 m. 

6. From — af* take oi^ — 'f. 16. From a — bb take + 35. 

7. From —j^ take a:* — j^. 17. From a — 45 take — 3a. 

8. From af* — j^ take — of. 18. From 2a — 5 take — 25. 

9. From a:" + j^ take — y^. 19. From a + 25 take +35. 
10. From j^ take —af—y^. 20. From 3a — 45 take — 5. 
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50. From ^x^i- Sax -ia^ take 2x' — ax — ^a\ 

51. Fromiar-J^a+tJ-iytake-iy-ti + ia+V^a:. 

52. From fa - 76 - 36c + ^c take |a - 56^ + ^c - 36c. 

53. From^y-fa-|a; + |6take3y + J^a-|a:. 

54. From the sum of the first four following polynomials 

take the sum of the last four : 

w' + w'+j^' + g^, q^+P* + < m^-p^ + n^—q*, 

m' - n' +p^ + g^, n' +^» + g» — m*. 

55. From x^ + Saa^ — 2bx' + Sex- 4.d 
take Saa^ + aa^ — ^a^ + Qcx + d. 

56. From aa^ + bx* + cx + d taka ca;" — or* + 6a? + 4. 

57. From aa^ + 6c*y — cxt/^ — rfy" 
take ei^+fxy^ — gx^y—ba^, 

58. From5a'a;y* — 46ay + 9aa:V+lS3^ 
take 3a'a;y' + 56Vy — 9ca;y* — 5ay*. 

59. ¥Tomma^ — 4:mnai^ + Sma^j^ — 7ma^i^ 
take ^3f+7aba^t/^—7px*y + 1a^i^. 

60. Froma6a;* — 6car* + 3ccfa' — 2(^a:» 
take 2^3:* — 6dea;' — acar* + 6ca:*. 

61. From 3 mnyz + Tpqy^^ + 4 a6y'z' 
take — 14^^*2* + 9my2 — Say*/. 

62. From48aW + 56a«6»-34a6* + 596» 

take successively the following polynomials : 
13a«6« - 14aW + 26a6* - 6* ; 
15aW + 70aV - 60a6* + 306^ 
20a'6H306^ 
If m = a« + 6« + c', w = a'+6*-c», o = a'-6«+c^. 
p = 6' + <^ — a', find the value of : 

63. m + n + o+p. 65. m — n — o+p, 

64. m — w + o— />. 66. m — n — o—p. 
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Ifa: = 3a*-2aJ + 5J», y= 7a'-8aJ + 56«, 
2 = 9a»-5a6+3J«, <= lla»-3ai-"4i», 
find the value of : 

67. x + y + z + t. 70. x + y — z — L 

68. x-y-^z + t 71. ar-(y-2-<)- 

69. y^(x + Z^t). 72. y-{z_[a;-(y + 0]}. 
If^=5a» + 3a'6-75», i?'=8a»- 9a«i-3^», 

G( = 9a«i-3a'-7J», JT=8a«J- 7a»-25», 
find the value of : 
73. U-\F-(a-B:)l 74. G-\F-[B-(E+Cf)]l 



Multiply : 



Ex. 4. 

Multiplication. 



1. 2x— 4:y + z by 3a:. 

2. a« + 2ai-i* by a'6«. 

3. 4a + 2ac'-3crf*-l by -aW. 

4. |6» - 4c» + facZ« - 3 by - fa'c. 

5. -5y + 2ic'-4c by ^JV. 

6. x'-Sx'y + Sxy'^2 by — 3a;3/*. 

7. Sx'-'2xy + 4:y' by 2a»a:. 

8. -2aV + 5ai»-7J* by -4ai. 

9. a' — aa? + a:* by —oa:. 

10. a:* — 3a;'y + 3ay — y* by xy. 

11. 3a:'~-^-fy'*-* + a:"y*-y'-S by -ar*-'"/""" 

12. -a'J«» + 3a*+-'i»+'»-5a»+'i'*+*» + 2 

by -|a*-i»-«». 

13. -25c'+14c'+^cZ+40c»'+^rf- by -36c'-'rf»-«-. 

14. 18m*-y-24m*-y + l by 75m^-'y'-\ 
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15. 34 J-+»c;'-*« — 27 «>«-*—*(;'-«+* + i J^-rf«-> • 

16. S9d'+*-^-b^d'-*''*-^ + &)d'+''' by 30d»-*+'^ 

17. 24af"+'*-^ — 42a:»"-?*+' + 25a;'»+'"'-' by 25a;»-*-'*. 

18. 70y"-'-' — 65y'-'"^'^ + 53/»'+"' by fy''^+^ 

19. 3a — 4i by a — b. 

20. U — bc by 3J + 4c. 

21. 4a; + 9y by x — by. 

22. 3a-2^> by 2a — J. 

23. 5a''-3a5-25» by a' + 2aJ. 

24. Sar* — 4a:»y + 2ay — y» by 2a; — 3y. 

25. 3a»-5a5 + 2^>« by a^-lah. 

26. 5a' — 2a»a? + aa;* by 2a' — aa; + a;». 

27. 3a;'-4a; + 7 by 5a;'-a;-4. * 

28. a:' + 7a; — 5 by a:*- 3a? +7. 

29. 3a»5-2a»J« + a5» by 2a«-ai-5Jl 

30. ar* — 6aa;' + 12a'a; — 8a» by a:*- 4aa: + 4a^ 

31. ar^ — 2a; + l by a;» — 3a; + 2. 

32. a?* — 7a;»y'+6ay' — y* by ar* — 2ay' + y. 

33. a;*- 5aa; — 2a* by a;* + 2aa: + 3a'. 

34. 2a;*-4a:'-4a;-l by 2a;*- 4a;'- 4a;- 1. 

35. a;*-4ar^y+6a;'y'-4ay»+y* byar'-3a;'y + 3a;y'-y'. 

36. Expand (a — 2 J + 3c)». 
Multiply : 

37. 3a;* + 6ar^y-9ay' + 12y* by 2a;'-3a;y + y'. 

38. 3a«a; — 2aV + 5aar» — 8a;* by — 2a' + 6aa; — 4a:». 

39. 2V~-36Y + 45y-56y by y^-46y» + 6*'y. 

40. c* — Bc'g + Scz' + llz' by 6c'-2cz + 12z'. 

41. a* - 7a' J + 6a' 5' + 8aJ» - 2 J* by a' - 3aJ + 2 J*. 
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42. a;* — 4ar^y + 6a;'y» — 4ay + y* by a:' + 2a;y + y'. 

43. 3a*J'-6a»5» + 4a* &♦ + «** by 2a»J- 5a6» + 2J^ 

44. a^-'Saf' + 2a^ — x+b by Sx' — 2x'— 5x + S, 

45. 7a-2a* + 8a»-4a* by 5a + 3a»-7a'. 

46. 2p'' + ^p^q-~Spq^-^ by 5;?' - 2;?g' - g^*. 

47. a*-2a*J + 3a'5*-2a»6» + a6*-J'* hj2a'-ab + b'. 

48. 5c»-3c«+9c?*-10c» + 4 by 9c» + 5c*-13c*. 

Expand : 

49. (a«-5ai-i7. 50. (a:»-3a:»- 2a:)*. 

Multiply : 

51. 2(P-rd*e + S(Pe'-9(P^ + 6d^ + S^ 

by 7c? + 24cZ'c+70tfe»-2e». 

52. a'--2a'a; + aa:»-Jar' by 3a'-aa: + 3a;'. 

53. c^-2(^-ic'+120c-Shj bOc'+lSc'-^c-i. 

54. (P-dcd^ + ic'(P-9c'(P+ic*d 

by Scy' + TccP-ic^c^-c*. 

55. 2^p^-SQp*q-l6p''q^ + 20p^^-16pg/'+i^ 

hy-ip'' + Sp^q + 7pq^-nf. 

56. Uc^-tlSc'cZ+lSc'c^'-Sce^' + ie^* 

hjl2<^+ic'd-10(^d'-ic'd\ 

Jlxpand : 

"■ (M-l)' »^ (I-t+t)" 

Multiply : 

59. 0.5m*-0.4m'n+1.2m«w» + 0.8mn»~1.4n* 

by 0.4 m' — 0.6 wn — 0.8 n*. 

60. 7a:» + 3/'-3a:yby2a;» + y-a:. 

61. 2a;-a:' + 4a:»-10+7a;*by2a;*-2a:»+3ar' + 2 + 4a:. 

62. 2a;*-3a;»y+2/-2ay+4a:'y' by 2ay-y»+ Ja;»-ia:»y. 
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63. 2*«rf« + Sb*- 7bd' - 5b'd+ d*hy3b' + Sd'- bbd. 

64. Expand (--7ai« + 2a»~3a«i)». 
Multiply : 

65. bp^x' + Sp^ — dpa^-Sp^x by 2p'x-Sa^+9p'^'-7pa^. 

66. 45»-2J + l-3i^by4y + 55 + 2J». 

67. a» + 3a-2a' + lby4a' + 3-2a. 

68. Jc + «^ + «i by a — i + c. 

69. l-2x + x'hjl-2y + y', 

70. Ja;2; — coc^ + ayz by ie?a; + acy — abz, 

71. a^ + bx — chj 3^ — ax + b, 

72. a:* — aa:--i'bypa: + a:' — ^. 

73. a;'-3aar — 6a'by 5Ja7 + 86» + n;'. 

74. bx — oa;* + a:* — c by ?i — rnx + a:*. 

75. ia; — aa? + a:* — c by n + mx + a^. 

76. 1 — aa? + 6ar' — caj'by 1— a:» + ar. 

77. az' + fe + ^by rfz^ + ez+Z 

78. mz* — Tiz' + g' — 2^z by sz* + r2;' — -w +i>2^. 

79. a' + 3a' — 4aby — 4wa+3ma'+j9. 

80. 5wa:' + 4ma;* — 2|9a: — V by 2aa;'— 3ia: + 4d 

81. a"' + 2a"'+*~3a~+'-l bya+1. 

82. a*-4a*-* + 5a*-' + a*-'bya-l. 

83. a*-a»-*J + a*-»6"by a-6. 

84. a;"-^ - af'^'y + af-^y" - a;*" Y + a:»-Y by a; + y. 

85. aF - 3a'-^ + 40?^-' - 6a'-» + 5a'-* by 2a» - a' + a. 

86. a'»+^ — a*+^ - a** + oT-^ by a"+' - a» - a + 1^ 

87. 3a;*»+i-4a;^*+2a:»»-^-a:*-' 

by 2a;*"+^-6a;'*-2a:»*-Hic*"'. 

89. Expand (e* - e*-^ c? + c^' d^ - e*"^ cJ»)\ 
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Multiply : 

90. 2.r*-+ V-^+ 3a:'-+ V«-' - af +Y«-»+4af +Y'"^ 

by 2af+Y-*«-3af+'y2-'«+afy'-*«+4af-V-«. 

91. a?'+*Z>^-»+a'+*Z»'^-«-2a*+' ^>»-«-4a*+^^>*-»+a'5'^« 

by2a*-*^>«-2a*-'5»+^ + 6a^-'^>«+*-2a»-'J«+» 

92. w^+^-3w^+*+w'+»-22A'+* by 2w«-'+3w««-p~4w»«-^. 

93. 5a^-V^'— 2a;'-^y*"+^— a:P-'y*'+* 

by 3a;»'+V"^+4^''*'*y*"~'— a:''*"V- 

94. a* + 3a'-»-2a*-^by 2a*+^ + a'+''--3a«'. 

95. 3y"' — 2y"'+* — 5^*+' + ^"*+' 

by 3y«'-' + 2y^-' - 5y^-' - y^ 

Ex. a 

Divide: Division. 

1. 5a« + 15a'* + 5a + 15by a + 3. 

2. 35ar» + 47a;* + 13a: + l by5a: + l. 

3. z*-J2»-&V-*»z-26*byz-~2i, 

4. 2a*-6a' + 3a'~3a + l bya»-3a + l. 

5. 43a*+41a»-9a«-9a-lby 7a* + 8a + l. 

6. af' + 4:a^-Sx*-16x' + lla^ + 12x-9 

hjar' + x'-bx + S. 

7. 66* + 205*-125»-485» + 22J + 12by6*« + 146 + 4. 

8. 24m'^+16m*n-36m»w' — 36m'n» — 8mw* 

by 2m' — 2m7i — n^. 

9. c^«-3cZ'^ + 6c;*-7(^» + 6cZ»-3c;+lbyc^»-e^+l. 

10. 2m*-6m« + 3m'-3m + l by7n'-3m+l. 

11. p''-'p^+2p^-p^+2p^-p+l byjo*-2j9»+3p*-2^+L 

12. 6a'*a;-17a'^+14aar»--3a;*by 2a — 8ar. 
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13. 3^-2y*-6y» + 4y» + 13y + 6b7y» + 3y> + 3y+l. 

14. 4/-18y» + 22y»-7y + 5by2y--5. 

15. 4a;»-28a;y + 49y'by 2a:-7y. 

16. 4a» + 4a» — 29a + 21by2a-3. 

17. 6a»-13a«i + 4a5« + 35»by2a-3J. 

18. 6x*-lBa^+lSaW-lSa^x-ba* by 2x'-'Sax—a\ 

19. a^ + a^af^ + a^x + aV + ax* + 3f hy a + x. 

20. 45a:* + 35a;»-4 + 18a;» + 4a?by9a:»+7a:-2. 

21. 6a;* + 13ay — ar^y + 4y* + 2rc*y'by 2a:»-3a:y+4y'. 

22. a;«-a*a;»-aV-2aa*-2a*a: + 4aV+-a« 

by a;* + 2a;a» - 2ar*a — a*. 

23. 2ar^ + 7a:'y-9y'(a: + y)by 2a:-3y. 

24. 2ai'+ar'i/-Sxy^-lSx'y' + y^hj x'-2xi/ — y^. 
85. a:^ + 4ar^-92a:-3a?* + 26a;» + 55bya;»-3a:+ll. 

26. a;^-3a;" + a:*-4 + 12a;-4ar»bya;*--4. 

27. 15rr*-3rry* + 4ar^y' + 10a?*y + 6ar»y»by 5a:» + 3a;y«. 

28. a:^-125a;»-9ar^ + 5a:*-340a:-300bya:»-15ar— 50. 

29. 5x'' - 4:0^^ -^^af'y-exY+l^a^y' + 8x^2/^ 

by ar^ — 4a;'y + 2y'. 

30. 21a* - 16a»5 - 5ab^ + 16a' J' + 2** by 3a« - oi + 6«. 

31. i&» + lf&c?«-fHZ»W-^rf»byf5-|ef. 

32. -id' + d'-^d' + id*hy-id' + 2d. 

33. A«*-K^ + ««'^' + i«^'byfa + i^. 

34. ^rrv' + -^m^n-^mn^-\-^7v'hyim~in. 

35. T^^-TV^y-«^ + A3^byi^-|y. 

36. K + M«*^--B«'*' + lf«'*'-Ha6* + f6» 

hyia' + 2ab-ib\ 

37. ^-M^* + H^-K-W^ + |bya;»-| + 5. 
3a K + tt«*^-2i|«'^'-23V«'6» + tVa6*-36'^ 
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39. \iy'+^2~^y'^+my'^+W'*-^y'^-iy^ 

hji^-iz + 2. 

41. -Ba'-^cfb + ma?b' + i^a*b'-^a'b* + ^aH' 

+ 8Ja6' - 66' by l^a* - \a'b - |a'6' + lioi' - b\ 

42. «* - 8a' + 2aa: by 2a -x. 

43. -73a:'-25+56a;H95a;-59a:» by -lla;+7a;'-3a;'+5. 

44. 2&3^y' + a^ + 6f-na^-5a^y-23^i/'-x'i/* 

byrr'-3y'-2a^. 

46. 4S!c'i/' + 26x^-n3^j/' + 8a^-22x*y-8^ 

hj23^-iy'-Sxy. 

46.- 8ai* - Sa'i + 24o'i» + a'6» + 14o'6* + 12a*b* + 5a' 
by7a'i + 2o6' + 5a'. 

47. 62a:'y' + 43a;y-55a*y*-55a^y'-6a;'-21a;»/ 

+ 28a;'y by 4a;'y - 2a; - 3a:* y*. 

48. 4y«2'+4y»«-38yV- 42y»z'+5iy2*+52y*2»-15y' 

by — 3y + 4y V - 2y»2' + 5fz. 

«• lK + Tyta*a; + fH«'^-i«^-lK^ + K 
by|aa;-lja;' + |a'. 

60. 7a* 6' - 19a' 6" + a' - ga'fi' + 13a«6* - 6' + 8ai« 

by i» - 2 a5' + a». 

6L 2a»-16a + 6by a + 8. 

62. 49a;'-72a:y' + 27y'by 7a;-3y. 

63. 4a:'y — 4a;'y' + 4a:'y* — ay by 2a;' — 2ay + y». 

64. 4a;*-a;'y' + 6a3^-9y*by 2a;'-a«/ + 3y'. 

66. a;»-5a;* + 3a;» + 6a;'-7a; + 2bya;'-3a;' + 3a;-l. 

66. a;*y* — 64by aiy — 2. 

67. y"+y»+y' + 2y' + 2y' + 2y' + y' + y + lbyy+l. 
6a a*-6*bya' + a'5 + ai' + 6'. 
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59. 3a;* + 4ar'y' + 4a;'y" + ay + 4y*bya;» + a:'y + a:y* + y'. 

60. 12a*-27a'6» + 18aJ»-36*by6a'-9a^ + 36'. 

61. a*-5a'6'-5a»6» + 6'^bya»-3aJ + 6'. 

62. a* + 4ai»-4ai(? + 3i* + 26'c-c» by a'-2ai + 36?-c. 

68. 4a;*-6a;'^-8rc'+y* — 43^ + 4 by 2a;'-3a;y + y*-2. 
64 a-4a»+12a*-9a*by l + 2a-3a». 

65. a-^»-a-^'+37a-^*~55a"^+50a-^^ by a^-3a»+10a*. 

66. ed'^-bd^'-6d^^ + 19d'-21d'-' + 4:d'-' 

by2rf'+rf'-4rf. 

67. 4:h^'-S0h'+l9h'-' + bh'-* + 9hr' 

by A'-» - 7A-* + 2 A«-* - 3 A-'. 
6a 60^-*+' + oT-"^^ - 22af*— + 19 ic*"*-^ - 4 aT"^' 
by 3ar»-*~4a;*-" + a:'"*. 

69. 6i*+^» + 6'^+^*-96*^+116'^-*-6i*^-» + 6*^-» 

by2i>^' + 3i>^^~6». 

70. 6a*^' - 23a;»"+^ + 18a;^-r^-^- 3a;**-'+4a*'-»-a:**-* 

by 2a:**+' - Sa*' - 2ar*"-* + x^\ 

71. a"^J*--4a'*+— .^i**— 27a'"+*-'6'* + 42a"^-'^>** 

by a* 6*- 7 a*-' 6**. 

72. a;** — a;*y<*-^>* — y»a:^*-^^ + 5r*by a;*-y*. 

73. a*'-3a**y* + 3a;*3/*'-2/*'by a;"-3r. 

74. a'*+*J* — 4a"*+^^ft'*--27a'"+*-'J'* + 42a"*+*-*6** 

by a* + 3a"^^6* - 6a~-'6^. 

Perform the following divisions, and continue the opera- 
tion to the fifth term of the quotient : 

75. A- 77. -^. 79. ^-^. 81. ^^^2^ 



1 + x x + l 1 + x l-Ba: 

__5_. 80. -^. 82. l^n^. 
0^-1 1-y l + 2a 



76. ^. 78. -At- 80. --^. 82. ^^^^ 
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83. ^+i^. 86.^^. 87. -i-. 89. -i 

x — y oy — \ x — 2 —2 + x 

84. i— ^. 86. ^ J^ . 8a -^. 90. , ^+^ . 

Calculate to five decimals the numerical values of 

91« 1+T+T^+ , "^ ^ + , ^^\ , fora;=l. (1) 

1 1x2 1x2x3 1x2x3x4 ^ ^ 

92. 4(l-i + i-| + i-iV )• (2) 

93. |-| + |>|Vf fora = 0.2. 

1x2x3^1x2x3 5 1x2x3 7^1x2x3 9 

for X = 1.5708 (6 terms). (3) 

^^ ^V25^"^3(2n+l)»"^5(2n+l)*"^7(2n+iy"^ J ^*^ 

for n=l. 

(1) This series is the development of e» ; and, if a: = 1, it gives the 
value of c, the base of the system of Napierian logarithms. 

(2) This series, known by the name of the Leibnitz series, gives 
the value of ir ; but a great number of terms must be calculated to 
obtain a near approximation. 

(3) This series gives the value of the sine of an angle in the func- 
tion of the arc x, reduced to the radius. 

(4) This series, if n = 1, gives the Napierian logarithm of 2. 



Ex. a 

a- vr. Parentheses. 

Simplify : 

1. (7a-26)-[(3a-c)-(26-3(?)]. 

2. (9a-4c)-J[(36-4c) + 5a]-3ft}. 

8. 2a-(3i + 2(?)-J56-3a — (a + 6) + 5c-[2a 
-(c + 26)]l. 
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4. a-\2b+[3x-Sa-(a + b)] + [2a-(b + c)]l 
6. 16-a;-{7a;-[8-9a:-(3-6a;)]}. 

6. 2a-{Sb + (2b-c)-4:C + [2a-(Sb-(c-2b))]l. 

7. a^-l4:a^-[6x'-(ix-l)]]-(x'+^a^+ex'+^x+l). 
a ai - [(Sbce — 2ab)—(bbce— bef) + (3ai - 3 ft^]. 

9. l-[l-(2-a;)] + [4a?-(3-6a;)] + [4-(6a:~6)]. 

10. 4a;-3y-{(2a? + 4y) + 3a? + [y--9a;-(2y-a;) 

+(^-y)]l. 

11. lla;-{7a?-[8a;-(9a;-(12a-6a:))]}. 

12. [(2a-3)6» + (3a-4)6-(2a-5)] 

X[(a+l)i-(l-2a)]. 

13. [(a» + ab + V) w» - (a + 6) m» - abm\ 

14. [2r»-(a + ^)a:' + aSa;-(a--6)] 

X [(a - 6)a;' + ahx + (a + b)]. 

15. [a^-(a-l)ar'y + (a-2)a:»y»-(a + 2)ay] 

X[7^+{a + l)xy + {a-2)y'\ 

16. [(6-a)m» + (a-6)wi'-2(a-5)m] 

X[(a + J)m* — 2(6 — a)m — 2a]. 

17. [(a + 26 + l)a;«-(3a-26)a; + (2a-l)] 

X[(a-2J + l)a;» + (3a + 2J)a;-26]. 

18. [(h'-l)3?-{b-2)x + {l~-b)]\ 

19. [9a»-(l-w)a-(l-m')]». 

20. [(2a-3c)y'-(a-(?)y + (2a + c)] 

x[(2a + 3c)y» + (a + c)y-(2a-0]. 

21. [a;» + (a + l)a;»-(a«-2a-3)a?+(a»-6a"+8a-7)] 

X [a:* + (a - l)a: + (a» - 3a + 1)]. 

22. [y» + (a + J)y» + (a'-6')y + (a»-3a»6 + 3a6»~6»)] 

x[y»-(a-6)y + (a»-2a5 + 6')]. 

23. {x + y + z){x + y — z)—{x — y + z){— X + y + z). 
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24. (15a'-12J)(2a + 3J)-(4a*+156)(5a'-4i). 

25. (9a'-4i')(a-l)-(3a-26)(3a' + a*-3a-26). 

26. (5x-2y)(x'-2xy + Sy'-S) + (2x'+2xy-by'+l0) 

{5x-2y)-(3x'-2i/' + 2) (5a; - 2y). 

27. (a'-6')(26-3a) + (a + 6)(86-7o)a 

-(a + b)(Sb-1a)b. 

2& 15a:' + 24y'-(3a; + 2y)(5a; + 6y). 

29. 26ai-(9a-8J)(5a + 25)-(4i-3a)(15a + 46). 

30. l2ab + 5b*-(3a-U)(2a + 8b)-(Sa-2)(a-b). 

31. (4ar-3y)(7a; + 8y)-(8a;-9y)(5a:+7y) 

-(3a;-2y)(5a; + 8y). 

82. (c^-b')(2a-Bb + 5c)+(b-a)(Ba' + Uc-5ac) 
+ (6'-a')(4a-3i + c). 

33. (a'-2a5 + 5')(3a»-5a'6+36' + a) 

-(a* -an- ab* + b*){ba'-5ab+ib' + 1) 
+ (a - 6)' (2o' + 15a' J + J»). 

34. (a:» + 3a;'y + 3ay» + y)(a»-2a'i + 36* + l) ' 

+ («+3/)' (2a''+2a'i-3i*) - (x+y)' (3a'a:+3aV-2a'a;). 

36. [20" + (2 a; -9) a' -(9a; + 6) a + 27]-!- (2a -9). 

36. [a* -pa" + (q -l)a* +pa- q]^ (a' - 1). 

87. [2*-2a(a-J)2'-|-(a'-|-J')(a-Z.)2-a'&'] 
■^[i^-(a-b)z + b*]. 

38. [(a^-2i)«-(c-3rf)']-^(a^-26-|-c-3rf). 

39. (a^ + Bxy + y>-l)^[x+Q/-iy]. 

4a [a(a - l)a;» + (a» + 2a - 2)a;' + (3a> - a») a; - a*] 
-i-(ax' + 2x-a*). 

41. [(a;»_l)y«-(a;» + a;»_2)y'-h(4^+3a; + 2)y 

- 3(a; -1- 1)] -^ [(a; - l)y' - (a; - l)y -h 3]. 

42. (3* - 2o?y -f- a;'y' - a'a:» -H 2a* ay - ay) -h (a; - a). 
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43. [2;*-(m + w)V + 2mn(m + w)2-w»w*] 

-!- [2* — (m + n) z + mn]. 

44. [w/+(w + w)y*+(m + n + o)y*+(w + n + o+^)y» 

+(n + o+p)7/' + (o +p)j/ +p]-^ Q/" + y' + y +1). 

45. [20(a+bf-^6(a+byx + M(a + byx'-7S(a + byx' 

+ 6^{a + b)a^-S2a^]-i-[b{a + by~^{a + byx 
+ b(a + b)x'-^x'l 

46. [12a;*- 31a;*y + (20y» - 292*)ar» + (37yz»+ 18z»)a:» 

+ (15z* - 24yz»)a; - 30z*] -- (32;» - 42y - 52»). 

Ex. 7. 

Multiplication and Division by Inspection. 

(a-6)« = a«-2ai + 6». 

(a + jy = a» + 3a«6 + 3a6« + 6». 

(a - 6)* = a» - 3 a« 6 + 3 ai» - 6». 

(a + 6)(a-6) = a«-6». 

(ic + a)(a; + 6) « a:* + (a + 6)a; + oft. 

(x + a)(x - 6) = a:* + (a — b)x — ah. 

{x — a)(x — h) = 3^ — (a -\-h)x -^ ah. 

(a-6)(a«+a5 + 6») = a»-6». 

(a+6)(a'-a6 + 6«) = a» + 6». 

(a + 6 + c + rf)» = a«+6Hc«+ci«+2a6 + 2ac + 2arf+26c + 2W+2cd. 

aj* — y" is divisible by as — y if n is a positive integer. 

aj* — y» is divisible by a; + y if n is an even positive integer. 

aj* + y" is divisible by a; + y if n is an odd positive integer. 

aj* + y* is not divisible by a: — y. 

Write by inspection : , 

1. {x + yy. 6. (m + 2n)». 9. (3a: + 6y)». 

2. {b-cy. 6. {2x-ay. 10. (8z-5)^ 

3. {m + ny. 7. (3a-5)». 11. (3 + 2rf)». 

4. (a-5)». 8. (4a-55)^ 12. (-4w + 5n)«. 
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13. (l + 2x'y. 26. (9ot»-5w)'. 

14. (3 + 5to»)'. 27. (be'-ab")'. 
16. (4a- 3a')'. 28. (m'M+^y)'. 

16. (2«' + 5)'. 29. (10-a;»)'. 

17. (7c-4rf)'. 30. (6 + 5a')'. 
1& (8m + 4«)'. 81. (7rf'-2)». 

19. (9/>-3^)'. 32. (8 2' -9)'. 

20. (5a»-2i7. 33. (TO + n)(m-n). 

21. (a' -2 6)'. 34 (1 + a;) (1 - s). 

22. (y + 22)». 35. (3-y)(3 + y). 

23. (2u + vy. 36. (3a;-2y)(3a; + 2y). 

24. (5 a -by. 37. (3dy-l)(3rfy+l). 

25. (a^ + y'y. 3& (5a^-2y')(5a;' + 2y»). 

39. (3o6'-5a'6)(3ai» + 5a'J). 

4a (ix'y — 6xy')(^x'y + 6xi/'). 

41. (a' + 3a;)[-(3x-a')]. 
42. (5-b3^(ba? + 5). 46. (a'a; + aa;0(aa:* - a'a;). 

48. (6m + 7n*)(7n*-6m). 46. (a + 6-c)(a + J + c). 
44. (12 -aJ)(o6 + 12). 47. (a-b + c)(a-b-c). 

48. (a;' + y'-a;y)(a;' + y' + a3^). 

49. (2a:— y-3«)(2x — y + 32). 
60. (a;-2y + 3z)(a: + 2y+32). 

51. (a + 2b + Sc+d)(a-2b + Bo-d}. 

52. (l+a;-3a;»-2a;»)(l+a; + 2a:' + 3a:»). 
63. (2 + a' + 3a»+<Z')(2-a' + 3a»-rf'). 

54. (a-a;)(a + a;)(a' + a:»). 57. (a; + 2)(a; + 3). 

55. (m+l)(TO+2). 68. (Sy* + 8) (Sy* + 12). 
66. (i' + 2)(6' + 4). 59. (a: -2) (a; + 5). 
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eO. (3a-7)(3a + 4). 69. (Bx' - m) (Sa^ + p). 

61. (2 a -11) (2a + 5). 70. (5y' + Sz)(b^ + 2a). 

62. (4ar-3)(4a:-9). 71. (m* + 2) {m* - 2x). 

63. (5a!- 6) (5 rf- 11). 72. (x'-xy + y')(x + y). 

64. (m + 2)(m + n). 73. (y»-3y2+9z»)(y + 3z). 
66. (1 + 3a) (1 + 6). 74. (m* + mn + n')(m-n). 

66. (4a +1) (4a + 6). 76. (4 + 2a + a') (2 -a). 

67. (3a + 4)(3a-n). 76. (d*-5d+25)(d+5). 
6& (5z~a)(5x+l). n. (a* + 3a»+9)(a'-3). 

7a (16TO* + 4TOY + y»)(4wi»-2/«). 

79. (49a;* + 56a;»y + 64y»)(7a;»-8y). 

80. (9w' + 3am + a')(3m-a). 

81. (2a + ^b-bc + 2d)\ 84. (a +2 5' + 3c' + 4 e^*)'. 

82. (3ar-2y + 4z-5)'. 85. (a'-56» + 2a-3i*)*. 

83. {2f+Za*-2x!/-f)\ 86. (^a:'-4y +|y» + 6z»)'. 

87. (fa-|a'-86' + ^6c)'. 
8& (0.6TO*-Jw + 0.8y-3a;»)'. 
89. (0.3aa; + a;»-2a' + 4a;)'. 
9a (j^ — a3? + 2a^x-c?y. 

91. (to» + 3 rfw' + 3<£' wi + <?)'. ■ 

92. (j/'-2x^ + Z3*y'-4:3?y)\ 

98. (a;' + y»)^(a; + y). 100. (x* - y") -- (x - y). 

94. {!i?-f)^{x-y). 101. (a* -wi*) -5- (a -to). 

96. (a»-y')-4-(a + y). 102. {a*b*-3*f)-^(ab-a»/). 

96. (A'-O-^(^-0-' 103. (A'-m«)^(A-m). 

97. (l+^)^(l+a;). 104. (a;' - y') - (a; - y). 

98. (y»-l)-4-(y-l). 105. (m" - w") -f- (m + n). 

99. (y?-v')-^{u + v). 106. (a' + i»)-5-<a + 6). 
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107. (4A'-w')^(2A-m). 114. (27m'-n')-i-(3m-n). 

lOa (l + x')^il + x). 115. (16x'-y')-+-iiz+y). 

109. (a;'-l)-5-(a;-l). 116. {6^u*-v*)-t-(5u-v). 

110. (b*af + (*^)-i-(bx+cy). 117. (a'5»-a*)-+-(ai-a:). 
HI. (16-a^)-^(2 + a;). Ua (d'-a:'y')-i-(d+ay). 

112. (81-y*)-i-(3-y). 119. (1 + aY) -h (1 + ay). 

113. (32a»+5»)-^(2a+6). Uft [(a+6)'-c']-+-(a+i-c). 

121. [a^-(a-by]-i-(x-a + b). 

122. [(a + 6)'-(c-<0']-f-(a + 6 + c-<0. 

128. [{x+yy + 7f]^(x + y + z). 
124. [a' + (y + 2)']H-(a + y+z). 

. 125. [(m + w)'— y]-4-(m + n— jj). 

126. [(a-6y-a:']^(a-6 + ar). 

127. [d»-(c-A)«]-^(rf-c+A). 

129. [mV-(ar + y)*]-s-[mn-(a: + y)]. 
18a (ia'-id')-!-(|a + irf). 

131. (i:K» + y*) -^ (ia; + y). 135. (a;* + y«) - (a;* + y). 

182. (^a''-m»)-H(ia-m). 186. (a*>-w»>Ka'-»»*)- 

133. (Th^+-^h'Mid+\h). 187. (y"-2')-^(y» + 2). 

134. (l-^a;')-f-(l-|ar). . 138. (m«-n»)^(wi' -w*)- 

Ex. a 

Resoltjtioh into Faotobs. 

Resolve into lowest factors : 

1. a' + 2a4. 4. a^-64. 6. 3?-x-6. 

2. 3a;» + 2a;-l. g^ ^ + ^'_2 "'^ (^+1)*-1- 
a 36a:'-49a'. * a' a:* 8. a:»+l. 
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9. a^ + 8x+7, 10. 4a;* + 32a; + 39. 

11. A(ab + cd)'-(a' + b'-c'-dy, 

12. a^-b^ + 2bc-(^ + d'-'2ad. 

18. a^ + (a + h + c)x' + (^bc + ca + al>)x + abc. 

14. a^ — x*i/ + a^i/^ — x^i^ + x7/^'-i^. 

16. (a» + aJ + ft»)a:» + 2 (a» + ft^ xy + («' - ai + &«)y». 

16. a«-2a»6 + a'-4a + 8ft-4. 

17. (a + ft)* + 4a"(a + ^')' + 16a*. 

18. (a;+l)»-5a;-29. 82. x' + x' + \. 

19. l-7a;-80a:». 83. a;» + 24a:+ 144. 

20. a:«-64. 84. a;»-8. 

21. 3a» + 6a»i. 86. 72:«-21a:*. * 

22. x' + x-e. 86. a:»-12a:. 

23. Ibx' + ldx-be, 37. a?* -4. 

24. 81a*ft*-256c*. 88. x'-lQx + eS. 

26. a^-4:^. 89. oc-o^+^c — W. 

26. a;* + ma:» + l. 40. l + 4a;-962;». 

27. Qx'-lSx + e, 41. 4a:"-(y-z)«. 
2a 64a:«-729/. 42. a;* + 27. 

29. 2;* + 23a; + 22. 48. a»5»-l. 

80. 9a;»-25y». 44. (x + yy-x'-yl 

81. a;«-6a; + 5. 46. -4a?» + 64a:«. 

46. x^+{a + b)afy^ + aby^. 

47. a:*-(4a'+J')aV + 4a«&'. 

48. ai'-27y' + ey(x' + Sxy + 9i/'). 

49. cf-a'b + a'b^-a'b' + ab^-b'. 

50. a:* — 6(c — a)a? — ca(&* + 6(? + 6a + ca). 

51. (a; + y)» + 2*— 3a;y(a; + y + 2;). 
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52, (a\+ah + h'')s^-'2abxy-ipf-ah + V)y'. 

63. (2r^-y2)' + 8y»2». 

54. a* + &*-c*-2a»ft». 

66. x'^ — ia + h)ci? + ah{a + b)x-d*b'', 

56. {a + by + {c + dy + 2{ac + ad + bc + bd). 

57. a;V + 20a:»y»z + 96z». 

68. a* ca; — ad(2r — ahcy -{- b* dy. 

69. a» + 5* + c' + 2a£-2a(?-2J6?. 

60. a;' + (a+&)a;-2a*-a5. 74. 6a;y - rc> - 9y». 

61. 36a;* + 96a;» + 55. 76. a«-81. 

62. (a;+y+z)»-a:»-(y»+2»). 76. (a-2i)»-4i«. 

63. a;* — 2ay + y*. 77. a;* + a:^ + ar» — 3. 

64. a;« + l_19 7a 3a;» + 9ay-Jj^y». 

^ ^ 79. a:» + aa:+6a;+aJ. 

65. aa:» + a- + aa:+l. ^^^ :^ + v*-^. 

66. aJ*+1024y'^ 4 

67. (a+J)»-a»-ft». 81. a;« + 26a:+ 120. 
6& a:*-lla:»+l. 82. a?* + a:» + l. 

69. 5a:»-10a;»-5a;. ^3. a*b'^~c\ 

^ 84. :r« + ar» — 2. 

70. a*" + 2 + — . 85^ a:*- 18a;»y» + y*. 

71 ^4.2«' . 3 86. 4a;* + 4aa:. 

* a'"^ a;» "^ * 87. a:* + 24 a; + 143. 

72. a;* + a:»y» + y*. 8a 6a»a;-aV- 9a*. 

7& a:»-9ay + 20y*. 89. «•-&•. 

90. a:*-(2a» + J* + c« + 2ca + 2ai)a:» 

+ [a^ + a(J + c) + ft(?p. 

91. ax^ + bsf -\- mbx ~ am}. 
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82. aar+'jr*-' + iai-+'y-+« + ca;»y-+'; 

93. x' + c(a + b)x-ah(a — c)(b + c). 

94. (a + A)' + (a-6)'-2(a'-J'). 
96. (1 + a)'(l + *•) - (1 + 6)' (1 + a'). 

96. a:* — (3ic+ca + a5)a; + 3oJc(5 + c). 

97. n3» + 2093*y + 52Sxy'. 

98. (a' - 5') ai» + iabxy + (i* - a')y'. 

99. a*-i/' + 2xia^-y') + Bi/'(z-y). 

lOa (1 - aic)(l + 2abS) - (a' + 6' + c») (1 - aic). 

lOL a:* + ai*y + JK*z — ajyz — y*z — y:?. 

102. a*-2(i'+c0a' + (6»-c»)'. 

103. (a' - J«)ai» + 2(a' + i')*y + (a' - 6')y'. 

104. xy(a* + b*)-ab(a* + y^. 
106. aia;' + (a* + i')a; + a*. 

106. 3^ + (a + b — c)x — ac—bc. 

107. 2a:'Y-60a*s^ + 450. 

108. 4ai«»-2(a* + i')ay + aJy'. 

109. (x + y)\b + c)-(x + y)(b + cy. 

110. a:»-2(a' + 6')a; + (a'-i')'. 

111. ■r'-(y+2)a;-2(y + 7y+12). 

112. 6a*af + c^x — 6ofa* — a*x'. 



113. 8-50a«i'. 


120. a* + 19a:»-216. 


114. a:' + 4ay-12y'. 


121. a:* -22a; +121. 


116. (a + by-U\ 


122. 60a;'-4a;-45. 


118. a:* + 17a; + 72. 


123. ax' + (a + b)x + b. 


117. x' + ix + l 


124. 4oW-(a'+i*-c»)'. 


11& 9a:' + 36. 


126. 20a;»-9ay + y'. 


119. ^ + ^+1. 


126. a:* + ^a;» + l. 

127. a:» + a; — 56. 
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128. a:*-2ar»y + 3ay. 134. a^--20x. 

129.- x^^ - a}\ 135. 4a;«y* - 16a;y. 

130. 49a:»~81y*. 136. 3-12a;». 

131. a;*-13a;^ + 4a 137. a;*-2a»ar^ + aV. 

132. a;' + A^ + ig>^. 13a 4a;»-4a:-3. 

133. a:^ + a;— 132. 139. a» + a'6 + a^» + 6». 

140. a:"-26«. 

141. a;*+(a — i + c)a:' — (6<? — ca + ai)a; — aJc. 

142. (x + y)(b + c-a)~(x + 7/)(a + b + c), 

143. a»+2a(6 + c) + J' + 26c + c». 

144. 266a;Y-288a:»y» + 81. 

145. 9a:* + 3rc*y' + 4y*. 

146. a:• + (a + 25)a; + ai + 6^ 

147. ax' + (a + b)x' + (a+.b)x + a. 
14a J(ar»-a») + ar(a:»-a») + a'(a;-a). 

149. a* + ft* + c*-2*V-2c*a»-2a"5^ 

150. (a + b)x' + (a — 2b)xy-Sbi/'. 

151. (a» + ft'-20)'-(a*-6^ + 12)^ 

152. (x — i/y—7^ + Sxr/(x — 'i/-z). 

153. a'5 — 5a;» + a*a: — ar». 
164. b^c^a^ — bca^ x — bcx + a^ 

155. 8a:»-6a;y(2a; + 3y) + 27y». 

156. a:»+(a-5)a;— 2a» — 2a6. 

157. ahocy + oca; + bey + 6*^. 

158. 6a:* + 85ar»y + 210a:*yl 

159. oi^'-{a + b + c)x + db + ac. 

160. 80a;«-lla:^y-60/. 

161. l-d + x-ab + ^ipi^-V). 
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162. a\+(ac-b''ya?-bca?. 


17& 


l + 15a;+14a;'. 


163. a?-{2a-l)x^-a+a\ 


179. 


ir*+15a; + 54. 


164. 3^ + xy. 


laa 


a;*-14a;' + l. 


166. (a:'-y2)' + 8y2'. 


181. 


^*+W^+i. 


166. 30ai»y+3a^ + 75y'. 


182. 


a;»-a;-a'-3a — 2. 


167. 3*-2x-Z. 


18a 


633;* -21 a; -42. 


16a a;*-7z» + l. 


184. 


23;* -a;* -4 a; + 2. 


169. 16a^-81y*. 


186. 


3> + i^y + xy'-\-^. 


170. 3?-l%a*a*. 


186. 


3a;'-15a;-42. 


171. a;* + 64/. 


187. 


75a*-35a;'-10a;*. 


172. a* -a;* -110. 


18a 


aJ_80a; + 200. 


178. 16 + 44a; -42a;'. 


189. 


(a + 6)' -(a -J)'. 


174. 2a;' + a;-l. 


190. 


a;* + 11 ay + 302^. 


175. aVy + 27a:'y«. 


191. 


9a;' + 27ay-70y'. 


176. 7a^ + 96a^-103a;. 


192. 


a4_(a»_i«)». 


177. a;'-6ar + 8. 


193. 


(a+by+2(ac+bc)+(?. 


194. ah{3?-f)-(a? 


-i')^- 



196. 2a;* + 2a:* + 3ar» + 3a;^ + 4a; + 4. 

196. x' + {a + 2b)x + 2db. 

197. J(a;» + a») + ar(a;*-a') + a'(^ + a). 
19a a;*-16aV + 32a»a;-16a*. 

199. 2a:' + 4aa: + 65a; + 12aJ. 

200. a?*-2(a' + 6')^-^* + 2(a'-6')c* + 4a'Jl 

201. 3(l-ar') + |'-2a. 

202. ab3?-(a?-h')x-(d). 

203. (a; + y)(5 + c^) + (a; + y)(i-c). 

204. ai(a:» + y') + (a' + 6')a;y. 

206. a« + 2(y-c')a' + J«-2JV + c*. 
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215. 
216. 
217. 
218. 
219. 



222. 



226. 
227. 



QAA 

245. 
246. 
247. 



206. 3^-(2a-b)x'-(2ab-a*)x + a*b. 

207. a;' + 4y' — Qz' — 4ay. 

208. 8a:' + 12aa;+106a; + 15a*. 

209. 81(a-6)'-63(o-i)a;-60rr'. 

210. (x' + z+l)'-2x'-4:X-3. 

211. 4a^ + 30a:'y'-.100y*. 

212. x'+2ax+Bbx+6ab. 

213. 16a'J'-(a' + 46'-c»)'. 

214. 3a:*y'z'-6ai»y*z' + 12a:»y»z*. 



!e^(2a+b)x+2ab. 
28a;' -84 a: +35. 
ar'-llrc'y' + y*. 
a;' -171 a:* +1. 
(a' + 5')' -4 a' 6'. 
(a-by-a' + b". 
«»+13a;-300. 

5-70«'y' + 245a:Y- 
5x'—lbxi/ — i^y'. 
a*-161x' + l. 
{i^ + Sy-163*. 
9a;'y' — 3ay — 6y*. 
a;*+2aa; + a» — y. 
(3ar-2)'-(2a;-3)' 

243. x' 
Mc + b^c'- 
18a;*-118aY+240y*. 
a(_3^+y')+(a*+l)xy. 
a;«+(2-m')a;'y» + y'. 



237. 



229. a' + 9ay-10y*. 
23a 28a:»y'+3ay-l. 

231. a;' + 2a:» + 4a; + 8. 

232. (ax+byy-(ax-byy. 

233. i9a^ + 4axi/ + 6y'. 

234. 18a«6'+19ai + l. 
236. ax' + (a — b)x-b. 
236. a;'-8ay+12y». 

a;*-82ar«y* + 81y». 
a:»+lla;'-620. 

239. a'+ai'-2a'6-2i'. 

240. 28a» + 14a;-S4. 

241. 7a*»-21a;» + 14. 

242. 21«» + 26ay-15jr». 
- 5 (a — c) a; — ac (a + J) (5 + c). 
al^ — ou?. 24a a:'(a; — a) — 6a?(a;— a). 

249. (a:»+5a:)'-8a;»-40a;-84. 

26a a:*+2a.V+(l-«i*)y*- 
251. 99a:*-13a;»y-132y'. 
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262. a^y'-Vli^y^ + l&z*. 

253. ^ - c{l X + ah) -a*}^+ 12^. 

254. a*-{2 + m*)a*y' + ^. 

255. oA(a:' + y')-(a' + J')ay. 

256. a'-4a'J + 4ai'-9ax'. 

257. aV - (i'- 2 ac) «" + <!». 

258. a:* -(o' + 6'K + «'*'. 

259. a;y(l + z') + z(a;» + y'). 

260. ix + y)*-'l{x + y)z-m^. 

261. aia;' + c(a — i)a: — c*. 

262. (a:* + 6a: +7)' -(a; + 8)'. 

263. 9(a; + l)'-3(a:+l)-6. 

264. !i*-2ah:^-a^-d}b*-b\ 

265. 45a;« + 98a:'y»-75y''. 

266. 2a'-o*i + 4aia:-26'a;. 
a;' + 2ia:-a' + J'. 

280. 3a:' + 2a:»-21a;-14. 

281. a' - a'i' + 2a'6' — a»**. 

282. aba?+(l-a)xy — y'. 

283. a;*-aV-i'ar + a*6». 



267. 

268. a;* -2Ja: + *'-<»'. 

269. QOa;*- 297a: + 220. 

270. a'i-2a'i'-2ai'. 

271. a:»y*+15a:V + 36. 

272. 192a:* -480a:* -132. 

273. a:*-63a:'y'-64y'. 

274. lla:»-54a^ + 63y*. 

275. a:* + 13a:'y + 36y'. 

276. 3a:» + 51aiy + 90y». 

277. a»-a'i-2ai' + 2i». 
27R iia + hy-\(a-b)\ 
279. 24a'a:•-14aa:*-3a:^ 



285. a;» + ia:' 



•5. 



286. {x-2y)sc'-(j/-2x)y'. 

287. 2a + (a'-4)a:-2aa:*. 
28a 5a:* + 4a:»-20a:— 125. 

289. a* + iac-b*)sc'+bc3?. 

290. 36a:*-12a»-35a:». 

291. (a + J)» + (a-6)». 
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Ex. 9. 

Highest Common Factob. 

Find the highest common factor of : 

1. 4(a: + l)'and6(a:*-l). 

2. 18 (a' - 5*) and 27 (a + b)\ 

3. 6(a; + l)'and9(a;'-l). 

4. 12(x' + fy9.ndS(x*-y% 

5. (a' — a^) and a* — x'. 

6. (a*x — cux^y and oar (a' — a^)\ 

7. a'-Z>'anda*-Z>*. 

8. a:* — y* anda;* — y*. 

9. 12aVc?-48i*c?andl5/(a'c + 2J7. 

10. 6cw? + 9J(?-2arf-3irfana 10a/"+16a^ + 15i/ 

+ 24^^. 

11. Jc — 26' — a(? + 2a6 and 26' - 2a^> + 3 Jc - 3a<?. 

12. 2a» + 5a — 4a&-10iand4a'-6ac+10a-15(?. 

13. 16a'-96'andl6a6 + 126^ + 12ac + 9ic. 

14. 25a:' — 1 and 35a:* — 7a:+5aa:--a. 

15. 21a»a;«y^-28a*arY-42aVyand33aV 

— 44 oar^y* —66a^y. 

16. a:' + 2a:y + y*anda:' — y*. 

17. a» + 3a»6 + 3a6» + 6'anda»+2a6 + 6'. 
la 43:*- 12a;y + 9y'and4a:' — Oy'. 

19. a' + 2a6 + A'anda'-6». 

20. a:* + 8a:+15anda:' + 9a; + 20. 

21. a:*-9a:+14anda:'-llar + 28. 

22. a;' + 2a?-120anda;'-2ar-80. 
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23. x'-lbx + S6B.nix' — 9x-3Q. 

24. x'-'lB.nix' + 4:X + S, 

25. 6a;» + 5a: — 6ancl6a:*— 18a: + 6. 

26. l2x' — 17ax + 6a'B,nd9x^ + Qax-Ba\ 

27. 6a;» + 13a; + 6and8a;* + 6a;-9. 

28. x^ + Aix' — bx&nda^-ex + b. 

29. a^+2x'--Sx&nd2x' + 5x'-Sx. 

30. 14 — 34a: + 12a;'and42a-4aa; — Gcw:'. 

31. ar»+2a;« + 2a: + landar»-2a;-l. 

32. a;»-3a;«+7ar-21and2a;* + 19a;» + 35. 

33. 6a:*-6a;y' + 2a;»y — 2y»and 12a;*-15a;y + 3y". 
34 a* + 7a» + 7a'-15aanda»-2a'-13a+110. 

35. 3a:*-3a;'y + a;y'-y"and4a:*-a;»y — Sar^/". 

36. 3a»-3a'6 + aJ'-i»and4a'-5aJ + y. 

37. a:* + a'ar — aa^ — d^ and a;* — a'. 

3a a:*-2a:*y+2ay-y*anda:*-2a;'y+2a:?y»-2ay+/. 

39. 20ar* + a^-land75ar* + 15a;»-3a;-3. 

40. a:*-6a:*+13a;'-12ar+4 and a:*-4a:*+8a;»-16a:* + 16a;. 

41. 2a;*-lla;*y» + 123^and3a/»-48a;*/. 

42. 2a*-4a*+8a'-12a'+6a and 3a*-3a*-6a»+9a«-3a. 

43. 36a/» - ISa;**- 27a;* + 9a;» and 27a:y - ISary - 9a;»y». 
•44. 3a?*-a;*y*-2y*andl0a:* + 15a;'y-10a;»y»-~15ay. 

45. a* + 4a*-3a*-16a» + lla' + 12a-9 

and 6a* + 20a* — 12a» — 48a» + 22a + 12. 

46. 2a:'— 16a; + 6and5a/»+15a:* + 5a:+15. 

47. a*-iV-^>a* + **anda« + *'a* + *a' + *'. 

48. 4a'^J-4a»i» + 4a«&*-a^>*and24a* + 16a*6 

-36a«Z>'-12a'6' + 8a6*. 
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49. S5a^+4:7x' + lSx+l a,nd42a^+4lar'-9x'-9x-l. 

60. a^-Saf + eai'-7x' + 6x'-Sx + l 

B,nia^ — a^ + 2a^—a? + 2x' — x+l. 

61. 2a^-6x'+Sx'-Sx+l and x''-Saf^+x^-4:x'+12x-4. 

62. af'-la.ndx'^ + af' + af' + 2x'^ + 2a^+2x' + ai' + x + l, 

53. 2a*+3a»a:-9a'a:*and6a*a:-17aV+14a'a:*-8aa;*. 

64. a^+Sa^-Sx'-dX'-S and a;*-2a;*— 6a;'+4a;'+13a:+6. 

56. 6s^-^x'-llar'-Sa^ -Sx-1 
and 4a:*+2a:*- 18ar»+3a;-5. 

56. a?*— cm;*— a»a;»— a'a; — 2a*and3ar*— 7cw;'+8a'ar — 2a'. 

67. a;' + (a — i)a: — ai anda;'+(a + i)a; + aJ. 

68. ar*-(a' + *')a:' + a'i' 

and x^-(a + byx'+2ab(a + b)x-a^b\ 

69. 2a:»+(2a — 9)a;«-(9a + 6)a; + 27and2a;*-18a;+18. 

60. a^—pa^ + (q — l)a^+px — q 

and a:* — g'a;' + (^ — 1)^' + q^ —p- 

61. r^-2a(a~i)a;' + (a' + *')(a-*)^-a'^>' 

and a?* - (a - Z>) a:* + (a - 6) *"a: - 6*. 

62. aaf' + (a + b)a^ + (a + b + c)ai' + (a + b + c + d)x' 

+ (b + c + d)a^ + {c + d)x + dQ,nd a^+ (a+ b)x' 
+ ld + b + c)a^ + {a + b-{-c)a^ + (b + c)x + c, 

63.» 3a;»-(8c + rf-8)a;-8c — c? 

and 2a;» + (2a + * + 2)ar + 2a + ^». 
64. a^ — a\ a^ + a', and a;* — a'. 

66. a^ + a*b-ab''-b\ a»-8ai» + 2i», 
and a» -2a^b-ah^ + 2b''. 

66. a:* — 2a' — oar, a:* — 6 a' + aa:, and a;' — 8a' + 2 oa;. 

67. a' + b\ a'-b\^ndLd? + b\ 

68. Sa;* — 7a:'y + 5a^-y', a;'y + 8a;y'- 8a;«-y», 

and 3a::* + 5a;'y + 3^ — ^' 
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Ex. 10. 

Lowest Common Multiple. 
Find the lowest common multiple of : 

1. 25a» AV and 20a* iV. 6. a' - V and (a - h)\ 

2. a(a + b) and b(a + b). 7. S(a+x) and 4(a' - x'). 

3. 12a(i—l) and 126(5— 1). 8. a^bx-ab^y sjiiabx+b*7/. 

4. 16b(a+b)a,ndl8b(a-b), 9. 6« and i (i + oar). 

6. (a + *) (c + c?) 10. a;'-3ar-4 and x'-x--l2. 

9,nd(a + b)(c—d). U. a;*— 1 and a;» + 4ar+ 3. 

12. 6x' + 5x — 6sjiA6x' — lSx+6. 

13. 12a;» + 5a:— 3and6a:* + a;»-a;. 

14. a^+5ai' + 7x + 2saidx' + 6x + S. 

16. 12a;«-17aa:+6a'and9a:» + 6aar — 8a*. 

16. a» — 9a' + 23a — 15anda' — 8a+7. 

17. a» + 2a'i-aA*-2i*anda»-2a»i-a&* + 2i'. 

18. 15a^+lOa^y+4tar'y' + 6x'y'-Sxy* 

and 12a:»y» + 38a;'y»+16ay-10y*. 

19. a* + a*6 + a»i'+a'i»+a** + ^>* 

anda*-a*6 + a»i'-a'5» + a&*"^. 

20. mn, mp, &ndpq, 

21. 4a;«y»z, Qxy^T^, and ISaj'y/. 

22. a; + y, a; — y, and a;* — y*. 

23. a;»-y», (a;-y)', and (x + y), 

24. 6a, 2(a + 1), and 2(a+ 2). 
26. a,(a + 2i), anda'-4i». 

26. a, 2a — 1, and 4a* — 1. 

27. (a+6), 2a, and2a(a-6). 

28. a?-l,a;»+a; + l, anda;*— 1. 
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29. x' + Sx + 2, x' + Ax+S, and x' + bx + Q, 

30. x' + bx+lO, af'-ldx-SO, and x'-Wx-bO. 

31. x' + 2x-S, x'+Sx'-x-S, md x' + ^x' + x-e. 

32. Qx'-lSx + Q, Qx' + bx-Q, and 9a;*-4. 

33. a»-6a*+lla-6, a»-9a' + 26a-24, 

anda» — 8a'' + 19a-12. 

34. ar'-l, ar'+l, ar*+l, and a:«-l. 

35. 0:^-1, ar»+l, ar*-!, and a:*+l. 

36. x'-(a + b)x + ai, x'-(b + c)x + bc, 

and a:*— (c + a)a: + ac. 

37. 2ar' + (2a-Sb)x'-(2b' + Sah)x+Sb\ 

and 2a;»-(36 — 2c)a:-35<?. 



Ex. 11. 

Reduction of Fractions to Lowest Terms. 

Simplify the following fractions : 

J (15m»n»(7jp'n) . 42 o'- 30a' a; 

(14;?»)(5m'^) * ' 35aa:«-25a;»' 

2^ 10a^-2ab ^ 16a^b-20a'c 



Ibal)-Sb' ' 28a''6V-35a5V 

S9d^b'-~36ab' g 156a'6'-104a«&» 

65a'Z>c-60a*5c' ' Sbla^bx -2S4: ab^x 

„ 21a'5»-355»g-12a»g + 20a5c^ 
* lSa'c'-2la'b-S0be^ + Sbab'c 

g 40a' 5* - 32a^5ar' - 55V + 4aa:^ 
■ 4a5V-36aV-5Z>'^a;+45a»6»* 

g 14aV+9a'^>'-65V-21a^5'rr 
' 12a*6*-28a'rr+21a»5a;*-95V* 
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, Q cf + a + a)ah + V 

jj aZ>(a5--3c>)-c(3a»-y) 
' ac(ac-46')-5(4a»-c»y 

12 6a;'--3.y-2a:* + a:'v 

' 3a;»z* + 23^-2ar»y»~3y'/ 

' 4a* + 2aV+12a'5 + 6Z>/ 

Ig 15a»— 28 &c + 12a'& — 35ag — 18a'g + 42c^ 
■ 45a6»+366»+20a»-546'(? + 16a'6-24a'c** 

Ig 35a"+24a'y-21a»&+15a»6'-40a*^-9a5» 
* 28a»6»-42a*--18a'i'~32a«5» + 48a'6+12a5** 

18. ^£±1. 22. ^^::^. 26. ^ + ^y . 

9a:*— 1 oir' + xy a^ + 2xy+y^ 

19 S^+1 23 ^^-^^ 27 ^+23:* 

* 64a:«-l* ' 6a:*y»-4/ * ^+4a;+4' 

2Q :^ + ^a^ 24 ^.V^^'-^V 28 l^a^'+S^ 
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a*-4a^c + 4c* * a*+2a5 + i* 

7a::' + 3 go x — xy + z — zy 

2^ba^ + 210af' + 4:5x ' l_3y + 3y»-/ 

16a^ — 27ab qa a^x + abx 



31. x^« -^/«c; ^ 34^ 



25a*-90ai + 816* * a^ + 3a*5+3a5« + Z>» 
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37 ^ + (ci' + b + c)x + (a + b)c 



38. 
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a^ -{-(b — c — a)x — (b — c)a 
x'-b' + 2b€-c' 

aa^ + (be — ab~ ac) x + dbc — b'^c 
6V-2a5c* + aV-aV 



41^ x' + y' + ^ + 2xy+2xz + 2yz 
3^ — y^'—^—-2yz 

^ a;»+102; + 21 g^ a:*-9 

a;»-2a:— 15* ' a;»-6a; + 9' 

^ a:'-4ar + 4 g, 2:^ + ho^-\2x 

■ a;»-5ar + 6* * 7a;»+ 25ar'- 12a:* 

^ a;'-3a; + 2 go 4a»-7a5 + 3y 

a;*-! ' ' ha^-2>ab-2b^ 

^ a?'-7ar+12 gg 2a;' + Sa;*- 3a ? 

' a:»-8a: + 15 * a;» + 2a;*-3a; ' 

^ :^-x-2^ g. 3ar'-10ary+8y' 

• a;» + a:-30 ' 5ar'-13a^+6/ 

a'-9a& + 14y gg 12y'-7y'-12y 

' a'-ai-25' * 9y» + 6y'-24y' 
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66 



&(^x-\-ax — x 



3a' + 2a-l 
67 !(^-3?-x+\ 



68. 



69. 



bx + 2 
2h+(b*-^)x-2ba? 



^(x + yl-j^ 



Ex. 12. 

Addition and Subtsaction of Feactions. 



1, 

2. 

3. 

10. 
11. 
12. 
13. 

18. 

19. 

20. 



9l 
m 

2x 



+ 2m. 






b_ 

Ba 



7. ^. + f . 
a ba 



x — a 



2 



6a 



K 5a 2Z> 

6. -^-1^. 
lOy 15 a; 



8. 



a-\-h ■ g — & 



3a + 26 

a I a + ft 
ft"^ 2ft ' 

a + ft ft 
3a 12a 
5a — 2ft ■ 3a — 5ft 

2 "^ 3 ' 
15a + 4ft 3ft -22a 

12 9 ' 

4a-23ft 4a — 25ft , 19ft-3a 



9 a+ft a+ft 
• 7 — 

a ft 



,. 3a + 2ft , 2aV-2ft' 
a ab 

17 2£?j-^-£_?^ 
' 15*^12 5 4 



6 



12 



3a?-2y 4y + 2a; . 22y-9a? 
3 5 "^ 15 * 

29a 3a-20ft . 3a-10ft + 5g 4a-2ft + 3g 
90 60 20 12 * 
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21. 

22. 



4a-Sb+2c h+c-Sa , b-2a 2a— b c-'h+2a 
9- 4 "^ 2 3 ■*" 6 * 

g — 4^> — 3g c — a 3a--4& — 6g . 2a — b — Sc 
4 ' 2 " 3 "^ 7 

65 + 6g-2a 
21 
on 3a + 25 , 2a»-25» 2a + 36 
a ab b 

24. ^-^ I a\b + l) + b\a+l) a + b 
a ab b 

35 a 5a "^6*' 

^- a + i + 7 ^- 25~3^"46 + 5i' 

m n p ' ^x ^x bx \bx 

ogflt ^ ^ 32§^__ 5^ 4. ^ 

xy xz yz ' be bd bf 

29. 2 . A_l. 33. 2_a 8a_j£,. 

a^^ ax bx 5b Sbg 9bd 

OA a—^b . 4:a — b . 5a -{-Sx a^ — bx 2a 
6a 2J 9a: 2aar b ' 

og 3a — 55 _ a — 7c . 5b~4:c . 3.1,5 

* 15a5 12ag "^ 20bc "^4a"^5"^6g' 

36 ^^ + g 5a — 45 ' 35 — 5g .3 ^ i ^ 

65c 4ag 5a5 5a 65 4g 

37 2 1 2a + 3 . 1 , 3a-25 

* 3a 25 6a» "^2.r*^ 6a5 

38. -1-+^. 39. -^ + -A^. 

a — o a + 6 a — 5 a + b 
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40. 
41. 
42. 
43. 
44. 
46. 
46. 
47. 
48. 
49. 
60. 
61. 



€ 


c 


a — h a 

1 , 


i + b 

2y 


x + y ' ^-y' 
l + 3a l-3a 


l-3a 
a 


l + 3a 

X 


x(a — x) 
a 


a(a — x) 
b 


2a -2b 
2a + Zx 


2b -2a 
. 2a -3a; 


2a — Zx 
a-b 


' 3x-2a 

1 a' + i' 


2(a + b) 
bx-Z 


2a:»-13a;+l 


x+l 
x(a + x) 


x'-l 
bax — 3? 


a — x 

^ +- 


x — a 

X 



a*+ 1 or- 1 
•5 1 



60. 



3a 



2ax 



a — x a + x d^ — a? 

61. 2&-a . &-2a . Zx{a-h) 
x — S x + b a^ — V 



62. 



a—b , 2a a^+a^b 



53. ? 



a-b a'b-b^ 
5 2x-1 



64. 



a: 2a:-l 4a:»— 1 
5a 10a'-17a6 6 



6b 12ab-6b^ h-2a 



66. ^-f 



22r-3 



66. 



67. 



68. 



69. 



X l-2a: 4:0^-1 
1 3 , 2a: 



ar-2 a;+2 (a;+2)* 

g-f-a? I g— a; d^—a^ 
a—x a-\-x g'+a:* 

x+l a;+2 a:+3 

X 2 a; . X 

x-l ar+l a;-2* 
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2(a: + l) 10(a;-l) 5 (2a; + 3) 
x—l . x+l . Bar — 2 . 3a; — 4 
a; + l a;-l a:+3 a;~2' 



a + a; . g — a; , g' + ^ 



iga; 



a — xa + x a^ — a^ ct^ + oi^ 
\+x \\-x Vl + 2a: 2a:- Vj 



64. 



»»(a;*-hy') 2a:«(y-x) 2a:'(a;+y) 
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gg __3 2 2a + 15 

2a-3 3 + 2a 4a' + 9' 

gg g + c fe + c 

■ {x-a){b-a) {x-b)(b-a) 

1 • 1 



67. 



(m+1)(m+2) (n+l)(n+2)(n+3) (n+l)(»+3) 

ft + c I g-fc I a-\-b 

(a-b){a-cy(1>-e)(J>-a)^(c-a)(c-b) 

1.1 1 



70. 
71. 
72. 
73. 
74. 
75. 



a^-g* (a; + g)' (a;-g)' 
1 , " 2 



(a:-2)(a:-3) ' (a:-l)(3-ar) (a;-l)(a;-2) 

c^ — ho , b* — ac ■ <^ — ab 
(a + b)(a + c)'^(b + e)(b + ay(c + aXc + b)' 

6c I ac I ab . 

(c-a)ia-by(a-b)(b-cy(b-c)(c-a) 

1 + 1 + 1 

a(a'-b)(a — c) h(h — c)(b—a) c{c — a){c — b) 

x+y y + z z + x ix+y)(t/ + z)(z + x) 

_2 x-S . a^ 

x + 4t x'-4:X+lQ a^+6^' 



7g a^ + ax + a^ a^ — ax + a* 
x'-a' x' + c^ 

rjrj 2 1 ,2 1 

' {x-lf'^ix-lf'^ X-l X 



78. 



a^+y" ^ 



xy xy+y^ a^ + xy 
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79. 
80. 
81. 



x' — 2x + S , ar-2 



x'+l 



1 . ay 



a^ — xy + y" x + y a^ + t^ 
x — y I xy-'2a^ 



x — y ' 3^ + xy+y^ ' of — ^^ 
\-2x 2a;-3 . 1 



3(a:*-a;+l) 2(a;»+l) 6(a; + l) 

g + l , g— 1 J 2 

a;»+a;+l a;»-ar+l a;* + a;* + l* 



84. 
86. 
86-. 
87. 



x^\ 



x-Z a;» + 3a: + 9 
2a 1 



a' + a?~3 



a;»-27 



-a' + l 



-a+1 a' + a + l 



a'— 7a + 12 a^ 



2+3a:-5a;' 



'-4a + 3 a«-5a + 4 
2x+6 . 1 



+ 



a;»-3a;» + 3a;-l a:»-2a; + l x-l 

7 + Sa^ 5-2a^ 3-2a? + a;' 
^-x' 4 + 4a; + a:* 4-4a: + a;'' 



x + S 



x'-b 



2a?-x-Z 



90. 
91. 
92. 



2a:-l 4a;»-4a? + l ^af-\23? + ^x—l 

3a' — 2aar + a;' . a + 2ar 

a» - 6a'a: + 12aa;* - 8a:* 2a' - 8aa; + 8a:*' 

a:' + 8a?+15 ar— 1 
a;' + 7a:+10 a: + 2 

a;* — 5aa? + 6a' _ a?— 7a 
a:* — 8aa: + 15a' a; — 5a 
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93 (^— 3a)(a;— 7a) x—ba 
a:*— 10aa; + 24a' a; — 4a* 

94 2 + ar S-x . l-2a;' 

* 3 + a;» 9 + 6a: + a^ (3 + ^)(3 + ar»y 

95 2-3.r ■ 3-4a7 l-2a; + a:' . 2 — bx' 

' 6-4:x'^6 + 4x 9-12a; + 4a;'"^36-16ar»' 



96. 



g*-22'-3 2'-42+l 

152;»-17z'-18 + 25z* 12«*-z"-6' 



gy 5a; -2 . 2ar + l 3ar — 1 

' a;* — 3a; — 4 a;» — a;-12 a;« + a; — 20' 



98. 



100. 



x-1 a; + 2 a;-3 

a;» — 7a; + 10 a;» — 9a;+14 a;* -12a; + 35 

g- 5a; 3 a' — 4aa;4-^ 

4a* - 20aa; + 25a;» 24a'-180a'a;+450aa;'-375a;»' 

ct^ — bc . V + ac . (^ + ah 
(,a-b){a-cy {b-a)(b + cy (c--a){c + b) 



Ex. 13. 

Multiplication and Division op Fractions. 

Tin3?j^ bmafy' be etc ah 

2_ 12^^10^ g^ ^X — X^^*- 

4^ym^27oV" ' Serf 10a' 16*»' 

7 2«^' 5rf|J' ISoiV 
36» 4cV 25a**' 
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5a'y 14o'w' 5w"to* 6oot 
7TO'n* 25m'5" 6a»i» 6'n 



Mf. 



20 (-5^^')' 
■ [(-2a7]' 



10. 



Cn)" 



21. 



g + i 



X 



a + b 



22. 



23. 



24. 



''- (y2) • 
12. TMY. 

14. f^^^!£r.T 

16. 3(2aV)' 
4(3a'a^)' 

„ (3a'&y (5c)« (46)' 33 
■ (5<?rf)' (6o)» 40o»iV * 

18.3(a'-y)^ 10. 29^ 

56c 9(a + b) 



x±l^_if_ 



x'-l 



^ V 4a; + 4y/ 



a^+y* 



o6 + <Jtc w a^ — ac 
bd-{-cd bd — cd 



25. 4^+4y X ^^-^y* 



26. 



27. 



3a5c-3a&(? 4(a+&) 
bfc-bfd a*-h'' 



X 



2a 



22^"- 4a; 
3a: -6- 



Zi^ — x 
a 

5a:-10 

a: -try a:(a;— y). 



4a:» 

y 



19. ^^X*'' 



a^' + y ar + y 



30. 



■jL 



X 



a: — y 



«" — 2ay + y* 3? + xy 



31. 



a;(a — a;) 



a(a-|-j;) 



a'-t-2aa;-|-ar' a' — 2aa; + a;» 
a«-6« 



X 



o* + 2a'6' + 6* d?-ab + V 



g' + y ^^ « + i 



y 
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a? — {m+p)x-\-mp a^ — r? 

3. a'-b\ a + b (a?-ab + b-y 
' a' + 6» a-6 \a? + ab + V) 

35 a' + 3a'& + 3g&' + y .. a + b 

a*-b' a' + 2ab + b'' 

3Q 2a'+ ISg'a;- ISoa;* - 126a;' 2o'+ IQa'a; + 35aa' 
a'a; + 6aa;»-7a^ a'-a'a:-4aa;»-6a^' 

^ \a bj \Ab BdJ\3c 2aJ 



43. ^X^=:^xfa+-5!^\ 

a + 6 flW7 + ar ^ a—xj 

44. /« 6 g 2\A 2g \ 
\5(? GM? ah a)\ a + b + cj 

46. (i-i + t-i\ft-i-i+i\ 
\a X o y/\a X yj 

^rj 2a?b^c ^ drV^if ^ 6ar~^y^-^ 
^ 9a'y IQq^'-^a:^' ^ 5 



46 EXEBCISE UANUAL. 

g. af-'i'-«<f-' art- V-'z-+^ aV 

a;"-»'y--2"'-" af-'jr"V"' a''b''c'' 

en 18 ay , 6wn gi^ 3j> — 3g ^ 9g — 9y 

25 zu ■ 35^2* * 5^ + 55'"*'l05r+10p' 

63. 1^-^^.. 68. £Mj^^3^+^. 

3tom ' llaiy " a?—y' ' x + y 

g. 14a'&'c . 35rf'/V gg 6a&-6&' . 2y 

■ 39(iyy "*" Qa'i**^ ■ * a(a + 6) ' a(a'-A'y 

gg 25pY^ . 30p^qr» ^ 45 (a; -y) . 27 (a; -y)' 

■ 49a:Y2* ' 77ayV " 32(z + y) ' 1286(2+y)' 

gg m + w n + m m a' — 4a;* a'— 2aa; 

m — n n — m a'+4aa: CKP+4a;' 



62. 
63. 
64. 
66. 
66. 
67. 



8a' . 40* 
cf-V ' o' + oi + 6'' 

a;' + 3a;'y + 3ay'+y . (x + yf 
a» + 6» • a'-ab + b'' 

y' + (a + c)y + ae , y* — a' 
y' + (* + <?)y + 6c"y'-6'' 

a^ + y' + 2ay — 2* ^ a; + y + z 
2* — a:» — y" -f- 2ay ' y + 2 — a; 

o' + 6' "^a'-aJ + y 

a'-3a + 2 _ o'-2a + l 
a'-6a + 9"^a'-5o + 6' 

»' + 3a;'y + 3a!y'+y' . (.x + yY 

a'-i' ■ a' + oJ + J*' 



ALGEBRA. 47 



69. 



m^—"^ , m^ + my + y' 
m'y* — m* my* + y* 



„Q a^ + ah . aft(a + &)' 
a* + &« ' a*-&* 

«, a*-3a'a: + 3a'ar' — oar* a*- 2a^a; + a'g' 
a'6-^>* a^b' + ab' + b' 

„2 ax — a . c — cx 



bx + b 2b+bx 

'-96m«n + 

36m^w - 729/1* ' 8m» — 72m»n + 162mw' 



,yg 64m»-96m«n + 36m n' . 48m«n-27n» 



74. £!+3£+9^ 2^-27 
p*-3p«+9 ;?» + 27 

Ex. 14. 

Complex Fractions. 
Simplify the following expressions : 

z 

m y 

X 

z 



m c 8^ 



a d X 



a: a? 



3 \'mn-\mp 55*-3rf 

^P 7. i 

A \mn—\mn r, ah 

im a m+n 



8 


•-/, 


9. 


•-«-ii 
^^i^ 




1 ^ 




ml "^"^ 


10. 


' 771 — W 




m ■ — 
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x + y x—y ,g 3 2a;-l 



x+y x—y 



13 ^ 



15 «-^ 



2TO + n 



a^+y* 



18. 



11. ^-y a'+y a; + l ^ , f _1 



m y-« 



«» ,^ y (y-^)(y-g) 

12. ^ ? y+« 

«~? 20. 1- ^ 



a 



a:* 21. 1 



a 



"+^+y l + a+ 2«' 



l-o 



14. r+^ 22. L_ 



(y-ig)3' 1 

r 
6 



^ 1 + ay 1+i 



a 



a 



3 1 + 

1-a 



a — o i + a + 



18. ^+^ "^ r 



24. 



1 



n a- 



1 1— 1 . «+l 



25. 



a 



17. '^-y' • . g 
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X + . 



y 



1 



x^ 



\_ y{xyz-\-x-\-z) 



27. 

28. 
29. 



y^\ 



Zahc 



g— 1 , &--1 . c— 1 



bc + ca — ah 



a h c 



31. 



( in-\-n , m* + n* \ . fm — n m? — v? \ 
m — n m' — nj \m + n fn* + n*J 

\x-^y ar' + y'y ' \x — y ^ — y') 

fa* + b* cf-b' K . f a + b a-b\ 

V-*' a' + by'\a-b a + bf 

fm-\-n I TO — w \ . /w* + w* m* — n' N 

\TO— n m + n) \to' — »' to' + m'/ 



o' + y 

11 
& a 



oP + i* 



a; a; x — y x + y 

x — y x + y x + y ^ x—j[ 



34. 



n 



1+ 



x—y x+y 
h' + ,>-a\ 



2bc 



a b + c 



0- 



gg / 9m' — 3n' m-4n\ /2m + n Sn'-Sm'N 
\ 4mn 5n / \ 3m 16m' / 
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37. 
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/ lOxy-Sy' + lOx-Sy . 10x-Sy \. 3__ 

\15j/' + 10an/' + ^Oy + 20xy ' 4:6y+S0xi/J y + 2 



xy — y^ — 2x-\-2y 



23i? + xy — y^ 



^ 



2x- 






L 4a& ^ \[{a+by-ah-][{a^hY+ah] 



ia + bf-^a^h-Zab' " (a-by+Sab(a~-b) 



^a?+A^^y)''^ ~^ 



jx + yf — xy 
(x — yf + xy 



40. 



{m + nf 



■m- 



L 4mn 



J[_ Smn 



{-m — n 



1 



[(m + ny — mn] 



X 

1 + x 



(n — my — (n — m) (m* + mn + n') 
(m + ny — Smn(m + n) 

4a: , 8a; 1 — a: 



41. 



l-a;»"^l + a;* 1 + a^ 
111 



1+a; 



.l±£+i: 



43. 



1 + a; 1 — a; 1 + a; 
1 1 \ 



a + -J— a + l) b{abc + a + c) 
c 
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Ex. 15. 

The Symbols ^, -, ?• 
m o 

1. What will be the quotient when the dividend is equal 

to 0, and the divisor is any assigned quantity ? 

2. What will be the quotient - when b is greater than any 

assignable quantity and increases without limit ? 

3. What does 7 become when Jc decreases and approaches 

indefinitely to ? 

4«. Q Q 

4. What is the value of the expression — — if a? = -- ? 

^ 24a: -18 4 

5. Whatisthe valueofS^ifa: = 0? 

6. What will the fraction — become if x has any other 

value than ? 
The symbol =5= is used for the word approaches. 
Find the limits of the values of the following fractions : 

«»-10a; + 21' w'-«' 

8. «-«-2 . if„^2. 
a* — 4 

10. \tz^; ifa-2. 

^~<* , ,. OT«-5mV + 4«.« . 

,, ^-ff ., ' OT«-3TOV-4n*' 

U. T— ; ^ ;; iia;=±=«. 

2ar — xy — y' ' it m = 2n. 
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2o'-a6-15i'' a'-rf' 



a. 



17. "^r \y."^ ^.'*/~ l^ : l8t,whena;=!z5; 2d, whenx^6. 
a;»-12a;* + 41ar-30 

jg m' + 2mn + n'-4 . jf ^^ i^.^nd n^l. 
m + n — 2 

19. ^Zl4 ; ifa;^2. 21. |^:=i^;ifar^3. 

ao.g±|^;if:r=.l. 22. ;-^"+l ;if:r^l. 
a:' + 3a; — 4 a:»-5:r + 4 

'*'-^_2:r'-19:r + 20' '^''-^ 



5a'-9o-2 



; ifai-i. 



10a'-13a-3' 6 

27 2a:'-5aa:'+3o'a; . :f 
* 3a^-8ffla:'+5a'ar' 

a;* — a:-6 
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31. Q^(^ + c')-2a^ . i£^_. 



Ex. 16. 

Vabious Exebcises in Fractions. 

Find the value of the following expressions : 

- m — x .„ mn 

1. ; if a: = • 



n — x' m + n 

^ x — m x — n.. 
2. ; if X-- 



n m TTi — n 

3. f+-^ 5L_; if a; = «-I*Zl«). 

a J — a a + 5' 5 (5 + a) 

■ 2&-a:"^2& + a: 4&»-a;»*^ ""a + S' 

x-y + V ab + \ ^ ab+l 



2a + h 'c a + b 

2 



\^a;-V a: + a-2& 

■f 2* 1 a» 

7. If y = r, 2 = r , express the value of y in terms 

1 + r 1 + ar 

of ar. 

8. What will the expression (a* — x)a-^bx equal, when 

x = a^ + ab + b^? 

9. What will ^ + 2a:-8 ^ j^ ^j^^^ ^ ^ ^^ 

ar — a:-— 4 

10. What will ,^' , equal, when i = oo ? 
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Simplify the following expressions : 
11 (l-a:y)(l + ay)-(2?-y)(a; + y) 

JO g* — be . b* — ac . c* — ah 



ia + b){a-\-c) (b + a)Q> + c) {c+a){c + b) 
13. a' , t' , C 



(a ~h){a — c) {b — a)(b — c) (c — a)(c — h) 

The first member of the following equalities being given, 
through what transformations can it be changed to the form 
indicated by the second member ? 

14. (2a;«-l)r-^+i+^l— ^-i±^. 

[l—X X J \—X X 

16 a — c b — c a: — c 



17. 



(a — b){x — a) {a — b)(x— b) (x — a)(x — b) 

1 _ 1 . 1 1 

x{X'-'d){x—b) ahx a(ar—b)(x—a) b{a—b){x—b) 



l-rc*^l-y«^l-z« (l-rc*)(l-y»)(l-z>) 
when a;y + yz + rc2 = 1. 

19. Change 1 "^^ ~^ into a product of two factors. 

20. What is, in the development of , the nth term, 

\—x 

and what is the fraction that remains ? 
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21. When, in the preceding example, we have a:<^, we 

also have ; < a:*"\ If, then, 2ic*~' is small 

\ — x 

enough not to affect the degree of exactness pro- 
posed, we can stop at the n — 1th term, and write : 

-^=-l + x + a? + ar-\ 

1 — x 

Application : change — - into a decimal fraction, exact 
to the seventh figure. 

22. When i is small, since -^ ^^-?^j^2^ aquan- 

X x + b X or or 

tity in a decimal fraction can be developed by ap- 
proaching rapidly with the aid of this formula to a 
given degree of approximation. Ex. : reduce y^ 
to a decimal fraction, exact to the units of the sixth 
decimal place. 

23. Reduce -^^ to a decimal fraction, exact to the ten 

millionths. 

24. Change to a decimal fraction, exact to the eighth 

figure. 

25. Change — - — to a decimal fraction, exact to the twelfth 

^ 0.995 
figure. 

26. Change y^ to a decimal fraction, exact to the thir- 

teenth figure. 



27. Reduce to a decimal fraction : 
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Ex. 17. 

Simple Numeeical Equations with One XJnkhowh 
Quantity. 
Solve: 

1. 30a;-33-36a;-39 = 39 + 36a;+33-80a?. 

2. 7ar-9-18ar + 7 = 18a; + 9-7ar-7. 

3. 15a;+372+9'r = -618-5a;-53 + 9a;. 

4. 21a;-42 + 5a;-15 = ll-68 + 4ar. 

5. 4a:-60 + 3a;-6ar=ll-77 + 7a;. 

6. 28a: -21 + 42 -28a; = 22 -4a;. 

7. 4(5a;-3) = 104-9x. 10. 8(9-2a:) = 5(3a;+2). 

8. 8(10-a;) = 5(a:+3). 11. 8(37-5a;) = 4(3a;-17). 

9. 7(15-3a:) = 6(a: + 4). 12. 9(23-5y)=8(5y-6). 

13. 9(13 -a:) -4a; = 5(21- 2a:) + 9ar. 

14. 6(a:-5) + 2a: = 8a;-2(ar + 10). 

15. 199 + 15a: -(2a: -5) = 17 (a: +17) -13a; -22. 

16. 118a;-13(5+lla;)+15(3a:-3)=18a;-7(a;-5)-119. 

17. 8(3a:-2)-7a;-5(12-3a;) + 28 = 8(3ar+2)-32. 

18. 7(3a;-6) + 5(a;-3) + 4(17-a:) = ll. 

19. 2(16-a;) + 3(5a;-4) = 12(3 + ar)-2(12-a;). 

20. 3(3a;-2)-5(18-5a;) = 13(8a; + 5) + 5(9a; + 6). 

21. 28a:+49(ll-a:)=42a;+18(20-«)+71-3a+33(aT-l). 

22. 364 - 15(15a; - 7) - 3(13 - 2a;) + 8 = 6(a: - 2). 

23. 7 (18 - 3a;) = 111 - 3(20 - 5a;) + 39a;. 

24.' 22- 2(18 -a;) -3(15 -a;) + 9 -8(a;- 10) = 0. 

25. 5(a;-3)-18(5a;-3) + 27 = 32(9a:-5)-9a;+670. 

26 £-1^-5 27 §2-2a;_iQ 

^. - — -&. 27.— y-lS. 
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28. 1 + 1-4 = 7. 32. 13a;-^+^=15a:+22. 
2 3 4 9 2 

29. 5 + 3^-5 = 9. 33. 2£_3£=£_32. 
5^ 7 2 5 2 2 

30. 3y-|y + iy = 32. 34. 3a; + i(5x-8) = 20J. 

31. 2z + |2-f2 = 57. 35.|(8a;-7) = far + 4i. 

36. 2J(3a;-ll) = 3ia;+18J. 

37. 19a; + i(7a:-2) = 4a;+17f 

38. x-m5+ix) + i(4.-x)-i(Bx-16) = 0. 

89. 7 + 18fa: + 49(|a;-2J) = 21^M + ^\ 

^1=A 46 0-125(0.1a; + 0.5) _Qg 

3a; -5 19 * 0.05(7a;-30) 

41 5a;-3 _ 7 .„ 2(a; + 1.5) _15 

■ 7a; + 9 23* * 5(0.8a;-l) 19^ 

^ 3(5a;-3) _6 ^ 3a; + 9 _ 5a:+16 

' 2(4a: + 3) 5 •47" 

43. i^ZLL = §. 49. 5ll£ = lkz3f. 

11 -|a; 3 7 28 

^ ^(8a;-l) _3 -q 5x-6 3a;_ a;-4 

■ i(4-a;) 2 5 13 9 ' 

4g 0.25a;- 1.5 _ 2 -, 12 -3a: 3a;-ll _, 

' 0.15(a;-5) 1.5 * 4 8 ' 



40. ^ 



52 2(7a;-10) go_50-a; 
3 2 



63. £z:5_284^_g^_o^ 
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66. 5^-8^_|| = o. 

^+1 3^_4 1^6^+7. 
2 ^ 5 ^8 8 

«, 5a;— 11 ar-l ^ flar-l 
4 10 12 ' 

-Q 8 — a; , 3ar— 5_a; + 6 x 
™-~6~+~"3 ~2 3 

60. ll-('§£rLl + 2£iil^^lO_^2^ + 7^1j. 

61 a;-l . 16a;-3 7a;-6 ^ a; + 2 . 3(a; — 3) 
* 3 "^ 20 8 2 "*" 10 ■ 

62 a;-3 2a;-5 41 3 ar-8 . 5a;+6 ^Q 

4 6 60 5 15 

go 3a; + 5 5a;-4 . 7a;- 5 _^ 9a; - 53 Bx 

8 9 "*■ 6 5 17 

(u 4 a;-2 3a;- 5 , 7a;-l _ 2(5a;-- 13) , 2a; 
^' ~~9~ 8 "^~5 7 ■^23" 

6B 7a;-4 , 3a;-l 5(a;-l) _ 3C3a;-l) 9a; 

9 "•■ 5 6 20 7 

66. 15a;- ^^^^ + ^) =80-2^(7a;+19)-|(2a;+l). 

«7 A- 27a;- 1 2(4a;- l) _ 9a;-5 lla;-2 , qq 

67. 6a; ^ v__^ _ 3— + 22. 
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13 ^ 36 . 12 18 

SO 3a; + 4 9a; + 44 . 3(3a; + 10) _ 5a;+12 
7 5 "^ 4 3 ■ 

„n 102a:- 1 8(a;-l) _ 18a;-l 2(lla;-l) , », 
TO. —^ ^^-^ ^ ^-g ^ + 21. 

^ lOx+ll 14a;- 13 ^_ 7-6a; 
6 3 4 ■ 

TO 11^-13 , 19a: + 3 5a;-25t oai 17a; + 4 
„o 4a;-21 , 47 , 7a;-28 _ 4a; + 15 9-7a; , 1 

^^' ~^~+¥+~~3 r~~~8~+l2' 

74. ^ZlM-5-4ar^^,2i«_3ar- K3-2a;X 

2 7 *T^'^T g 

75 4a: 9 16a; — 81 ^ 2a; - 3 4a;-9 , 9 
■ -15 10 24 15 20 "^40* 

76. 19(13-4-2.5a:) ^ ^ ^ ^ 39.7625 - 9(0.45 + 8a:). 

n» l + 2a; 5 — 3a : . . 8a: _ a: . x 

3 3 5 1.5"^ 1.05 

78. ^_2||^ + 3.642-^ + 0.01 = 0. 

4a:-9 

•Z? ~~" — — ^— — 

79. 5(3a:-2) _^3^,_g3^^ 3-^ + 5. 

4 2 6 

^_ 2(a;-18) ^^_ 2(a;+10) 
oj 9 a;- 18 ^- 23 
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10a; -1 x-S 



82. 



5 , 9 



81. —^ g — ^. 



y-4 2(y-4) 2(y-4) 2 



go 2 5 _ 8 ^J-A 

' 2-1 2z-2 3z-3 2-1"^ 18 

84 ^ 1 ^ I ^^ —05 
' 7n + 3"^2(7n + 3)^12(m + 3) 

gg 2a:-3 g_ ar + 5 11 
2a;-4 3a:-6 2* 

gg 2a:-13 . 2(2r-6) _7 . 2(5a;-39) 
• 2a:-16'^ a:-8 S"^ 3a;-24 ' 

g,^ 10-7a: _ 5a;-4 gj 5^— 16 _ 5^~3 

' 6 — 7a; 5a; ' u — b u + b 

gg 29--10y _ 5 + 36.y gg 5a;-l _ 5a;-3 

' 9 — 5y 18y ' ' 2a; + 3 2a;~3* 

89 5 + 8z ^ 45-8z gg - 32+7 l_ 32 + 5 

* 3 + 2z 13-2/ ' 42 + 5 42 + 3* 

gQ 47 + 6a; _^ 2(8 + 3a;) g^ x a? — bx __2 

' ll + 2a; 3 + 2a; ' '3 3a; -7 3 

96 4y + 3 8y+19 _ 7.y-29 
' 9 18 5y-12 

gg 11m— 13 22m -75 ^ 13m + 7 
14 28 2(3m + 7)* 

g„ 16a+7 2a+l _ a -16 

24 3 3(3a-59y 
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98. §£+2 . 2£^_g 
x-l x + 2 

99 3a:-l 2(2a?-l) ^l 
' 2a:-l 3a;-2 6 

100. a'-a+l ^ a' + « + l __,2a. 
a— 1 a+ 1 

101 4a:+17 , 3a:-10 _y 
x + S ar-4 



102. 



4 . x + l ^ x'-S 
1+a; 1 — a; 1 —ai' 



103 5-2& 2-7& _ 5y + 4 
6-1 6+1 6»-l* 

104. -§ ^±2 + _^=0. 

x + 2 a;-2^ar'-4 

105 9y + 5 , 3.v'-51.v-71 _ 15.y-7 
•eCy-l)"^ ISCy'-l) 9(y+iy 

106 2u+l 8 ^ 2m — 1 
' 2m-1 4m'-1 2m + 1" 

107 l+3w (i>-llm _ 14(2w-3) ' 

■ 5 + 7to 5 — 7w 25--49m'" 

108 2y+l _ 7.v-l 2y'-3y-45 

■ 3y-3 6y + 6 4y»-4 

109 4m + 3 11«-5 _ 375m-86m' — 35 
' 15m -35 9m + 21 10(9m'-49) 

110 2z + 3 3z + 4 _ 258-3(22* -73) 

■ 52-7 72-5 6 (352»- 742+35)' 
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Ex. 18. 

Literal Equations with one Unknown Quantity. 



Solve : 

- + 

'px px ' ^ n + 3;5 4 



1 w , k . TO m-\-z 3 
1. |-w = f-^. 12 ' — — - 



^-S + ^^l + S- 18. P^g+^) = g. 

oz gz p — x^ 

3. £±^-a = £lI^+i. 14. _^?_=_:!_. 

a? X m — x n — x 

- ?n + n c—d .. z-\-2__m + n 

px qx ' ' z — 2~m — n 

m-\-x m — X ' p-\'X p — X 

6 ^ ~ ^ ■ 17 ^ + ix __ c + dx 
m(n + x) n + x ' a + b c + d' 

7 ^ _, ^ ]^8 a + ^a: _ g — & 
'a + a^; ^+C2; *a + 6 c — d 

ab+by an + ny ' n — z ~ n + z' 

9 -Llil_?=l_. 20 ^^+^_ ^^~^ — 

1 — z m * 4a:+5 2a: — a~ 

10. ^^ = J. 21. ? + f+? = d 

11. "^y + "=g. 22. *?-^? + .^=A 
my — n b h d g ' 
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nn ax — h bx-\'C , 

23. !— = aic. 

c a 

'^M Cb — X h — X C — X • m 

24. — ^ +- = a*-6. 

b a c 

26. ^-a; = i-£zi^ + l:z*?. 

CO 

26 ^-^ 5 + 2a: _^ cfe . (26- 7a)a: + 5& 
a h ^3 3aJ 

Q„ 20p — g'x 9n~px 6m — wa;_^^ 
op on 2m 

28 ^b(x — a) ■ x — b^ __ (4a + ca:)6 
5a "^ 15i 6a 

^ rnx_n-^^m{n-x)^^^ 
n 2p 3 3' 

OQ Sax— 2b ax — a _ax 2 
35 2i ~ i 3 

Qi a^ — x ah — x.(? — x, a^b + cx_a^ , c* 
6 c a ao o a 

32. ^±f + a = g-ft + '^('^-^)-^(^-^) + ^. 
a; a; a; 

3. b — 2x 5a* _x 2 I gCig — ct) 
3a 26' a J' ' 

46 2a 5a 

36. ^:£ = 2::r. 37. ^:2 = a:i. 

n q p n q X 
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mx-\-n ax — b , . 

: = a : /. 

p c -^ 



m-{-n 
40. _f_-£ 



mx — n mx + n 



41. 



4k2 


cx + d 
m 2d 




ex m 
d 

a + x — S 


43 


3 b 




a—x+S c 



TTi n 

n m 3 

-- _^x — np_^x — mp x — mn 
' ^ m n P 

XXX 

45. 1 1 1 = Trmp — (m + n + p)x, 

mn mp np jt \ ■ x-/ 

46. ^-3a = 8x. 52. ^ + -JL.= ^±J1. 
a — b n x-\-n nx 

47. -^-2 = ?*. 53. 1.1-1 



%a + b 5a ab—ax bc—bx ac—ax 

MQ Sa-j- X 4a? — b ■■ j-^ x . x a 

ba — b 3a+2i ' ' a b—a b + a 

Af^ __x^ 5a _ 2bx gg z-j-a / 2z + a + c y 

' a-b a + b~a^-b^' ' z + b'~\2z + b + cj' 

KA 2 — 2a Q 22;'— 13a' co ^ ^ m — n 

50. —-— = 3—— — — ^. 56. = 

z + oa sr — dar z — m z — n z—p 

g^^ c^—Sdj/ ■ d*+2cy _2 g^ m n _ m + n 

(f+Sdy d^—2cy ' ' z + m z-\-n z+p 
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CO 1 1 _m — n gQ x—c x+c_ 2cx 



y—m y — n y^—mn c — d C:\-d (?—d^ 

gg mg— g— & _ mg— g— g gj y-—cL _ f2y — (^ 
nz — c — d nz — b — d ' y — h \^y — b) 

on z 5g 2hz 



a — b a + b a^ — b* 
6a + 56 ^bx_^ 



bx 



65. 



6g 3g* g» + g6 

g^ rz_ 3 _ 9n+142 

* 9w* 2m 18w* — 24m7i' 

3.y , 186y _ ^^ gg^ _J^ + _JL. =_«!_. 
g+36 g*-95* * 3g+y 3g-y 9g'-y 

g.^^ m(2a? — m) ^ n(2a? — n) _^ 



_- m + nx qrx' s — rx 

' p + qx~~p(p + qx) p 

72 3(ig/ , rfV ■ (2d+e)e'x _^. , ea; 
' (^ + e (c^+e)'^ d(d+ey -^ ~^ d 

73 ^ [ g [ ^(g — ^) zC^gH-^) — ^g 2 

* z ^ z{z-\-k) Jc{z — h) A^— 2* 

74 /+3y 2y-f _ 2f+y 
'*• 4/» + 6/^ 6/^-9/ 4/^-9^ 

75 3&a: _ x — b _ bx — a* i _^ __ q 

• 2g' a + b g«-i«'^4g ' 
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Ex. 19. 

Problems with One Unknown Quantity. 

1. If the population of a city increases 5 per cent annually, 

and is now 194,481, what was it 4 years ago ? 

2. In order to dig a ditch A and B work together 40 

days, or B and C 48 days, or A and C 36 days. How 
many days would it take for each of them to do the 
work alone, and how many if they all work together ? 

3. The two arms of the beam of a false balance are respec- 

tively 6 inches and 6.2 inches. It is necessary to 
put in the pan suspended to the longer arm weights 
of 2J pounds in order to make equilibrium with a 
body placed in the other pan. What is the exact 
' weight of the body ? 

4. A bamboo 10 feet high was bruised at a certain height. 

When the upper part was bent and touched the 
ground the top of the bamboo was 3 feet from the 
base. At what height was it bruised ? 

5. The fore and hind wheels of a carriage are respectively 

3.25 yards and 3.8 yards in circumference. What 
distance has the carriage passed over when one of 
the fore wheels has made 143 revolutions more than 
one of the hind wheels ? 

6. A train which travels 32 miles an hour is f of an hour 

in advance of a second train which travels 42 miles 
an hour. In how long a time will the last overtake 
the first? 

7. A train travelling b miles per hour is m hours in 

advance of a second train which travels a miles per 
hour. In how long a time will the last overtake 
the first? Discuss the result when a>i; a=J; 
a<b. 
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8. Two travellers set out from A, taking the same route 

and in the same direction. The first walks 9 hours 
per day, travels 5 J miles per hour, and starts 2 days 
before the other. The second walks 12 hours per 
day, and travels 4J miles per hour. At what dis- 
tance from A will the first be overtaken ? 

9. An express train which travels 42 miles per hour starts 

50 minutes after a freight train, which it overtakes 
in 2 hours 5 minutes. What is the velocity of the 
freight train ? 

10. A messenger starts to carry a despatch ; 5 hours after 

his departure a second messenger is sent, who o«ight 
to overtake the first in 8 hours, and to do this he is 
obliged to travel 2J more miles per hour. How 
many miles per hour did the first travel ? 

11. Two trains move in a line in the same direction. The 

first starts horn A at 2 o'clock in the morning, and 
travels 8 miles per hour. The second starts from 
B at 9.30 o'clock in the morning, and travels 10} 
miles per hour. The distance between A and B is 
20 miles. When and where do the two trains come 
together ? 

12. Two friends, at a distance of 78 miles, agree to meet 

in an intermediate locality, and set oiit at the same 
moment ; one from A, travelling 5i miles per hour, 
the other from B, travelling 7} miles per hour. 
When and where do they meet ? 

13. At 12 o'clock the hands of a watch are together. At 

what time will they be opposite to each other ? 

14. How many times and at what hours will the two hands 

of a watch be together during the time between mid- 
night and noon? The coincidence of the hands at 
midnight or at noon is not taken into account. 
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15. A hare is* 50 leaps in advance of a fox; 3 leaps of 

the hare are equal to 2 leaps of the fox, but the fox 
makes only 3 leaps while the hare is making 4. 
How many leaps must the fox make to overtake the 
hare? 

16. A company of foot-soldiers is 665 steps in advance of 

a squadron of cavalry. Allowing that a soldier 
takes 5 steps while a horse takes 4, but that 3 steps 
of a horse are equal to 4 of a man, how many steps 
must the horses of the squadron take to overtake the 
foot-soldiers ? 

17. Jf A, who is travelling, makes -J of a mile more per 

hour, he will employ only -J of the time ; but if he 
makes ^ of a mile less per hour, he will be on the 
route 2^ hours more. Find the length of the route 
and the speed. 

18. A boatman moves 5 miles in f of an hour, rowing with 

the tide, and in returning it takes him 1^ hours, 
rowing against a tide one-half as strong. What is 
the velocity of the stronger tide? 

19. A boatman, rowing with the tide, moves n miles in 

t hours. Returning, he uses t* hours to accomplish 
the same distance, rowing against a tide m times as 
strong as the .first. What is the velocity of the 
second tide ? 

20. A^ and B can accomplish a piece of work in m days ; 

A and C can accomplish it in n days, and B and C in 
p days. How many days will it take each to do the 
work alone, and how many if they work together ? 

21. The circumference of a fore wheel of a carriage is 

a feet ; that of a hind wheel, b feet. What distance 
will the carriage have passed over, when a fore 
wheel has made n more revolutions than a hind 
wheel ? 
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22. Find a number such that if its^th part is added to it, 

the sum obtained will be equal to the qih. part of 
the number, plus r. 

23. A traveller wishes to accomplish a journey of k miles 

in n days ; at the end of d days he receives news 
which obliges him to hasten by a days his return. 
How many more miles must he travel each day ? 
Find the result if ^=360 ; w= 18 ; c?= 7 ; a = 5. 

24. A sum s is divided among A, B, C, in the following 

manner : the part given to A is to that given to B 
as a:b] that of B to that of- C as d:h. What is 
the part given to each ? 

26. A number is divided by d, and the sum of the quotient, 
dividend, and divisor is b. What is this number ? 
Find the result if d=12;b = 129. 

26. A wine merchant has two kinds of wine which cost 

him, one a dollars, and the other b dollars per 
gallon. He wishes to make a mixture of I gallons, 
which shall cost him on the average m dollars a 
gallon. How many gallons must he take of each ? 

Discuss the question (i.) when a=b] (ii.) when a or b 
= m; (iii.) when a = b = m; (i v.) when a>b and 
<zn] (v.) when a>ft and 5>m. 

27. A square poni, whose centre is distant from each side 

a meters, is surrounded by a fence. If the owner 
wishes to change the pond to a circular piece of 
water, what should be the radius that the fence may 
be just as long ? 

28. The population of a city increases each year t per cent 

of that of the preceding year ; to-day it has A in- 
habitants. What was its population n years ago ? 
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29. Three friends, A, B, and C, wish to divide a profit g 

that they have made in an enterprise. A has fur- 
nished a dollars during m months ; B, h dollars dur- 
ing n months ; and C, c dollars during jp months. 
What will be the share of each ? 

30. Divide the number a into four parts such that, if n is 

added to the first, n subtracted from the second, 
the third multiplied by w, and the fourth divided 
by 71, resiilts will l?e equal. What are the results if 
a=90, and 71=2. 

31. If A can do a piece of work in 2m days, B and A 

together in n days, and A and C in ??i + ^ ^ia-ySi bow 
much time will it take them to do the work together? 

32. If I divide a number by a, subtract h from the quotient, 

and multiply the remainder by m, I obtain the same 
result as if, from the number in question, I subtract 
n times its pth part. What is this number ? 

33. A man, setting out on a journey, drives at the rate of 

a miles per hour to the nearest railway station, dis- 
tant h miles from his house. On arriving at the 
station, he finds that the express train for his place 
of destination has left c hours befonS. At what rate 
should he have driven, in order to reach the station 
just in time for the express train ? 
What does the answer become in the following cases : 
(i.) when c = 0: (ii.) when c=-; (iii.) when c= 

In case (ii.) how much time does the man have to 
drive from his house to the station ? In case (iii.) 
what is the meaning of the negative value of c? 
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Ex. 20. 

Simple Numerical Equations with two Unknown 
Solve: Quantities. 

1. 72a;+14y = 330, 12. 4a; + 9y = 106, 
63a: + 7y = 273. 8a;+17y=198. 

2. 2a;+7y = 52, 13. 2a;-7y= 8, 
3a: - 5y = 16. 4y - 9a: = 19. 

3. 7a:- 4^ = 40, 14. 17a:+12y= 69, 
15a:-13y = 68. 19a:- 4y = 153. 

4. 4a: + 9y = 79, 16. 8a: + 3y = 3, 
7a:-17y = 40. 12a: + 9y = 3. 

6. 29a:-14y=175, 16. 69y-17a:= 103, 

87 a: - 56y = 497. 14a: - 13y = - 41. 

6. 171a:-213y = 642, 17. 2a:+7y-34 = 0, 
114a: - 326y = 244. 5a: + 9y - 51 = 0. 

7. 5a: + 9y=188, 18. 12a:+ 13y-37 = 0, 
13a: -2y= 57. 17a:- 19y- 15 = 0. 

8. 5y — 2a:= 21, 19. 3y-4a:— 1 = 0, 
13a: - 4y = 120. 18 - 3a: = 4y. 

9. 15a:- 7y= 9, 20. a: = 16-4y, 

9y — 7a: = 13. y = 34 - 4a:. 

10. 12a: + 7y = 176, 21. 2ar=ll+9y, 

3y-19a:= 3. 3ar-15 = 12y. 

11. 2a: + 5y= 91, 22. 3y=104 + a:, 
7y - 3a: = 139. 5a: = 2y + 78. 
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28. 52:-3y=12, ^ fj.2f = 4 

19a;-5y=73J. ' 3"^2 3* 

34. 5 + 3a; = 16y, 2^3 6 
5a: + 28y = 19. 



25. 21a;+ 8y = -66, 



26. 


| + B^=16*. 




^^-| = m. 


27. 


^ + ^ = 20, 




§^-2^ = 5. 
5 4 


28. 


*+y = ^'. 




-s=^^. 


29. 


f=io--,„ 




4ty = 5a;-7. 


30. 


2fy-|a; = 90. 




2ia; + |y = 90. 


31. 


M=«. 




3 8 2 



^•f+| = H 



28a:-23y= 13. ?_2^=U 

3 6 



3 2 



2^ 9 



^+y 



-a:=15, 



^ + y==6. 



^-+^4-^1=^ = 5. 



8 ' 6 



£±Jf_5^ii^ = 10. 



8^5 



88. 3^-5y+3=g£±^. 

3_a;-2y^g y 
4 2^3 
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40 * 5 3 4 

2x-y g 1 2.v + 4 _ 4a; + .V+13 

3 "^ ^ 2 3 8 ■ 

41. 2 + 5^^ = 4y-3a:. 

12 + 5^-6y = 2y + ^^~^y- 

42 5a;— 3 3a;-19 _o Zy — z 
' 4 4 6 ' 

2a; + y 9a:-7 _ 3y + 9 4a; + 5y 
2 8 4 16 ■ 

43. I±£-2£zL2^=3y-5, 47. i + ^ = 6, 

T 4 X iJ 

2 6 a: y 

48. ? + ? = 3, 

a; y 

1^-1 = 4 
a; y 



X y 
a: y 



44. 


1.1_ 
x'y 


13 : 11, 








5ar+3 


-7.y- 


4 






2 


3 






45. 


3 4 

a;+l'y + 4 


1: 


2 
3" 




3 4 










a: y 








46. 


X y 
1_1_ 
X y 


11 
= 30' 

1 
"30 







60. •+?=:19, 
X y 

?_? = 7 
X y 
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Ki 5 , 2 ^ tiA 6x , 0.15 n 0.15 
Sx by 0.7 y y 

7_ 1_.=:3 lOrc . 18_go 

6a: lOy ' 3.5 y ' 

62. ±+A=5H. 55.i±3^ = 5, 
5a: 6y y~a: 

5 £. — 11 1 5a:— 4y Q_ 4a?— 3y . 1 

4a: 5y~20' 6 ^5 "^5* 

63. 1 + 2 ^3, 66. ,_|z-=20-^, 
2x 3y 23— a: 2 

3 + 4^ y + ^ 30-^. 

4ar 5y «— 18 3 

g» 6y + 5 4a;-5y + 3 _ 9.v-4 

■ 8 4a:- 2y 12 ' 
Sx + B a;-9y ^ 6a;-l 

4 3-a: 3 

gg 7 + 8ar 3(x-2y) _ ll + 4a; 
' 10 2(ar-4) 5 ' 

3(2.y + 3) _13 . 3.y + 4 3y + 5a; 
4 4 "^ 2 2(2y-3) 

59 4a;+7 , 5a;-4y _ 17 + 8x 

■ 3 "^ 2a:+l 6 ' 
5a;- 12 4a; - 6y - 13 _ 10a; - 53 

4 2a;-3y 8 

gQ 31-lly-7a; . 5a;-3y+4 ^ 5y-4a; 31y— 9a;-79 
12 ■'■3a;-4y+5 « i-'' 

21a;+lly=202. 

61. 2(5-ll:r) ll-7y _s 
ll(x-l) ^ 3-y ' 

7 + 2a; 125-144y _g 
3-a; 36(y + 5) 



3 12 
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7-6a; 4-3a; 



lOy-19 5y-ll 
&x — lOy — 17 _ 4a; — 14y — 5 
3ar-5y + 2 2a;— 7y + 12' 

^ 12(7 + 6y) J 432a;- 125 „yo 

1— y 3a; + 5 

6(5-33.y) , 11(11 -21:g) _^gg 

3y— 1 1 — a; 

64 Sv 4(4+15.y) _ 16a;y-107 

^ 3a;-l 2a; + 5 

3y— 2a; + l 

65 - 2ay _ 15x + ^y ba^ + iy'+lOb 

2y + 5 6y-2a; '^(a;-3y)(2y + 5)' 
3 7a;+2y _g 5.V + 9 
5:t; 3a; 

66. i+f = 9 
6-y 4 

4(a;-2y) + 5 „_ 2(5x'-6y'-1xi/ + x ) 

2 5aT+3y + 3 



67. 



1 1 . _2 

1-^+y a;+y-l 3' 
1 3 

I I 4 



68. 



1— a: + y 1— a; — y 
1 1 



X X 



y\ ^/ 



= 1. 
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Ex. 21. 

Literal Equations with two Unknown Quantities. 
Solve: 



1. x + y = a, 
x~-y = h. 




12. 


X y 




2. x + y = ^a-2b, 
x — y = 2a — Sb, 






9 f 




3. 2x — Sy = 6b-a, 
Sx — 2y = a + bb. 




13. 


m n ^ 




4. Sx-^2y=(a+by+Sab, 
Sy-2x=la-by-Sah. 




X . y 

r ' s ^ 




5. ax+by = c, 
px+qy = r. 




14. 


mx py_ 




6. ax — by = m, 

cx + €y = n. 






X ry _ 
n 8 ~ ' 




7. 7nx — ny = ry 
rn!x + rJy = r\ 




16. 


ax cy_f 




8. abx-\-cdy = 2, 

d-h 
^-^" hd' 

9. a{Za + x) = b{h + yl 
ax + 2by = d. 


16. 


mx ny s 

p q~'i 

a b c 




10. x — y = ah, 

cx + afy = ag. 






a c 




"■ i^i-'. 




17. 


x y 


1 


1=,. 








1 
m — n 
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.0 X y _i 19- aa: + *y = 2a'-2y, 

n—a n—b 

20. (m + n)ar — (w — w)y = 4rnn, 

21. -^--r^=/-3'. 
g' — 1 p' — 1 



X 






i>' + l ' 2' + 

22. ^-+i^ = «.. 27. 5+1=.;,. 

a; — y+1 * y 



y — x+1 n , 1 



mn. 



+ 7=i' 



x—y+l ' X y 

23. ?:=^ = £, 28.^ + !^=;,, 

y q. X y ^ 

~x'~y a: y"~ * 

24. ?±^=£. 29. ^ + |=i,. 
qx + py = 8. Z.=:l. 



25 « ^ 



a; y 



* + y a-^* 30. ^ = ^, 
d-x~c+y bx + dy = a + a 

x^y x~y b—c 

1 1 _ x + c _ a + h 

x^y"^' y + b a+c 
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32. x^m ^ m-n ^ x + y+l _ p+l 
y—m m + n x — y+l p^l 
a: _ m' — n' x + y+1 _ l-fm 
y TV? -{-n? x — y — \ 1 — m 

33. x+l_ m + n+p ^^ ^ 



y + 1 7n — n-\-p x — a-^-c y — a-\-b 

x — \_7n + n — p x + c ^ y + b 

y — 1 m — n—p a + b a + c 

3g bx + ay _^^b-a-\ 
a+b+2 b 

bx — a = ay — b. 

2 2 ^ a'-i' 

38. 3a; + 5y = 2MlI»^. 



J'- 



l^x — ^^ + (b + o + m)my = m?x + (b + 2m)bm. 



(p-q)x = 2p-(p + q)y, 
-2pq-\ 



2a;- ^f-^pqf^t == _ 3y. 



At\ n I <, 2ot' + Win + 3^' 
m — n 
Q 3m' — 57WW — 2n' „ 

^^~ — wT-^i — =2y- 

41. 0.6a; + y = f + *Mjz2a}, 
bah 
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42. 1.5a: + y = ^±^'. 
2 WW 

2ar- 3y = i2fi+Mi2Z!L^M+ 2.166.. 
6 WW 

qr ' 

rx+qy = q(jp+l) + r(j> — \). 

44. qx—py = 2m, 

pq[b{p-x)-ir^q\ + (pp-^q)m 



Zy = i 



pq 



4g {c+d)x_{c-d)y^^^ 
5 3 

3a; + 5(^+^).y = 30(g + <^). 
c — a 

46. ^ + y:= 2&.(a'-2a't + 3a'e) 

o(ar — a') + 6(y+5') = ai(a + 6) + (a-6)'. 

47. :r + y=^<"'-^°^+°^ + ^'-H 

a — 6 

3a(a; — a) = 3ac-6ai + 4Sc?+2c(y — c). 
.. , 2[2m{m+p)-n{m + n + 2p)] 

^- ^+y= ^r=r7i • 

49. 2K-^') ^-^y 

1 1 __ m^ + n* 
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80. 2 + .-y = 2r(.-cf)'-2^'1 , 
<r — d 

(r — a c-\-a 

51. a;* — y' = m, ^ i ^ cd 

X —y =n, go z c + d 

y"~^ ^ , cd ' 



54. ? = 



^ a~b\ d' + ab + by 



a + b a^ + al + b^ 
x — f/ = 2b\ 

Ex. 22. 

NuMEBicAL Equations with More than Two 

Unknown Quantities. 
Solve : 

1. a; + y = 5, 5. 0.5a? + 0.3y = 2.2, 

y + 2 = 7, 1.22 — 8.5y = -24.4 

x + z = 6. S.Sz + 1.3a; = 29. 

2. 2a; + y = 5, 6. 0.25ar + 0.125y = 5, 
a; + 3 2 = 16, 0.3y - 0.92 = - 21, 
5y ^ 2 = 10. 1.4a; + 1.22 -= 50. 

3. 2a; + 3y = 21, 7. 2.5a; + 1.5y = 6.5, 
3a;-22=-5, 3.5a;~ 1.52 =4, 
4y + 72=69. 0.6y + 2 = 2.2. 

4. 5a; — 3y = -l, 8. 0.65a? — 0.95 y = 0.5, 
9y-22 = 12, 5.1y-3.32 = 6, 
8a; + 32 = 17. 20.32- 14.7 a; = 21. 
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9. 1+1=12, 16. ^+l|2f + lp=64, 

£-2 = 4 3|a; = 2}y, 

5 6 ' Hy = 2^z. 

g + f = 6. 17. x + 6 = ^y, 

y+l = 3.5z, 

10. |a;-y = 0, 2 + 8=1.25ar. 

''~^^=^^' 18. a: = 21-4y, 

iz-iy = 2. z = 9-ix, 

y=64-7.5z. 

11. | + 5j5f=3. 

2 4' 19. 1.7 a: -0.6y = - 4.08, 

--+z = 5i 2.8a; + 0.6z = - 6.72, 

2 *' 2.8y- 1.7 2 = 19.04. 

-8^ + |=li- 20. a; + y + z = 35, 

y-a;+z = -5, 

12. 2£ , 3^^no «-y-a;=-25. 

3^4 

5^_z^_l 21. a; + y-z = 17, 

24 5 3' a; + z-y=13, 

^ + ^=12 y + z-a;=7. 

^ 1° 22. x + y + z=6, 

13. a: + y + z = 36, 5a;+4y + 3z = 22, 
3a;+6 = 3z, 15a; + 10y + 6z = 53. 
6y-7 = 5z. 23. a; + y + z = 30, 

14. a;-y + z = 34, 8a; + 4y + 2z = 50, 

2y = 5a:+8, 27a; + 9y + 3z = 64. 

3z-12 = 13a;. 

24. a; + y + 2 = 24, 

15. a:+y + z=100, ar:y=7:8, 
0.7a;— 4 =y, 2/_8 
0.3a: + 4 =>=s;. ' z~ 9 
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25. 2a; + 3y — 2=130, 84. 4»— 2y+52=18, 
x:y=l:5, 2a;+4y-32=22, 
y 6 6x+1y- 2=63. 

26. 7a:-5y + 32 = 66, 5^_ ^ + 3^^227, 

* = y3=2 = ^' 7a;+6y+ 2 = 297. 

f=4' 86. ar+ y+ z = 6, 

8a;+4y + 2z = 22, 

27. a; + y + 2 = 12, 27a; + 9y + 32 = 54. 
a;-*-z = 3-i-5, 



y -4- 2=12 -^15. 



37. 0.1a;+0.2y+0.32=14, 
0.4a;+0.5y+0.62 = 32, 

28. 5a;+7y- 2z=13, 0.7a; -0.8y+ 0.92 =18. 
8ar+3y+ 2=17, 39. 1.5a;-2.5y+ 22 = 2.5, 

a;-4y + 102 = 23. 3.5a:+y- 1.52 = 1. 

29. 4:. - 5y + 22 = 6, ^a; + 1.5y - 0.52 = 3.5. 

2a; + 3y- 2 = 20, 39. f,.y.5-62 

7a;-4v + 3z = 35. 2^3^4~^''' 



fj.l'a-?^. 



30. 8a; + 4y-32 = 6, 3 + 4 + 5^'*''' 

a; + 3y- 2 = 7, ^ ^ ^ 

4a: — 5y + 42 = 8. 4"^5"^6~ 

31. 12a; +5y- 42 = 29. ^_y.2 
13a;-2y+52 = 58. *"• ^^*~5~7'^9' 
17.- y- 2=15. 304-|=f + |. 

82. 4a:-3y+22 = 40. 

5x+9y-'Jz = i7, 296-£=|+|. 

9a; + 8y — 32=97. 

41. 3ar-iy + 2 = 7.5, 
33. 3a:+2y+ 2 = 23, y_32 ^, 

5a:+2y+42 = 46. ^a; 3— = H. 

10a; + 5y+42=75, 2a;-iy+42=ll. 
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42 _J_=i *6- 3y+7z:5a;-4y = 107:5, 

■ x + y ' 5x-4y.7x — 2z=5Al, 

_2_=i^ 3a;-5y + 4z = 21. 

!a!-1 47 3^+5y-7 ^H 

y + z~ 5y-z + 8 19 

aCS,/ - x-\ 3ar + 5.y-7 _ 7 

43. 2(5j^) _ 11^^ 7z + 8y-21- S' 

x-Zy , ^^35 2a; + 3y + 4z=29. 



44. 



2af + 2 11 „ 5-4a; _ 55-2a: 

7y + 8z^g^ ' 6y + l 3y+74' 

2 ■ 3 + a; _ 2a;+9 

2(Sy-2x)_ 32-8 6z 

3z-7 ~^' 3y-1 ^ 7y-3 

5z-x _, 3« + l 7z-l 

■■■> 



^^~<?' 49* 12 7.5 , 

^~ 30 , 87 _3 

45. a;+2y:3y+4z = 7:8, 3a;+4z 5y+9z 

8y+4z:5a:+6z = 8:9, 222 8 _g 

a: + y-z = 126. 5y + 92 2a: + 8y 

50.tll5(118 -x) + 719 (y- 219) - 590(887 - z) = 27. 
5(113-a;) + 2 _o 337-z _. 

2(y-219) ^ y-221 ' 

g, 7a;-3y + 6 7y + 2z-10 ^ 5z-lla;-32 , g 
• 20 45 86 "^ ' 

71 z - 10a; + 235 + 27y = 345 a; - 189y + 185, 
5y + 3z = 44. 

•Pnt „ ^o -w; — L_=n;— ^— o. 

tPntll3-a -m; y-219 -n; 337-«-jB. 



84 






EXERCISE 


KANUAL. 






S2. 


5a:- 
11a; 


-7y + 2 
12 
-52 + 12 


8a; + 3z 
21 
3y + 7 


-4_lly- 
z-2a; 8« 


5z- 

14 

-3a; 


4a;+18 

» 

+ 82 



14 18 21 

3a:~y — 22 = 16. 

gg 6x~-7y + Sz-1 8a;- 3z + 44 
25 35 

_ 13y-72+l I 4a? — 5.y + 23 
15 ^ 21 ' 

4a:+5z-l 3y-5a?+60 ^ 92-7y+2 , 7a?-6y-5z-8 
33 22 4 "^ 6 ' 

2x + y — z = 2, 

g. 3a:-7y+5 , 7-4y-il2 _ 5a:-72 18a?+27y+llg-30^ 

18 "^ 9 8 36 ' 

4a:-9y+ll 5v-3a:-9 _ 6y+52; , 7a?-17y-3g+19A 

22 4 11 "^ 8 • 

5y+62!-17 2y+72:+5 ^ a:+9y 2x+7y+llz+lSi 

54 9 27 18 * 



56. 






1+1=§. 

y z 2 


56. 


X y z' 




-'-? = 2. 

2 y 

1 + 1=1 

x^z 3 



57. 


^ + ?-? = l. 

X y z 

^^ + '- = 24. 
a; "^y^z 




7_ 
a; 


-? + ? = 14. 

y z 


68. 


3 

a; 

1 
3a; 

4 
5a; 


5y z 
2y z 
2y 2 
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xz _1 7z+ u = b, 

x + z^Q' 2u+6x=8, 

y + z 7 

60.t ^^ = 20, 62. 2x-9y+Sz-10u = 121, 

^3^-^^ a;+7y-z- u = 583, 

^^ - 15, Sx+2y+6z+ 2u = 255, 



2a;- 32 
4y— 5z 



4a;-6y-2z- 9u = 516. 



63. x+ 2y+ 3z + 4w = 2, 
2a;+ 3y+ 42 + 5^ = 3, 
6a;+ 7y- 8z + 9w-=3, 
256a? + 64y+16z + 4w = 100. 



64. 3M-2y = 2, 
2a;+3y = 89, 




66. 


1+1 + ^ = 58. 


5a;- 72 =11, 
4y+32=41. 






f+iH=™. 


65. 2a;-3y + 2z = 


= 13, 




2 + 8 + 5~^^' 


4m -2a; = 30, 
4y + 2z=14, 






5^2^25 


5y + 3M = 32. 









* By taking the reciprocal values, and performing the division, 

the equation will become ^-^ = -, or - + i = 5, etc. 
xy I y X 

f By taking the reciprocal values, and performing the division, 

4 3 1 

the equation will become = — , etc. 

^ a? y 20 
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Ex. 23. 

Literal Equations with More than Two 

Unknown Quantities. 
Solve: 

1. a: + y = a, ^ 1 i 

/».r.«A 0»— = 771 — -» 

x-j-z = 0, X y 

y-\-z=c. 1 1 

-=7i , 

X z 

2. 7wa; + y = n, 1 \ 

qx-\-z =U 

3. x + y + z = m, 9. ?+^_f.=.^, 



X y z 
c 



4. ar+ay + «'z + a' = 0, _?+* + ±=^. 



x + cy+(?z+<? = 0. 

0. ax + by^cz = 2ab, x y^ z 

by + cz-'ax=2bc, a b c ^ 

cz +ax — by=^2ac. i + y"~ z"^ ' 

6. X'-mx + y = 0, = 0. 

y — ny +z=0, 

x + z=p. 

7. a; + y + 2 = a, "' x + y 



11- — - — =m. 



a; m 1 

= 71, 



y ^ ar + z 

y ;> 1 



z q y+z 



=p. 
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13. -q- = a, 13. ? + f + -' = 1, 

y+2 o a c 



??* — n n — p p — Wt 

— 'I 5— = 27n-2». 

m — n n — p m+p 

16. — f-m = w ^—t 

m-\-n n+p 

y z 

— m = » ; — » 

p — m ^ Tn-j-p 

X , , z 

' p =w- 



n—p m—n 

16. ^-.^ = -^ n, 

71+^ p — m 

y g 

P'\-7n m — n ^^ 

z X 

p -T — = m. 

^ m+n n—p 

17 ^ — ^ _ (n—p)(m—p) 
nx + my p 

n—p _ (p~m)(n — m) 
py + nz m 

p — m (m — n)(p — n) 
mz +px n 
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18. 2np ={p + m)x — {p — rri)y^ 
2mp = (m -{- n)i/ — (m — 7i)Zf 
2mn = (n +p) z — (n —p)x, 

19. *(2; + a:)m — (z — - a;)n = 2yz^ 

(x + y)n-(x-y)p = 2xz, 
{y + z)p~{y-z)m = 2xy, 

20, y + z •i'U = m, 22. 'x + y + z = Sm + n +^, 
z+u-\-x = ny x+y-{-u = m+Sn+p, 
U'\-x-{-y=Pf x — y — u = m — n-{-p, 
x + y-{-z =q. y + z — u = m~-n--p. 

21. a: + y — tt = w, 23. ar + y + z + w + v = Z, 
y + 2 — V =w, x+y + z + v +w = m, 
z+w — ar = 0, X'\-y + z-\-u-\-w = n, 
w + v — y=^, x+y + v + u + w = Q, 
v-{-x — z = q. x-{-z+v-{-u + w=p, 

y+z+v + u + w= q, 

Ex. 24. 

Problems with Two or More Unknown Quantities. 

1. A man has two vessels, and for the two a single cover 
worth $0.90 If he puts the cover upon the first ves- 
sel it will be worth 1^ times as much as the other. 
If he puts the cover upon the second vessel it will be 
worth 1-^ times as much as the first. What is the 
value of each vessel ? 

* Do not determine the values of x, y, and 2, but those of the known 
quantities, in terms of the unknown : then use the three new equa- 
tions in order to deduce x, y, and z. In replacing the unknown 
quantities, x, y, and z, by the letters m, n, and |>, and vice versa we 
can obtain the equations of Example 18. 
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2. Two numbers are such that 3 times the first plus 5 times 

the second equals 44 ; but 3 times the second plus 6 
times the first equals 60. What are the numbers ? 

3. A book-seller sells 3 bound copies of a work and 7 

stitched copies. He receives for them all $32.40. 
Another day he sells 2 bound copies and 5 stitched 
copies for $22.60. How much does a stitched copy 
cost, and how much a bound copy ? 

4. A man has two horses, and a saddle which is worth 

$150. If he puts the saddle upon the first horse, he 
is worth double the other ; if he puts the saddle 
upon the second horse, he is still worth $300 less 
than the first. What is the value of each horse ? 

6. A fraction is such that if 1 is added to the numerator 
its value is 1; and if, after having doubled the 
numerator, 1 is added to the denominator, it still 
equals 1, what is the fraction? 

6. A fraction is such that if 3 is added to each of its terms 

it equals f ; and if 3 is subtracted from each of its 
terms it equals ^. What is the fraction ? 

7. The sum of two numbers is 210, and their sum is to the 

first as 7 : 4. ' Find the numbers. 

8. Find two numbers whose sum is 54, and whose sum 

and diflference are in the ratio of 9 : 5. 

9. A number consists of two digits whose difierence is 3. 

K the order of the digits is changed, the number 
obtained is ^ of the first number. What is the first 
number ? 
IQL a \iumber consists of two digits whose sum is 8. If 
the order of the digits is changed, the new number 
is { of the sum of the digits plus 2 times the first 
number. What is the first number ? 
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11. The sum of two figures of which a number is composed 

is 9. If 3 is subtracted from each of the figures, the 
result is half of the first number diminished by 6. 
What is the first number ? 

12. A number of two figures is such that divided by their 

difference the quotient is 12 ; but if the order of the 
figures is changed, and 9 added to the number thus 
formed, and the result divided by the sum of the 
figures, 8 is the quotient ; find the number. 

13. The sum of the two figures of a number equals 6 times 

their difference, and the number itself is 3 more than 
6 times the sum of the figures. Find the number. 

14. The sum of two numbers is 26. The third of the first 

and three-fourths of the second are equal. What 
are the numbers? 

15. Two numbers of three figures each are such that their 

sum, increased by 1, is IQOO. If the two sets of 
figures are written one after the other, the number 
obtained by placing the figures of the largest number 
first is 6 times that obtained by placing the figures 
of the smallest number first. What are the num- 
bers? 

16. Find two numbers such that the first added to 4 times 

the second equals 29 ; the second added to 6 times 
the first equals 36. 

17. Two numbers are such that the smaller divided by the 

greater gives for a quotient -j^, and the greater 
divided by the smaller gives 2 for a quotient and 6 
for a remainder. Find the numbers. 

18. The smaller of two numbers divided by the Iserger is 

0.21 with a remainder 0.04162. The greater dividea 
by the smaller is 4 with 0.742 for a remainder. 
What are these numbers ? 
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19. Find two numbers whose sum and difference are as 

5 : 1, and their sum and product are as 5 : 8. 

20. A servant receives $9 to buy 4 kilograms of butter and 

7 of soap, and 15 cents ought to be returned. But 
she makes a mistake and buys 7 kilograms of butter 
and 4 of soap, and requires 30 cents more. What 
was the price of the butter and the soap ? 

21. If $28 are paid to 6 artificers and 2 laborers for a day's 

work ; and if for another day's work the same sum 
is paid to 5 artificers and 4 laborers ; what is a day's 
pay of an artificer and of a laborer? 

22. A pedestrian has a certain distance to walk. After 

having passed over 20 miles, he increases his speed 
by 1 mile per hour. If he had walked the entire 
journey with this speed, he would have accomplished 
his walk in 40 minutes less time ; but, by keeping 
his first pace, he would have arrived 20 minutes 
later than he did. What distance had he to walk ? 

23. A garden is of a rectangular form. If 3 meters are 

added to its length, and 2 meters to its width, the 
surface will be increased by 66 square meters ; but 
if 2 meters are added to its length, and 3 to its 
width, the original surface will be increased by 
71 meters. What are the two dimensions of the 
garden ? 

24. If 5 grams of an ingot are mixed with 11 grams of a 

second ingot, the alloy formed is at the standard of 
0.868|. But if 2 grams of the first and 1 gram of 
the second are taken, the alloy will be at the stan- 
dard of 0.833^. What is the standard of the two 
ingots ? 
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26. A cask cpntains 12 gallons of wine and 18 gallons of 
water ; a second contains 9 gallons of wine and 3 
of water. How many gallons must be taken from 
each cask, so that when mixed there may be 14 gal- 
lons, consisting half of water, and half of wine ? 

26. Two persons owe $1200 each. The first said to the 

second, " If you give me } of what you have, I shall 
have enough to pay my debt." The second replied, 
" If you give me f of what your purse contains, I can 
pay my debt." How much do they each 'have? 

27. A society contains a certain number of men and women. 

When 4 women leave, there are 1^ times as many 
men as women. But when the women return with 
their husbands, the number of men is ^ greater than 
that of the women. How many men and women 
did the society have ? 

28. Two friends,. A and B, in reviewing their libraries, said 

that ^ of As library plus ^ of B's would be 780 vol- 
umes ; but that ^ of A's library added to \ of B's 
would be 20 volumes less. How many volumes did 
each have ? 

29. Two women buy velvet and silk. One buys 3^ yards 

of velvet and 12| yards of silk ; the other took 4J 
yards of velvet and 6 yards of silk. They each pay 
$63.80. How much per yard did each cost? 

30. Three brothers, M, N, P, have bought a house which 

cost $32,000. M could pay the whole sum if N 
would give him f of what he has ; N could pay it if 
P would give him f of what he has; and P could 
pay the whole sum if he had ^ of what M has plus 
■^ of what N had. How much does each have ? 
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81. Three women go to market to sell eggs. If the first 
gives -f 0^ hers, and the third ^ of hers to the 
second, they will all have an equal number ; they 
all together carry 360. How many has each ? 

32. A farmer sold at the same prices, first, 5 hektoliters of 

wheat, 4 of rye, and 3 of oats for $24.20; second, 
3 hektoliters of wheat, 6 of rye, and 4 of oats for 
$21.40; third, 1 hektoliter of wheat, 8 of rye, and 
5 of oats for $ 22.20. What was the price^per hekto- 
liter of each kind of grain? 

33. A number is composed of three figures whose sum is 

17. The figure of the hundreds is double that of 
the units. When 396 is subtracted the order of the 
figures is reversed. What is the number ? 

34. Find three numbers such that the first plus half the 

sum of the other two is 120 ; that the second, added 
to -J of the diflference between the third and the first, 
is 70 ; and half the sum of the three equals 95. 

35. Find three numbers such that the first plus ^ the sec- 

ond, the second plus \ of the third, and the third 
plus \ of the first are each 1000. 

Ex. 25. 

Square and Cube Roots. 

Extract the square root to the fifth decimal place : 

1. 326. 6. 1020. 11. 9.3434 

2. 29. 7. 936. 12. 27.1919 

3. 491. 8. 842. 13. 3.666 

4. 726. 9. 719. 14. 3.1414 

5. 391. 10. 145. 15. 1.315315 
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Extract the sqaare root to the third decimal : 

16. 120. 20. 101. 24. 1,440,009. 

17. 133. 21. 10,004. . 25. 809,995. 

18. 3602. 22. 9997. 26. 6396. 

19. 401. 23. 90,004. 27. 40,003. 

Extract the square root of: 

28. ^ + 9r/'-2l0x+25x' + S0x7/-12y, 

29. 4a;* + 9y-12a;»y + 16a:*2*+16z'«-24y»2*. 

30. 4 + 13a» + 9a*-4a-6a». 

31. a'b' + 2a'b + a^-2ab'-2ab + b\ 

32. 18a:* + a;* + l-8a;'-8a:. 

33. 9a* + 25i» + 64m' + z'-30a*5 + 48a'm-6a»2 

-80^>m + 10^>2;— 16?7iz. 

34. y»" + 4w« + 9v« + 6t;V-4MY+16^*^-8^y* 

- 12w't;* + 16 qW -2A(fv\ 

35. a* + 16rf^ + 9^ + 9c^"-6aV-8a*d'' + 24c^(;*' 

+ 6aV - 18c* e» - 246?** e». 

36. 9a«-12a*^>-88a*^>H52a»^>»+83a'5*-66a^>*+16^« 

' T"'"9+~4 3~'^l6 6~* 

38 ^ ^^^ ^^* 6qx 9q^ \2qz 
" y* uy v? vy v^ uv 

39 9 a!' rn!" 6a* m» 4n^ 12n* a*m» 4a*n^ 
* 25"*" 26 "^36 26 ' 5 ■*" 49 "^ 85 "^ 15 35 

2m'n* 
21 
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^ 9otV 12m»w» 332 wV . 16 mV . 16t»V 
* 25j»y 35pY 735/?"""^ eSpY* "^ 8iyj»" 

41. 25ft -^+-^-1^ + -^^. 

42. a;»_2^'+2aV + ^-2oa;' + a*. 

a' a* 

^ 8a' 9a* ' "" " 



Extract the cube root to the third decimal : 

44 867. 49. 4915. 64. 3.2525 

46. 1241. 60. 8972. 66. 317.8181- 

46. 976.2 61. 12,761. 66. 15.4141" 

47. 517. 62. 56,431. 67. 690. 

48. 1637. 63. 20,911. 68. 10,010. 



Extract the cube root of 

69. 8ft»-9aV+6o»& + a» + 27oy'+12ai'-27y' 
+ 543^6 -36yi'- 36 aiy. 

60. 147«»j;-126a:Mv + 843a^-441a;'tt-27M' + e» 

+ 189a:M' + 21 art;' + 27 m*v - 9 urf. 

61. 125(^ - 8i» + c» - 150a«y + 75 aV + 60a'6* + 15aV 

+ 125V - 6iV - 60a'iV. 

62. 36:c'y-24a;'V + 54aY + 8a;"' + 27y' + 24aJ'i' 

- 54y*«» - 123*y'^ - 8z* + 36y'2». 

63. 162oy - 108o«5»(f' + 27 o" - i'*+9a*i"' + 324oy" 
. +216rf" + 18i'«rf'-1086»d"-27oW. 
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6i. 360w»»np + 1000»»*-900mSi — 27n»-600mV>-8^' 
+ 270»»V + 120»«y - 54n'^ - 36wp». 

66. 36a»6*+8a*ft'-45fl?6»-8*»+30o*A»-30o'6'+36ai». 

66. 225x'y' -150*y + 27 *y-8xy + 36a^' +1253*5^ 

+ 60^'y' + 136ay - 180*y - 54xy. 

67. 125»»W- 192»»'n»- 64TO*n» + 240mV - 504mW 

+ 450»»V + 288 »»««»•. 

68. -172oV + 27flftr» + 54aV-125oV'-99o'*» 

+ 165o'a:"+150flftE". 

gg 8a* 36a' ■ a" . 33o* , 66a' 9o° 6Scf 
TO 37«* m* .m* 5m* , 3m* 



71. 



y"* y* y" y" y" 

300a:* 75j^ . 64a* . 3x' j* . 15a* 125a:» 
y» 2y' ^ y" "^ y-* 8y»'*' 4y» "^ y» 
, 2403:" 60a:* 24a* 



y" y* y" 

TO 12_125_60, 2^15 8^, 6 , 15060, 75 

_3 135a* ■ 125<^ 9 8^ . 10 . 270* , b 

^b*'^ 8b* 8b 27a»"^3a'^646»'^<^ 
■ 225o' 15a* 25a« 
"•" 16 A» 26' 2^ 

7A 64(^ . 171a* , 102a* . 8o' . 36a« . 204a' . 144af 
'*• ~^"^ *» "^ *■ "^ a* "^ x' "^ ^ "^ a;« ■ 

76. 27 i* + 296 6* - 125 i" - 1086' + 9 6' - 15 6" - 3006". 
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Ex. 26. 

Pure Quadratics. 

1. 3(2a:-3)' = 4a:(2a;-9) + 43. 

2. 2.+lI=l^ + 4. 

3. (x + 9)(x-9) = 19-Sx'. 

4. (x + ^)(2x + 9) = f2x+^2x-lS. 

c 2x—l x — b 
0. = 



6. 
7. 
8. 
9. 



x — 2 3a: — 2 
4 4 1 



.T + S a:-3 3 

1 1 _ 22 

3a;+ll 3a;-ll 23 

1,1 , , 120a; 



12-6ar ' 5a:-12 ' (12-5a;)' 

5 5 _ 2-x . 2 

2 + x a;-4 x — ^a^-2x-^ 



10. 5^-l^^+§ = 2:.«-: 
4 6 



11. 



37+7 37—7 



x(x-1) 07(07+7) a;* -73 



12.^ + 1 = . 1 



a7»-4 07-2 

13. ^ + £^ = 2. 

07—2 07 

y^ 07 + mo7 — m__ 4mn + 2n' 
07- m 07 + 77i~~ a^ — rn^ 
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jg ^ _ $. =3= 3? — 26' 1^^ , g ?! _ £. 3? 

o* a: a* a; a* * ar 6* a* — 5* 

17. (ar+a)(a;-a)+(a;+^)(a:-^)-(a;+<?)(a?-<?)=0. 

19. ?!i:^*-5:i:^=io^.. 21. ^^zi=^, 

X — m x-\-7n b — ax be — x 

oQ n — x _ x-]rp oo x + ^a — h __ x—Aa-\-U 

n + x x—p x + 2a — h Zb — x-\-a 

x-\-2a — b 4a + 5 — a: 

g. 17a + &-a ^_ «'(g+17& + ^) 
' a + VJb-x b\VJa + b + x) 

2g a:* — 2&a? + 2aa; — y x + 2b _ 1 

a^ — cf a^ + ax + a*~^ x—a 



Ex. 27. 

Affected Quadratics. 

Numerical Quadratics of the form a^ +px + q = 0: 

1. a:*-2a; = 48. 6. 60-a^ = -7a;. 

2. a;'-84 = -8a:. 7- a?(a?-l) = 380. 

3. 10a;=171-a^. 8. 3a:*-6a?=10+2a:'-2ar. 

4. a:* + 12 = 7a?. 9. 5a;»-18ar=630-9a;+42». 
6. 14 = a;*-5a?. 10. 250 + 2a;» = 3a?'-15a:. 

11. 6a;»-J + 4a: = a; + 5a;*. 
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12. 2-8a: + 3a;' = -4H-2a:'-3a:. 

13. (3 + bx)x-\ = 3x(l--^ + x(15 + ix). 

9 \ oxj 

14. (a: + 5)» = 2(a:+3)»-17. 
16. (3a:-2)» = 8(a;+l)'-100. 

16. (ar- 5)'- 5 = (2a; + 6)8 -a:*. 

17. (2a; -8)' = (3a; + 25)4 + 12. 

6^3 

19. 3(2a;-3)-f = (a;-|)5. 

Equations with the form as^ + ix + c = : 

20. 5a;'-3a;-2 = 0. 24. 3a;'-50=25x. 

21. 3:r' + 5a;-42 = 0. 25. 7 a;*- 9a; = 10. 

26. 3a:'-7a;-6 = 0. 

22. 9a;'+15a; = 6. 

27. 2a:' -13a; = -15. 

23. 5a;»-7a; + -=0. 

I -Tg ". 28. 2a^-8 = 3a;+12. 

29: 5a;(a;-2) + 2 = -4-a;(4a;-5). 

30. 3^a; + ||Vl3a^ = 3a;'. 

81. lla;' + 7a;-5=4a;(a: + l) + l. 

82. 5a;(a;-2) + ^=l-3ar. 
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83. a:(12a; + 0.7)-^ = a:(3a:-0.2) + 6^ 

34. 11 (a: -!)' + « = 2(1 -a;)' + 11. 
36. 3(2' + 2)'-54 = 3«* + ?(5«-7). 

36. (l-3a:)(a;-6) = 2(a; + 2). 

37. (2a:-3)(a:-2).-49t=(a;-l)' + ^-23;». 

o 

38. (x-l)il-Bx)-^ = (x-'^3-l. 

39. (a;+l)(2a; + 3) = 4a;'-22. 

40. 5(^ + xJ+4x = (Bi-xy-l 

41. (3a;+l)(2a:-3) + 8 = (a; + 3)'-15. 

42. ^~3 I a: — 4 _1 



a; + 4 2(a:-l) 2 

x-3 + ^^ = 2x-7. 
x — o 



3 




x-2 


+ 3. 


a: — 


8 


x-8 


7- 


-X 


Ix- 


-1 



44. ^^-^ 



46. 3a; + 2 , . -^ ^ '^---^ ■ 5. 
2a;-1^2a; + l 4a;'-l^ 



Equations with the form aa^ + 2 6a; + c = : 

46. a;»+6a;-llt = 0. 49. 9a;'+12a;-5 = 7. 

I 

47. «'-4a:-f2 = -^. 60. 5a:'-8a: + 3 = 0. | 

5 ' 

48. 3a:'-6af---. gj^ 7a?-48 = 2a:(:r + 7) 
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62. (5x + iy-2fx + ^ = 10x' + 16i. 
53. {5x-2){x + l) = fx + ^5-5. 

64. (3a: + 2) (a; -3) = (6 -a;) 5 + 4. 
56. 13 a;* -30 =6(1 -a;)' + 63. 

56. (3a; + 2)(5a:-2) = (5a;-l)'-17. 

57. (1.2-a:)' + (a; + 0.8)' = 2(6a;-0.2)'. 

68. (0.7 + xy + (1.3 - xy - (1.6 - 2a:)» = ^. 

59. (3a;+0.5)' + (5a;-0.5)' = 6(3a:-0.5)' + 4a;. 

80 ^-2 a;-3 _ a; + 4 7 
* a;-l a; + 3 a:-l 4 

gj 6 \ _ x — 5 

' 2x—6 x—S~ 4 

^_5^_8_^0_ i 
a; + 3^a:-3 3:'-9^2 

go 2a; + l , 4ar+l _ 45 . , 
' 7-a: '^ 1+x 49-a;'"^ " 

64. (a;+l)' + (2a;-l)(l-a;) = (a;+2)(2a:-l)-9.27. 

66. (a;+0.9)'+(a:-l.l)(2a;-0.2) = (3a;-4.3)'+3(a;-2.1). 

66.^-1 + ^ = 8. 67.^-^-1=1*. 

2 3 8 4 8 6 



B. £±l + H£^ = (a;-3)' + l. 

a 2a; + 5 a; — 4 ^ 2a;(a;-7) 7a; 
' 5 3 6 lO' 
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TO x-1 , (a;-4)(x-6) 2(16 -a;) (a;- 5) _q 
6 "^ 8 3 

-, (a;-8)(ar-10) (ar-12)' _ a;(a;-15) ■ a; 
4 8 5 "^lO" 

6 9^ 18 2 ^ 

^^ a:(2^-10)_{g^:71'^(14-^)» .ll_^y 
12 2 3 ^ ' 

74 x—\ . x — '2l 2ar— 7 _ a;(a; — 15) 

3 "*" 7 5 8 ■ 

75 (a: + 3)' (2a! - 20) (a; - 12) 7(a;-6) _ x 

5 3 2 2 

76 ^~^ = 3a: g, 3a;— 1 _ 2x-\-i 

' x-5 2x-i ' ix+i 5a; + 2}' 

yy 3a; + 2 _ 4a; + 5 gg a; + l ^' 4a;-3 

a; — 2 «-l * ■ x—i x + 9' 



78. 



a;— 7 _ x — 6 «« 2a;— l _ a;+l 

2(a; + 3) a; + 24' ' a;-4 a;- 7* 

^g g + 0.5 _^ 2a; + l g^ x . 35 _.^i 

* a:-0.5 a; + 2.5' ' 6 a; + 4 

80. i^l = _6^. 86. -^-f = 4i. 

a; + 0.5 a; + 2.5 16-a; 6 



6 , 3 



1. 



a;*-l a;+l x- 

„ 2i^^£^1^^1^4_ 
a;+l a;+l a:* — 1 

gg a; + 9 , 2(2a;+l) _7 . 7(a;+13) 
' a;-8"^ a; + 3 2"^ a?-9 
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90. 
91. 



2a;+l ar— l _ a;+3 i + x 
x + S x' — 9 S — x 3 + x 

1,7 14 ar-4 



x-3' 


x+Z a?- 


-9 


a; + 3 


X 


1 25 _ 




18 , 1 


2x-\ 


Urr'-l 


2a; 


-1 + 27' 


15 


8 220 




11 


3x-l 


4 Oa;*- 


1 


3a;+l 


8-a: 


_^. + 2 


a?- 


^^34 



94. 



5(a;»-4) a;-2 ' a: + 2 15 

a? + 4 9 a; _ 52 15 

3a:- 7 19 3a:+7 9«'-49 62 



ar-2^ 8(:r'-4) 2-ar 

96 ar+l ■ a; + 2 2a:+13 ^Q 
' a;— 1 a;-2 a;+l 



97. 



a; — 1 x+1 _ a; + 7 a; — 3 
2a: + 3 2a:-3 4a:'-9 2a: — 8* 

2a:— 1 ■ 3a:-l a:— 7 _. 
a: + l a; + 2 a: — 1 

1 .1 = J_ . 1. 



18 + a: 7 11 ' a: 

100.^^ i=i + l. 

24 + a: 13 a:^ll 

101 3a^+l 2a:-7 5_q 
■ 3(a:-5) 2a:-8 2 * 

102. lOar- 1^^-9 = 18-^^ -9 
8a:-3 3-4a: 
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ar+1 a;+4 ar+2 "^ aH-3 

105 ar + 3 , a:-3 _ Sx+l 12 

•ar + 2"^a:^2 2(^_1\ :r'-4 

Literal equations with the form a^ +px + j = : 
106. x' + ax + b^O, 118- x' + mn = — (m + n)x. 



107. a:»-aar + ^> = 0. 119. x'-(n+p)x=^-np. 

108. a:» + aar — 5 = 0. .^^ . m^ + n* _ . 

109. x'-ax-b = 0. "*** 

110. ax + b = a?. m. :c» + ^-«»=y|L*. 

111. x' + n = -ms. 122. ca;-2c-a:'=-2a;. 

112. 3? — dx = g. -_ -1 

123, a;»-2*=£.. 

U3. bx + c = a^. 2 2 

114. ;)a;-l-4;)'==a:'-22M;. 134. a;« + ^5=2»^. 

116. Ja;-26» + «»=2ix ^ ^ , 

U7. ^-2= JL 126. 0^-^=-^ 

127. ^- ^(^' + ^') ~aa: = |(3a + 2:c). 

128. (m— 1)V — m(a; + 7i)=?na:*(m — 2) — «a?. 

129. (x + a)(x — b)+ab = 2x^ — ab, 

130. (w + a:)(a:-n) = 2(a:— n)'+W 

131. ±fl+±) + l + |=0. 



li'^t)- 
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Literal equations with the form aa^ + Ja: + c = : 

132. %:^^<^^h. ^33 ^ + 5^.^ = _?a!. 

133. 2a;» — 3aa: = 2a'. ^ 

134. ;?-aa;=-6:c«. 137. 2a:»-(a+ 6)^+^=0. 

136. ca;» + 5aa: = 5a + (?. 138. {x-pf=hpx-{x-\^y, 

139. 2aa:« — (ar + 5a)iar = -2i'(a: + a). 

140. (2a+ar)(2a-ar) = 15a6-9 6'-3aa:. 

141. (a: + a)(ar-2i) + a5 = ^^^^^^ -'-6ar. 

142. (a;* + 'px +/) (a: +^) = (ar» +;?») (a: - 2^) + 6;?^ 

143. aca^ — hex + adx — bd = 0. 

144. _(aca: + i)+-^ = ^ 

145. (a-i)a;»+-^ = (a + J)a:. 

a — 6 

146. aia:' = i[.(a + i)-^] 

147 ^^ , 2a g --,4a 

a: + a x + 2a a; + 3a a; 



Literal equations with the form as^ + 2bx + c==0: 

148. ax^—2bx = c. 152. c»a;»=8ca; + a» + 8a 

149. ax^ + 2bx = -'C. 153. 35a' + 3a:» = 22a.r. 

150. px'-^qx^m. 154. 21a»&»-44a&a: = - 15a;*. 

151. — 1713^ — c = 4mx. 155. a:(a: — aft) = ab(x — a). 

156. (m-a:)(n + ar) = ar(7i-m + 2ar)-^. 

o 

157. (a + a:)'6 = (a + 6)'-^-^^^^±^- 

6 + 1 
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158. (a: + a)(3ar-J) = (3i-a)a:~(a-&)*-ai. 
169. a?-^bx = d*^2ah-U\ 

'»• ■"(F-;)+K^"')-"• 

181. i»+2=« = ?±". 164. J + _i- + -i_=o. 

a x—2o x+2o a a-\-x a-\-2x 

162. 1 + _i_ -1 = 0. 166. -^ 2a .^_3a ^0 

X x — 2(V 0^ . x—a x—2a x—oa 



a—x^ a 



163. -i- + -i---i- = 0. 166.-^ __- 

x-\-a x+b x+c a — x x x 

Find the best solution for the following equations : 

167. abca*'-a^Vx + &x — ab(?=^0. 

168. aba^-{d*-h')x-ah = 0. 

169. ar(ar-^5a) — i(a: + 66)= — a(6a + 56). 

170. U(b-x)=^{a + x){a-x), 

171. b(a — x)'-c{a + x)^=^x(a-'x)-'2c(b — c), 

172. x{x-2b) + a(b-x) + 2c{a-2c)=^-V, 

173. a:»-(a'+ft')ar = 2aft(ar-a»-6«). 

174. aa: (ca? — 3 6) = 5 rf (3 J - car). 
176. a»a;((?*ar-a»J) = (a»ft-c*ar)&V. 

176. fx{m^fx - w*) + w'ar(m» - ny) = n^i^^^m^X 
m. x(x + b*-b) = ax(a+l)-(a + by(a-S). 

178. a;' + (4m* — n')2mw = (4m' + n»)ar. 

179. .^- + -i-. = -2£_. 181. 4±^=£+2£. 
a:— a a; — o a: — (? p — or p — 2x 

180. 1+1=1+1 182. «^-fa + g^l 
a: a:+a c c-fa wiar — nx+p p 
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Ex. 28. 

• Problems Involving Quadratics. 

1. Two numbers are in the ratio of ^ to -J-, and the sum of 

their squares is 1666. What are the numbers ? 

2. The sum of the squares of three integral consecutive 

numbers is 1202. What are the numbers ? 

8. The sum of the squares of thf ee consecutive even num- 
bers is 776. What are the numbers ? 

4. The sum of the squares of three consecutive multiples 
of 4 is 3104. Find the numbers. 

6. In the place of a square field which I have bought, I 
am offered a rectangular piece of ground of the 
same perimeter, but the length is 16 rods more than 
that of the square, and the area is only ff| of that 
of the square. What is the value of the rectangular 
garden at $4 the square rod? 

6. The sum of the squares of two numbers is 5690, and the 

difference of the squares is 12T2. What are these 
numbers? 

7. A circular spaoe covered with turf has a surface of 

1017.8784 square meters. It is required, without 
changing the surface, to give to the turf the form 
of a ring included between two concentric circum- 
ferences, the radius of one being double that of the 
other. What radii must be given to these circum- 
ferences? The ratio of the circumference to the 
diameter is 8.1416. 
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8. The length of a rectangular field is to its width as 16 

is to 11. A neighbor, to make more regular tlie 
form of his adjoining property, proposes to diminish 
the width, but to increase the length ; leaving the 
perimeter the same, so that the new dimensions will 
be in the ratio of 17 to 10. The rectangular field thus 
loses 216 square yards. What are its dimensions? 

9. Two travellers set out at the same instant from the 

same point and go one to the south and the other to 
the east. The first accomplishes 30 miles and the 
second 40 miles per day. In how many days will 
they be 260 miles distant from each other? 

10. A man buys a certain number of kilograms of coffee, 

4 times as much of tea, and 6 times as much of wool. 
He pays per kilogram for each, as many francs as 
the number of kilograms he has bought of each. He 
pays for all 477 francs. How much coffee did he 
buy? 

11. A traveller sets out from A and goes toward the north, 

accomplishing each day 36 miles. Five days after, 
a second traveller sets out from A going toward the 
east, and making each day 28 miles. At the end 
of how many days will the second traveller be 430 
miles from the first ? 

12. The sum of the squares of three consecutive integral 

numbers, diminished by the sum of the squares of 
the two integral numbers preceding, is 288. Find 
the numbers. 

13. A certain even number is such that its square, increased 

by those of the two even numbers following, is 
greater by 406 than the sum of the squares of the 
two odd numbers which follow it. Find the number. 
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14. Of two numbers, the greater is 48 more than the smaller, 

and if one adds to their sum the quotient of the 
greater divided by the smaller, 99 is the result. 
Find the numbers. 

15. A number is the product of three integral consecutive 

numbers. If it is divided by each of its three fac- 
tors, the sum of the quotients thus obtained is 767. 
What is this number ? 

16. Find two numbers whose sum is double their difference, 

and whose product diminished by the smaller is 
equal to 720 times the quotient of the greater divided 
by the smaller. 

17. Find a number which, added to its square and cube, 

has for the sum 463 times the number in question. 

18. A circular piece of water of 864 square yards is changed 

to another of the same extent but of rectangular 
form, whose width is 12 yards less than the length. 
What are the two dimensions ? 

19. The surface of a rectangular field is 312.8*. If each 

of the dimensions are increased 1"*, the surface will 
be increased 472^"*. What are the two dimensions ? 

90. If 5 pounds of beef more are sold for $2, twelve pounds 
will cost $0.40 less. How much does one pound 
cost? 

21. A woman buys a certain number of books for $ 1.80. 

If for the same price she had received 4 books more, 
each would have cost IJ cents less. How many 
books did she buy ? 

22. A merchant bought cattle which cost him in all $672. 

If each head had cost him $4 less, he would have 
been able to buy 3 more. How many did he buy 
and at what price ? 
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23. A man buys 673 young trees which he plants in rows, 

equally distant, upon two pieces of land forming 
squares. The side of one contains 6 trees more 
than the side of the other, and after this he has 7 
trees left. How many trees does each square con- 
tain? 

24. A father is 24 years older than his son. The product 

of the ages of the father and son is equal to 3 times 
the square of the age of the son. What is the age 
of the father and of the son ? 

25. A tourist, who has accomplished a journey of 630 miles, 

would have taken 4 days less if he had travelled 
each day 10 miles more. How many days did it 
take him to accomplish his journey, and how many 
miles did he travel each day ? 

26. A tourist, who has accomplished a journey of 630 miles, 

would have taken 4 days more if he had travelled 
each day 10 miles less. How many days did it 
take him to accomplish his journey, and how many 
miles did he travel each day ? 

27. A y6ung merchant buys a certain number of melons 

which cost him % 7.56. After throwing away 5 bad 
ones, he sold each one which remained for 4 cents 
more than he had paid for it, and thus gained $0.58. 
How many melons did he buy? 

28. Eight hundred and forty nuts were distributed among 

some children. If each one had received 2 nuts less 
he would have had as many as there were sharers 
in the distribution. How many children were there? 

29. I sell a watch for $22.75, and I thus lose as much per 

cent as it had cost me dollars. How much did I 
pay for it? 
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90. The side of a square is 230 yards. Find the dimensions 
of a rectangle whose perimeter is 12 yards more 
than that of the square, and the area 460 square 
yards less. 

31. A square field contains a number of square yards equal 

to the product of 32 times its perimeter, increased 
by 260. What is the side of the square ? 

32. A square piece of land, in order to have an area of 

260 square yards, must be increased by a number of 
square yards equal to 32 times the perimeter of the 
square. What is the side of the square ? 

33. A woman distributes 144 nuts among 7 children, giv- 

ing half to the girls, and half to the boys. In this 
manner each girl receives 6 nuts more than a boy. 
How many boys and girls are there ? 

34. Two reservoirs of a cubic form contain together 1853\ 

The sum of the heights of the reservoirs is 1.7"*. 
What is the side of each ? 

35. Three workmen. A, B, 0, dig a ditch; A in 6 days 

more, B in 30 days more than the number of days 
it takes them to do it together; and in 3 times 
the number of days it takes them to do it together. 
How many days would it take them to dig the 
ditch if they all work together? 

86. I buy oranges, each of which costs a number of cents 
equal to one-third of the number of oranges bought. 
With the same sum I could buy twice as many 
melons less 21, paying for each 12 cents more than 
for an orange. How many oranges did I buy ? 

37. The denominator of a fraction is greater than the nu- 
merator by 3. If 2 is added to each term, the frac- 
tion thus obtained is ^ more than the first fraction. 
What is the first fraction ? 
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38. A cask contaiiis 80* of wine. A person draws off a 

. certain number of liters, wliich he replaces by 
water. From this mixture he again draws off the 
same number of liters as the first time, and again 
replaces them by water, after which the 80* of the 
cask includes only 45* of wine. How many liters 
did he draw off each time ? 

39. Two messengers, starting from the same point, are sent 

at the same moment to a city at a distance of 72 
miles. The first accomplishes 1 mile per hour more 
than the second, and arrives at his destination 1 
hour sooner. What distance does each messenger 
travel each hour ? 

40. A train starts from A for B, a distance of 216 miles, 

at 2 o'clock in the morning. At 5.30 o'clock there 
starts from A, for the same destination, a second 
train which travels 4 miles more per hour than 
the first, and arrives 1 hour sooner. At what hour 
does each train arrive in B ? 

41. A tank can be filled in 26J hours by two pipes together. 

If they work separately, the tank will be filled in 
18 hours less by the larger than by the smaller. 
How many hours will it take each pipe to fill the 
tank? 

42. Two numbers are in the ratio m to n ; the sum of their 

squares is s. Find the numbers. 

43. Let a, 6, c be the three sides of a triangle, and a 

the greatest. Find the quantity x that must be 
taken away from each side in order that the triangle 
whose sides will be a—x, b — x, c — x^ will b« * 
right triangle. 
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Apply the result to the triangle whose sides are 18, 16, 
and 9. 

44. Divide a line a in 2 segments such that twice the sum 

of the squares made upon the segments equals the 
square made upon the entire line. 

45. Some friends, dining together at a hotel, incur a total 

expense of $ 102. Three of them, being guests, were 
not allowed to pay ; and the others paid $1^ more 
than if each had paid his share. How many friends 
were there in all? 

46. If I take the product of ^, ^j -^oia. certain number, 

the product is 16 times this number. Find the 
number. 

47. What is the number which is greater than its square 

root by 182? 

48. Two trains set out from two cities, M and N, distant 

560 miles, to meet each other. To meet at half the 
distance, the train from N must start If hours be- 
fore the other. If the two trains start at the same 
moment, at the end of 7 hours the distance which 
separates them will be -j^ of the first distance. How 
long does it take each train to go from M to N ? 

48. Two bodies move upon 2 lines which form a right 
angle, and approach the point of intersection. One 
body is at a distance of 236 yards, and passes over 
7 yards per second ; the other is distant 197 yards, 
and passes over 6 yards per second. At the end 
of what time will they be 13 yards distant from 
each other ? 
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Ex. 29. 

Roots of Quadratic Equations. 

If in the eqaation x* +|>as + g » 0, a and $ are the roots ; then 

a + i3 = — |), ojS^g, and {x — ti){x — 0) = a^ ■\- px -h q. 
If the equation has the form oo^ + 5a; + c « 0, 



a 



+ ^ = — -; and a$ = - 



Form an equation of the second degree whose roots are 
the following : 

1* 3 and 5. 15. 1 and — 1. 29. 5 and -f 

2. 7 and 3. 16. 11 and - 11. 30.-3 and J. 

3. 1 and 2. 17. - 6 and - 4. 31. a and b, 

4. 8 and 17. 18. — 2 and — 10. 32. a+b and a-b, 

6. 3 and — 1. 19. — 5 and - 11. 38. a and a\ 
6.-2 and 7. 20.-3 and - J. 34. a+36; 3a+b. 

7. 5 and - 6. 21. 4.3 and 2.5. 35. a and - a. 
8.-9 and 4. 22. 0.4 and 2.5. 36. a and - b. 
9. ^ and f 23. - 0.7 and 0.3. 37. -m; -n, 

10. I and f 24. - 8.2 and 5.1. 38. 3m ; - 2m. 

11. 12 and f 25. -2.4 and -1.3. 39. m; 2. 

12. 4 and -|. 26. 2 and 0.5. 40 2 i 

13. - 7 and f . 27. 4 and 0.25. ^ ' * 

14. -2and-f 28. -7and-f 
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It a:^-{'px + q = 0] then 

2 

41. In what cases are the roots real? 

42. When are they imaginary ? 

43. Being real, when are they unequal? 

44. When are they equal ? 

46. When are both of the roots positive ? 

46. When are both negative ? 

47. In what case is the greatest in absolute value positive, 

and the least negative ? 

48. When is the smallest positive and the largest negative? 

49. When are the roots commensurable ? 

50. When are they irrational? 

Are the roots of the following equations real or imag- 
inary, positive or negative? Answer without solving : 

51. a;*-6a: + 8 = 0. 62. 16x-6S = x'. 

52. a;*-5ar + 6 = 0. 63. a:*- 16ar + 64 = 0. 

53. a;»-.a:-12 = 0. 64. a;»=18ar-81. 

54. a:' + 12x + ll = 0. 65. a;»+ 10ar + 25 = 0. 

55. z',+ 9x + 8 = 0, 66. 2a:»- 18a: + 65 = 0. 

56. a;» + 15a;+14 = 0. 67. a;* -31a: + 246^ = 0. 

57. 4a:» + 52a: = 87. 68. 2a: + 5 = a:». 

58. a:» + 25a:-26 = 0. 69. a:» = 2-14a:. 

59. a:» + lla:-12 = 0. 70. a:» + 6ar + 4 = 0. 

60. 8a: + 20 = a:». 71. a;* + 8a: + 25 = 0. 

61. a:»-21a:-46 = 0. 
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72. If the roots of the equation a/s^ + 5a; + c = 0, are de- 
noted by a and j8, what is the equation whose roots 

are - and -^ 

Ex. 30. 

Maxima and Minima. 

If X may have any value, positive or negative, find the 
values of x which give to the following expressions a maxi- 
mum or minimum value : 



1. 


16-a:». 


2. 


(3 + a;) (3 -a:). 


3. 


x{%-x). 


4. 


x{x-\Qi). 


5. 


^ — ^x + b. 


6. 


2a;' + ar-8|. 


7. 


•3a;'-4a:-|. 


8. 


(:r-l)'-3. 


9. 


(4ar-7)'-8a:. 


10. 


12a;-(3a:-l)». 


11. 


ar'+(4-a:)»-2. 


12. 


(ar-4)»-ar' + 20. 


13. 


a:-6 


14. 


x~\ 

3? 


15. 


{x + l2){x~Z) 



16. 
17. 
18. 
19. 
20. 



3 + a: ■ 3-a; 
3 — a: 3 + a:' 

2+x 2-x 

2x 

l+x" 

a^ + 2x~^ 
x'~2x + S 

4:X 
X^ + 4:X + 4:' 



OT m*x^-\-n^ 
(m^ — n^)x 

22 64rg^ + 36 
28a; ' 



23. 
24. 
25. 



(^+iy 
x'-x + l 

x(x + lj 
x'-x-l 

x'-x+i 



26. 


f+- 


31. 


27. 


'+1"- 


32. 


28. 


(20 + a:)(5 + x) 

X 


33. 


29. 


2!)? + Zx-bi 
x-Z 


34. 


30. 


2a?-2x + b 
3? — 2x + ^ 


35. 
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Hx + 2) 

ar' + 4a?+l 
a^-^x + i 

x' + ^x + b 
x'+l 

X — 4: 

x'-Sx-S 



a^ + x" 



Find the maximum or minimum values in the following 
examples, if x can have positive values only : 

40. 



36. 


(x + iy 

X 


37. 


3? 

x-\ 


38. 


x'~2x+\ 


a:-3 


qa 


3?-2x + 2 



(a; -3) (a:- 2) 

^^ V-4a; + 3 
a^— 1 

42. a^~s?~ie>x+lO. 

43. 3^ — 23(^ — x + ^. 

44. 2ar»-5a:^-4a;+19. 

- 2(.-l) 45. f-f + 2.-21. 

Study the variation of the following functions : 

46. y = 3?-&x + b. ^ y- ^~^ 

47. y = a:*-8a^-9. ^ ~ "^ 

48. .=«+!. ao. .=^5^ 
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52. A given number 2 a is to be divided into two parts 

whose product is maximum. Find these parts. 

53. Of all the rectangles whose perimeter is 4 a, what is 

the one whose surface is maximum? 

54. Divide a number 2 a into two such parts that the sum 

of their square roots is it maximum. 

66. Divide a number 2 a into two such parts that the sum 
of their squares is a minimum. 

66. Of all the triangles of the same perimeter, what is that 

one whose surface is the greatest ? 

67. What is the greatest of all the rectangles that can be 

inscribed in a circle ? 

58. Inscribe in a triangle a rectangle whose surface is 

a maximum. 

59. Inscribe in a cone, the radius of whose base is r and 

the height A, a cylinder whose volume is a maximum. 

60. Inscribe in a given square whose side is a, another 

square whose area is a minimum. 

61. Circumscribe about a cylinder whose height is h and 

the radius of the base r, a cone of minimum volume. 

62. Of all the cylinders that can be inscribed in a sphere, 

what is that one whose lateral surface is a maximum? 

63. Of all the isosceles triangles that can be inscribed in a 

circle, what is that one whose surface is a maximum? 

64. Of all the cones circumscribed about a sphere, what is 

that one whose volume is a maximum ? 

66. Of all the cones circumscribed about a sphere, what is 
that one whose volume is a minimum ? 
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F.x. 31. 


Simultaneous Quadeatios. 


1. x' + y'=661. 


12. 5x' + 2^ = 873, 


x'-y' = b89. 


2a: + 5y = 54. 


2. 2/»-2«=_80, 


13. 16a;» = 9y', 


«» + 3/' = 82. 


2a:y-5a: + 6y = 33. 


3. Bx'-y'=59, 


14. 60-16xy = -x'y', 


2x' + 3t/' = 98. 


a: + y=7. 


4. 1 + 33^ = 140. 


16. y' + «»=130, 
y+z=U. 


5a:'-^=308. 


16. a;> + z' = |tt, 


8 


x+z=^. 


5. x + y=12, 
ay = 35. 


17. a;'+y> = 250, 
a: -y =22. 


6. y-2 = 8, 


18. a^-y'= 120, 


2/z = 240. 


3:+y =20. 


7. ^+y = h 


19. x'~y' = -i, 


*y=i- 


X +y =|. 


8. a: + y=l, 


20. a:» + ay = 260. 


a?y = -l. 


0^ + ^ = 140. 


9. a;» + 2/' = 74. 


21. a;' + y» = 218. 


a; + y = 12. 


ay-y> = 42. 


io.^+y-12, 


22. 5ar + 2y = 29, 


a;-y 


5ay = -105. 


a:«_y> = 48. 


23. |-2y' = -l. 


11.1-1=1, 


« y 36 
a3^-a;«y = 324. 


l + ^^ = f 
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24. 5a:»-4y'=-109, 35. anf -s^ -f=^-9i\ 
7a? — 5y = 25. a;* + y* + a;y = 223. 

26. x + xi/ + y = 4:1, 36. ^2(x' + y') = 85xt/, 
x + y=\2, 15a;y = 2520. 

26. 3^ + xy + y' = 2Vl, 37. re* + y> + a:y = 67, 
a; + y = 17. a: + y = 9. 

27. a; + y = 23, 88. a;» + y» - a:y = 14^, 
x + an/ = l4^. x + y = ^. 

28. a;y + a; = 20, 89. x" + y" + xy = bi^, 
X7/ — i/=12. rr — y = 6J. 

29. a;y + rr=104, 40. a;» + y» - a;y = 84, 
a;y — y = 84. a; — y = 2. 

80. 2a: + 3y = 20, 41. ar + y + a:» + y« = 162, 
80:3^-3)^ = 38. ar-y + a;*— y» = -102. 

81. ^+^ = 1, ^- ^H-y+^+y'^ii 

a:y20* y — ar + y* — a:* = — 1. 

1 , 1 41 

^+7=400* «• ^ + y* + ^ + y = i8. 

2a;y=12. 

i'^y~2' 44. ar» + y» = 65, 

ar*"*"v" 36 

^ 45. ar»-y» = 1304, 

38. 1-1 = 1-, ^ -y =^- 

a: y 60 

1 i_i^ 46. a;» + y» = 152, 
a;* + y* ~ 3600* a:* — ary + y* = 19. 

84. a:« + a:y + y« = 79, 47. a;'-y' = 279, 
a^-x7/ + y' = ST. a;* + a;y + y' = 93. 
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48. ar» + y» = 280, 53. ar»-y' = 602, 

a^ — xy + y' = ^, xy(7/ — x) = — 198. 

49. a^-xy + y'^l, 54. a;Y + y=:17, 
3a;»+13a;y + 8y* = 162. a;y' + y =5. 

50. a;» + y» = 162, 55. (a;' + y')(a: + y) = 671, 
^y + ^ = 120. (a;'-3^)(a:-y) = ll. 

51. a;»-y* = 335, 56. (rr + y) (a;* + 3/*) = 272, 
a:3^_a;«y=-70. (^j _ y^) (a; _ y) = 32. 

52. ar' + y» = 855, 57. (a; + y) (re* + y') = 1696. 

^(^+y) = 840. (^-y')(^-y) = i5. 

58. {x + y){a^ + y') = VJb, 

{a^ + y'){x + y) = ^xy, 

60. (a;»-3/»)(a: + y) = 200, 64. (2 + a;) (z - 3) = 30, 
a^'-S/' + ^ + y =30. (5-y)z = 6, 

a:y = 32. 

' a^ — y* * 65. xy + Sxz — 5yz =S7, 
^+y_ 2xy-6xz-7yz =50, 

a; + y " 5a:y-13a;2;-20yz=121. 

62. a;y^z= 8, 66. a;* + 3^ + 2;« = 4j^, 
a:2;-^y = 18, a; + y + z=-^, 
yz -5- a; — 4J-. xy = z^. 

63. a:(y + z) = 90, 67. a;y = 80, 



y(a: + z) = 84, ^ 

«(^+y)="48. y 



= 6. 
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68. 2ar — 5y = — 18, 70. M + ar=5, 71. a: +y =6, 
3ay = 264. y + z =9, ^+2=10, 

69. 3ar'-y»=^83, ^, + ^=18. u^+y^ = ll 
a? + y = 15. 



Ex. 32. 

Problems Involving Simultaneous Quadratics. 

1. A shepherd, who is paid so much per head for his 

sheep, receives for the season $320. If he had had 
10 sheep less, and had been paid 50 cents more per 
head, he would have received $354. How many 
sheep were there in his flock, and how much was he 
paid per head ? 

2. A shepherd, who is paid so much per head for his 

sheep, has received for the season $820. If he had 
had 10 sheep more, and had been paid 50 cents less 
per head, he would have received $ 354. How many 
sheep were there in his flock, and how much was he 
paid per head? 

3. A woman carries to market cabbages for which she 

receives $4.20. If she had had 12 cabbages more, 
and had sold each one at 2 cents more, she would 
have brought back from market $2.28 more than 
she really received. How many cabbages did she 
have, and what was the selling price per dozen? 

4. A gardener counts his melons, and thinks he can sell 

them for $6. In gathering them he finds 4 more 
than he had first counted, and he sells them at 15 
cents more per dozen than he had expected. He 
receives $ 7.15. How many melons were there, and 
what was the selling price of each ? 
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5. A woman spends $480 to buy black cloth, and $ 360 to 

buy blue cloth, and buys in all 90 yards of cloth. 
If for the same money she had bought cloth of which 
the price per yard was equal to the mean price of 
the two first, shfe would have received 13^ yards 
less. How many yards did she buy of black cloth 
and of blue cloth, and what wa» the price of each ? 

6. In accomplishing a distance of 2730^, a fore-wheel 

of a carriage makes 392 revolutions more than a 
hind-wheel. If the circumference of each wheel is 
increased by 30*™, a fore-wheel in passing over the 
same distance will make only 325 revolutions more 
than a hind-wheel. What is the circumference of 
each wheel ? 

7. A fortress, besieged by the enemy, has still food enough 

to last 8 days. If 120 men leave, and each one 
remaining receives -f of a kilogram of bread less per 
day, the garrison can hold out 16 days. It will also 
have food for the same time if 200 men leave, and 
each soldier remaining receives f of a kilogram of 
bread less than the first ration. How many men 
does the garrison contain, and what is a man's 
ration ? 

8. A garrison has still bread enough to last 11 days. It 

receives a reinforcement of 200 men ; if they wish to 
make the provisions last as before, each man's ration 
of bread must be diminished J of a pound. If 300 
men leave, the provisions will last 12 days, giving to 
each man i of a pound more per day. What is the 
force of the garrison, and what is the daily ration ? 

9. A detachment of workmen carry a pile of rocks to a 

certain distance in 165 hours. If there had been 8 
workmen more, and each had carried per hour 2^ less. 
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the rocks would have been removed in 140 hours. 
But if, instead, the first detachment had been dimin- 
ished by 8 men, and each one had carried per hour 
4^ more, it would have taken 198 hours to accom- 
plish the work. Of how many men was the detach- 
ment composed, and how much did each man carry? 

10. The cities A and B are connected by a railroad border- 

ing upon a carriage road. A carriage starts from A 
at the moment when a train leaves B. After having 
passed each other it takes the carriage 36 hours to 
arrive in B, and the train reaches A 9 hours after 
the meeting. How many hours did it take the 
carriage and the train to accomplish the distance 
AB? '' 

11. A sets out from Constance for Berne at the moment 

when B sets out from Berne for Constance. When 
they meet A has travelled 80*" more than B, and 
continuing to walk at the same pace he arrives in 
Berne in 4 days, but it takes B 9 days to reach 
Constance. What is the distance from Berne to 
Constance? 

12. The diagonal of a rectangle is 89". If each side of the 

rectangle were 3" less the diagonal would be 85". 
What is the length of each side ? 

13. The diagonal of a rectangle is 65 feet. If 9 feet are 

added to the width of the rectangle, and 8 feet 
are taken away from the length, the diagonal is the 
same. What are the dimensions of the rectangle ? 

14. The hypotenuse of a right triangle is 35 feet. If the 

smaller side of the right triangle is 5 feet less, and 
the greater side 2 feet more, the hypotenuse will 
be just 1 foot less. What are the sides of the right 
triangle ? 
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15. Two square gardens have a total surface of 2137 square 

yards. A rectangular piece of land whose dimen- 
sions are respectively equal to the sides of the two 
squares, will have 1093 square yards less than the 
two gardens united. What are the sides of the two 
squares ? 

16. The height of a trapezoid is 18 feet. Its surface is 

equal to that of a rectangle constructed upon the 
two parallel bases. Three times the smaller base 
added to the larger base is four times the height of 
the trapezoid. What are the two bases ? 

17. A man buys a watch, a cane, an umbrella, and a ring. 

The two first cost together $24, and the two last $21. 
If the price of the watch is multiplied by that of the 
cane, the product will be the same as the product of 
the cost of the other two articles. The sum of the 
squares of the prices paid is $585. How much did 
each article cost ? 

18. Four travellers. A, B, C, D, meet and reckon up their 

expenses. A and B together have spent $102, C 
and D, $96. The product of the sums spent by C 
and D is $2108. The sum of the squares of the 
amounts spent by each is $10,300. What is the 
amount spent by each traveller ? 

19. If from a number of four figures the number obtained 

by writing the figures in reverse order is subtracted, 
the remainder is 4725. The product of the figures 
is 672 ; the product of the two middle figures is 28, 
and the thousands' figure is 5 greater than that of 
the units*. What is the number ? 

20. The product of the sum and difierence of two numbers 

is a ; the quotient of the sum divided by the differ- 
ence is h. What are the two numbers ? 
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Ex. 33. 

Indeterminate Equations. 

1. a: + y=12. U. fa: + 5y = 92. 

2. lla?+2y = 83. jj. §£^2=27. 

3. 6a; + 31y=147. * ^ 

4. 121a; + 44y = 286. ^^' Y+-^=15. 
6. 69a; +184^ = 1173. 14. if^g^^jg 

6. 8a;+13y = 413. ^ ^ 

7. 685a: + 381 y = 54,737. ^^' ''x-2\ ^~^' 

8. 2504a>f2817y= 157,752. ^g^ 13y-62a; ^ ^g 

9. 56x + 91y = 945. 



3a;- 12 



„ 12^+3w-70_ ., 
10. 4a; + 9y = 53. " 5^3;^ "^^ 

18. 10^-18ay-19.y' + 96y^g^ 

2a? — 4y ^ 

19. 15a;-47y=L 

2Q 14a;-8y + l _ 3-2ar-~5.y 
5 6 * 

21. Find two numbers which, multiplied respectively by 7 

and 17, have for their products a sum equal to 1135. 

22. If two numbers are multiplied respectively by 8 and 

17, the difference of their products is 10. What 
are the numbers ? 

23. If two numbers are multiplied respectively by 7 and 

15, the first product is 12 greater than the second. 
Find the numbers. 
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34. Find two numbers which are respectively multiples of 
4 and 5, and the first of which is 6 smaller than 
the other. 

26- Divide 89 in two parts, one of which is divisible by 3, 
and the other by 8. 

26. Divide 314 in two parts, one of which is a multiple of 

11, and the other a multiple of 13. 

27. Divide 118 in two parts, the first of which is divisible 

by 7, and the second by 11. 

28. What is the smallest number which, divided by 6 and 

by 7, gives each time 4 for a remainder ? 

29. A number divided by 7 has 1 for a remainder, and 

divided by 8, it has 7 for a remainder. Find the 
number. 

30. The difierence of two numbers is 161. The first divided 

by 8 has 5 for a remainder, and 4 must be added to 
the pecond to make it divisible by 11. What are 
the numbers ? 

31. Divide 362 in two such parts, that the first diminished 

by 2 is divisible by 7 ; and the second, increased by 
6, is a multiple of 9. 

32. Find pairs of fractions whose denominators are 24 and 

16, and whose sum is ^. 

33. Find pairs of fractions whose denominators are 11 and 

13, and whose difierence is ■^^. 

34. How can one pay a sum of $87, giving only bills of 

$5 and $2? 

36. A man buys calves at $6 apiece, and pigs for $3 apiece. 
He spends in all $114. How many did he buy of 
each? 
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36. A cook spends $72 to buy lambs at $5.80, and geese 

at $1.40 each. How many did be buy of each? 

37. The diameter of a 5-franc piece of silver is 37™"; that 

of a piece of 1 franc is 23"". How can one obtain 
the length of a meter in pieces of 5 francs and 1 
franc ? 

88. A sovereign is worth 25.21 francs. How can one pay 

a debt of 317 francs with sovereigns to a person 
who has only 20-centime pieces to return ? 

89. How can a person weigh 1^* of goods with weights of 

30« and 2i«? 

40. A society made an excursion which cost for each grown 

person $7.15, and for each child $3.10. The total 
expense was $97.25. How many grown people and 
how many children were there ? 

41. A basket contains more than 300 and less than 400 

pears. If they are divided among some children, 
giving 13 to each, 9 are left ; but if 15 are given to 
each, 4 are left. How many pears does the basket 
contain ? 

42. A person buys silk at $2.50 a yard, and velvet at 

$3.50; in all he spends $106. How many yards 
did he buy of each ? 

43. Two brothers have worked, the first 18 days, and the 

second 5 days less; they receive together $142. 
How much did each earn per day ? 

44. A woman sells peaches at $0.15 apiece, and apples at 

$0.59 a dozen, and receives in all $10.87. How 
many peaches and apples did she sell ? 
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45. A man asked his friend his age on his birthday, Feb. 

6, 1880. The friend replied, " I was born in this 
century, and if you write the year of my birth and 
then add the four figures, the sum is just the age I 
am to-day." What is his age ? 

46. The age of my grandfather in 1808 was equal to the 

sum of the four figures of the year of his birth. How 
old was he then, and in what year was he born? 

47. A servant receives $37 to buy potatoes at $3 a barrel, 

apples at $5, and squashes at $0.80. How many 
barrels can he buy of each kind ? 

48. What numbers divided by 2, 3, 7, have for their 

. remainders, respectively, 1, 2, 6 ? 

49. What numbers, divided by 7, 8, 9, have for their re- 

mainders, respectively, 6, 7, 8? 

50. A farmer sells 15 calves, 14 lambs, and 13 pigs, and 

receives $200. Some days after, at the same price,- 
he sells 7 calves, 11 lambs, and 16 pigs, for which 
he receives $141. What is the price of each? 

51. Divide 111 in three parts, of which the first is divisible 

by 2, the second by 5, and the third by 7, and three 
times the first part, two times the second, and four 

times the third is equal to 400. 

• 

Ex. 34. 

Inequalities. 

Add the following inequalities, member to member : 

1. 5>3; 8>2. 

2. a + l<x^; a — 5<2x. 

3. a:» + y>3-a; y»-2a>5 + 4. 

4. Sx + y<2a-l; 3y-2a;<14-2a. 
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Subtract the second inequality from the first : 

5. 15>12; 3<7. 7. d?<Z-x; 2x>V. 

6. 6K10; 2i>l. 8. a(a-a>)>h'-\; 

Find the products of: 
9. 3>-lby7. 11. 4a>-a;by-2. 

10. 3 > 0.5 by - 2. 12. (a-i)' > (x+yf by -1. 

18. 18-y»<5bya'. 

Find the quotients of : 

14. 9>6by3. 16. a'— J' > a— & by a-i. 

15. 147 > 91 by 7. 17. l&c'+26i>91a:' by -13. 

Perform the operations indicated : 

18. (a-l<7)(a+l<10). 

19. (a + J>m)(w<a — J). 

20. {a? + ab + h'>x-y){x + y<a-h). 

21. (8>2)^(li<7). 

22. (3^-y'>a')H-(2a>a;+y). 

23. (30>12)'. 29. [-(l + a)<-J]*. 

24. {a + b>a-x)\ 80. [-a(l + m),>ar]». 
26. {x + \<yf. 31. ^/27>8. 

26. (a-l<5-2)». 82. \'-125< + 64. 

27. (-l>-2)». 88. a/729>343. 

28. (3-0-1)'. 84. V36>25. 

In exercises like the 23d, each member mtist be raised to the power 
indicated, and the proper sign placed between the results. In exer- 
cises like the 31st, the root indicated must be extracted from each 
member, and the two restilts connected by the proper sign. 
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Simplify: 

35. 4: + Sab>2x-(a-by. 

86. (x-iy<af'-x' + ^x. 

87. a^-'!/'<(x-y)(x' + y'). 

Solve: 

8.a: + 4>2-3x. 40. 4^-3>^-|. 

i. ix+iy<x' + Bx-5. a.Sx-2<% + 7l 
42. 2V?> V4(ar - 1)» + 12a;» - 7. 



43. Vm* + 5?wa: + 4ar*<2a? + 3w. 

44. V2 -3Vi< V4 + 9ar- 12. 



^ 4£-2^ 3-5a; 



>3z^. 46. .yp^S.+5. 

47. 2a;-3y>4, 
4a:+y>12. 

48. 3a;-l>a; + 3y, 
a;(l-32:)>4a: — 3a;'-2y. 

48. 2a:(2a:-3)>(2a:+l)'-3y, 
4a; — y>a; + 4. 



60. Va;'-3a: + y>a: + 2, 
a:~y>3. 

61. V(2a:-l)(y + a:)>V2(a;y + a;») + 4, 
5a: + 2y>8. 

62. Prove that a* + &» > 2 oi. 

63. Prove that a fraction increased by its reciprocal value 
is greater than 2. 
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ii ^ . 

54. Let — , -, -, , -, be fractions whose denominators 

m n p u 

have the same sign, and arranged in the order of 

their magnitude, so that — may be the smallest. 

m 
Prove that 

<^ + b + o+ + ^>.g.and<i 

An inequality of the second degree can always be reduced 
to the form ax^-\-bx + c>Oj or ax^ + bx-]-c<0. 

To solve it is to find between what limits the value of x 
must lie to satisfy the inequality. 

Solve : 

55. x' + x>Tx — 10. 62. a:*-10a?+32<0. 
66. a:*+19>l + 8a:. 63. a;* + 16a;--80<0. 

57. 29-lla:>-a;(l+ar). 64. 4a; + 21 ~a;*>0. 

58. x' + x-6>0. 65. 4a;+12-a:»>0. 

59. 6a:»+7a; + 2<0. 66. 15-a:-2a*>0. 

60. a;» + 2a;-15<0. 67. nx-6x'-b<0. 

61. x'-^x+IkO, 68. 38a:-7-15a;«<0. 

69. 9a;<20a;*+l. 

Ex. 35. 

Exponents, Multiplication. 

a* X a" = a"*+". 

f — o* when n is odd. 
^ ' I + a** when n is even, 

a* X 6* = (a5)». 
Up is even : 

{a-by =={b-a)P, (a-6)*-(J-a)*. 
(a- J)H-i =»-(&- a)p+\ (a - bf^-ih-af. 



ALGEBRA. 133 



Simplify : 

1. - (+ 8)' + (- 2)'. 22 /_ my^ /_ n Y". 

2. (_7)»_(_3)'. V «/ V W 

3. J-X&'. 23. f-*rxf-?Y- 






-(-rK-r- 



6. i>»^V 

7. (a + &)• X (a + 5)». 25. /'_ j)"" x C- J 



8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 



x — y)" *(» — y). 



\2iM-l 



y)*^^X(-y)'. 

^)2n-lx(_,^)5. 

-c)**+^X(-c)*-\ 
- my X (- mff. 
xyf^^X{-xyy. 

"•(-DMi)' "-(^X^' 
84. f^=iTx fc=^'x i^^:]'- 



28. f^i^Yx r^^T- 

\x-yj \p-mj 
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86. (a*y. 

36. [(*•)•]'. 

37. (3f^y. 

38. (-a*)'. 

39. (-a»)'. 

40. (-»»•)'. 

41. (-yT. 

42. (-y**)*. 



43. (-y»-)'. 

44. (-i')*^'. 
46. (-i*")*^'. 
46. (m'py. 
.47. (5a"-'i')». 

48. (Scfb'-y. 

49. (Ta*if'-'i/^^y. 
60. (8a»i— 'c-')». 



61. 



63. 



(a'3*y 

(axy- 
ML 

{a*b*y 



64. i«^. 
(a'by 






Ex. 36. 

Exponents, Division. 






a* -i- a' = o*. 



a*-*, when m>n. 
a* = 1, when m => n. 
^-(n-m) _^ — i 



, when m<Tk 



a» -a-* = A. 






o* -i- a* = o^ = 1. 



a** 
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Simplify : 

1. (f-f-c. 4. mr^-i-mr 7. x'-^^a^-'. 

2. Tn^-^m^. 5. af^af^, 8. aJ^'^-^a^-^. 

8. m«^*-^w». 6. af^^-^af"^, 9. (a:+y)«-*-5-(a:+y)*-, 

11. (a:*»'-l)--(a;''-l). 

12. (9a:f + 3a;^+14a* + 2)-^(l + 6a?' + a*). 
18. (a'»-&*)^(a-i). ^.^ (20a* + 8 a'^- 126*)' 
14. {a^--b^)^{a + b). * [4(a' + &0]' 

{ar^-dr){ar-dr-') 13^ (64m»-49yi»y 
(a*+*-a*)-(a*-a*-*)' * (8m-7w)» 

Eeduce to the simplest form : 

as. fa+^Yx f-^Yx f-£=i-Y. 

Write the following expressions without using the expo- 
nent zero or negative exponents, and simplify the results : 

24. of". 27 —. ^* ^'><^'^- 

25. a-». „o "*"! 81. a»Xa-«. 

28. a:~\ 

26. 1. 29. -^. 32. -^. 
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33. m-'xa:-*. 


53. (-«•)-' 


34. m-^X3*. 

36."*";. 

X-* 

36. brxb: 




37. b'd-*. 


56. (-rr*)*. 


38. i- X d-K 

39. a^xy. 


67.1, 


40. x-'xy-^. 

41. (a; + y)». 

42. «• + /. 


68. 1, 
69.- 


43. af + af. 

44. a!««». 


«,.^, 


45. O-XO*. 


61. -;. 

62.^":. 


46. x-' + r'- 

47. (a; + y)-». 


48. 0-'. 

49. 0-*. 


63. *""'. 


50. (-a)-'. 

51. (-x)-\ 

52. (-:r)-». 




78. (1+:k)(1- 


-a:')-. 


79. (l + y)'(l- 


->')-'• 


80. (m — w)'(»i 


,-«)-♦. 


81. (a-l)-*x 


(1-a)'. 



mr 



67. 



68. ^ 



uo. 


p'-* 


69. 


or-' 

A-' 


70. 


/i\-* 


71. 


er 


72. 


©•• 


73. 


V2/ 


74. 


1M-. 

m\mj 


75. 


^r 


76. 


»n(l — ot)~'. 


77. 


«(!-«)-•. 


Sa'b- 


V* 


5a-'b 


-»c-» 


iCa' + boyxx-* 


f 


.ar-V* 
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' 9(2:° + y° + z°)-V' ' 71-* 

85. ^^X^. 88. («'"-•)-'. 

^- -cT^ g- '*'• U-- - 6-V 

91. (a^- + y^-)-'. 

Free the following expressions from the form of fractions 
by using negative exponents : 

94. -. 97. ^A^. 100. 



m {-pY 



&)' 



96. — 98. — 101. — • 

96. -43-. 99. g' X \- 102. -|!-. 

103- 5 + & 105. ^ ^^— 



\o^ y) \ar* y 7 ' ' m* n* * m V 

Calculate the numerical values of the following expres- 
sions : 

107. i. 108. -i . 109. A- 110- T-^ 
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j^ 3 121. (0.5)-'xl000. 130. 2->-2-'. 

^~^^"' 122. (0.3)-* X 810. 131. 9-' -3-*. 

112. ~ 123. (-0.8)-'x256. 132. _i 1. 

10 



113. 2-'. 124. — 

114. 1-'. 125. 5 



133. ^_ 



115. 5-'. 

116. 100x5-'. 126. 



8-« 

2F 134. 



(-1) 



-S 



117. n^ + yf. ^ ^ 



15-' 


4-* 


1 
5-* 


1 
10-' 


1 
4->- 


2 
10-' 


'1 
2-' 


+ ^ 


t 


3- 



118. 1-. * (-!)-♦ 

119. 25x5-'. 128. (i)-'. 136. \^ — 

120. 64x4-'. 129. (i)-'. 
136. 64x2-* + 32x2-' + 16x2-' + 8x2-' + 4x2». 



v^.+«- 



Ex. 37. 

Negative Exponents, Multiplication. 
a« X a-* = a*-* a-* X a-* = a-<"H-*>. 



a-»x6-" 
(a-6)-(>»+i) 


1 
= (aJ)- 


a* 


Perform the following operations : 


1. a* X a-*. 




5. a*a-«. 


2. m'XOT-'. 




6. hrh-\ 


3. a:"* X a;-«. 




7. ai-» X a-*i*. 


4. «-*X2*. 




8. m-VxmVi-*. 



JX 


XJVTJCjJSXWA.. j.w«/ 


9. a'b-'Xa'b". 


18. a-*'a-\ 


10. 0* X a-' X a-*". 


19. (-a)-'. 


11. a-* X a-'. 


20. (-i)-'. 


12. 5-'xi-'. 


21. (-x)-\ 


13. a:-* X a;-'. 


22. (-y)-» 


14. y- X y-. 


23. (-m)-'x(-m)-«. 


15. a;-*" X x-". 


24. (-a;)-'x(-a;)-'. 


16. y-" X y-'. 


26. a:-»(-a:)-*. 


17. a-' X a-". 


26. x-\-x)-*. 


27. (-y)-X(-y)-. 





30. 



(a-* + a-* + a-' + a"') x «-». 

(ST* + ST* + y-' + r' + r' + 1) X (- y)-». 



31. 



a-'6~' a~'6~' m-*n-' 
OT~'w~* m"'n~' a~'&~* 
(a;-> - 2a;-' + 3«-') X (ai» + a;-' - a;"'). 



34. 4-' X 3-'. 




42. -(2-5)-'. 


35. 5-' X 6-'. 




43-(*rx(f)-'. 


36. 8-' X 5-'. 




44. 0.2-*x0.5-*. 


37. l-'x2-'x3-'. 




45. (ia)-' X (2c)-\ 


38. 5-«x2-«. 




«• (l^)-*X(|y)-*. 


39. (4-1)-'. 




47. (a-b)-\b-a)-*. 


40. (1-4)-'. 




48. (a;'-y')-»(y._a^)-«. 


41. (5-2V*. 




49. (3m'-2w)-'(2n-8m')-'. 


60. 


(1- 


-x')-\x'-l)-\ 
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Ex. 38. 

Negative Exponents, Powees, Division. , 



(flt»«)-n = a-"« = (a-*)* = (a*)-"». 




a-« -4- a-* = a-*H-i«. (j-s _j. ^ 


-— i- 




Find the values of: 




1. (2-7. 8. (lOO-')-'. 


15. (a:-')-'. 


2. (2-7. 9. (!)-». 


16- (y*)-'- 


3. (5-')-*. 10. (i)-. 


17. (-1')-'. 


4. (IO-7. 11. 2-'x'(f)-'. 


18. (-a)-'. 


6. (3-')-'. 12. (D-^CA)-. 


19. [(-6)']-'. 


6. (5-')-'. 13. [(2a)-']-'. 


20. (-m)-". 


7. [(2-')-'7. 14. [(4a)-']'. 


21. (a'b-Y- 
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22. (m-'w-»)-i. 27. (a— )"». 32. [(-a)"]"'. 

23. (a-'J-»)'. 28. (bn)-\ 33. (a— &")-'. 

24. (-o-'&-')-»- 29. (rf-")-'. 34. (J-V-»)-». 

25. (-a;-V*)"'- 30. (c-)'. 35. (-x-y— )*•. 

26. (-ar-V-')-'- 81- [(-»»)-*•]'. 36. (-Sa"')-". 

37. [(-«-«)-]-'. 

38. [(-a-')-*"]-**^". 

39.KO-1-. «-(;^r ^{^y- 

40. [(^TO-*)-"]-'. 42 /'^J^fiT^"". 44 fj^Y 

\x-yj ' \x"ry 

45. ("IL+ItYx f^Ln^y. 46. /^^L±!»Yx (P±A' 
\m — n) \pfi + n) \m — nj \m — nj 

^^•(!E!jx(f-f)-'- 

48. f£iii^Vxf^±i:YxtoV*. 

49. f^i±i?y*x (m - «)-' X C-^-V*. 

- [(?^nx[(si)T- 



-[(7^nx[(^)7 
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' [\m-nj J ^[\n-mj J 



56. 2-*-*- 2-'. 


60. 


6-' 


-^6-*, 


64. 3-'h-3'. 


67. 3-^-5-3-'. 


61. 


10-«-i-10-*. 66. 7-»H-7'. 


58. 5-'-f-5-». 


62. 


7-» 


-i-7-'. 


66. 25-''-^25-«. 


59. 7-*-i-7-'. 

68. (1)-' + (!)-'. 

69. (i)'^(i)-'. 

70. (*)-' + (!)-'. 

71. (0.3)-' -i- (0.3) 


63. 

-» 


3'- 


!-3-'. 
72. 
73. 
74. 
75. 


67. (I)-'^(I)^. 
(0.7)-* -4- (O.?)-*. 
(0.4)-' -H (0.4)-^. 
(0.1)-»H-(0.1)-'. 
(0.2)-»-»-(0.2)-'. 


Perform the following operatic 
freed from negative exponents : 

76. a-»-s-a-'. 83. 

77. a-*H-a-». 84. 

78. a-'-f-a-'. ^^• 

79. mr'-t-m-''. 86. 

80. m-<'+«^m-'". 97 

81. ar-'-^x-". 88. 

82. y— H-y-". 89. 


ins, and give the resulte 
J— +1h_5-(«+i). 

(a+J)-<'+»>^(a+5)-<-"- 


(«-*-i-*)^(a-'-n 
(a:- -1)^(^-1). 
(af-l)-i-(a:-»-l). 


Find the values of : 
90. 5-'^10-«. 




94. 


9-*h-3-*. 


91. 3-'h-2-». 






96. 


l-?-s-2-'. 


92. 14-' -t- 7-'. 






96. 


3-'-^-l-^. 


93. 8-'-h16-'. 






97. 


(0.2)-' -^(O.S)-". 
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- (tr©"" 



98. (0.6)-' -4- (0.7)-'. 

99. 3-«-4-(0.3)-'. 

100. (I)- -(A)-. 104. Q"-(i|)" 



101. (4)-'^ (I)-'. 

108. (f)-'-^(A)-'. 



105. (iH-a— )'+Qy 



Ex. 39. 

Fractional Exponents. 

«,__"j/T_ 1 __ 1 

Express with fractional exponents : 

1. V^. 8. (V^)*. 6. (,-Vaf. 7. Wb\ 

2. V?. 4. \^'. 6. V^. 8. -v^^'. 
9. •v/'a»-8a'6 + 3oi'-fi». 10. Vm'-2wp+^'. 

11. </'27a-'6*. jg V 16- V^»- 

«-. ■ ^^" 16. <';^». 

"• V^- 14. ^. 17. <^. 
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Write the 


following 


expressions, using only integral and , 


positive exponents : 








18. ai. 


27. 


1 


36. 


a*y*. 


19. 11. 


28. 


a-i. 


36. 


(m' -«»)-». ' 


20. mi. 

21. xi. 


29. 


m 


87. 


m" 


22. nl. 

23. bi. 


90. 
31. 


e ». 

X ». 


38. 


m 


24. d. 
26. hi. 

a 


32. 
83. 


if-i. 


39. 
40. 




26. xi. 


34. 


(^H-y*)*. 




[b-'J 


Find the numerical values of the 


following : 


41. 4». 


56. 


256*. 


71. 


(un 


42. 27*. 


57. 


512*. 


72. 


(W)-*. 


43. 625*. 


58. 


128*. 


73. 


(m,n 


44. 16*. 


59. 


16-*. 


74. 


(^)-'- 


46. 9*. 


60. 


64*. 


75. 


(A)-»- 


46. 64*. 


61. 


1024-*. 


76. 


(3f)-«. 


47. 3125*. 


62. 


64-*. 


77. 


(6i)»- 


48. 216*. 


63. 


512-*. 


78. 


(7H)». 


49. 49*. 


64. 


81-*. 


79. 


(7if)-». 


50. 729*. 


65. 


625-*. 


80. 


(0.25)». 


51. 16*. 


66. 


(M)*- 


81. 


(0.027)*. 


52. 81*. 


67. 


(^)»- 


82. 


(0.125)-*. 


53. 1251. 


68. 


dm)*- 


83. 


(-0.027)*. 


64. 32*. 


69. 


(m)*- 


84. 


(- 0.00032)*. ' 


66. 81». 


70. 


(A)»- 
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Ex. 40. 

Fractional and Negative Exponents. 

M p p—m 

a *^Xc^ = a * • 



(a*/* 



M as *4.* 






Add: 

1. ai; 3ai. 4. Sa:'; 4a:-». 

2. iil; 4i-i. 5. 0.5m-*; O.Slm-*. 

3. 5mi; -10w-«. 6. 4c-«; -0.6(?-«; -Sc'i. 

7. c^-*; 3c^-*; -5.3c^-*. 

8. x-^ — x-Y-Sx-*i/^] 2a:-V-2a;-* + 5ar-y; 

-a;-y + 2:-'-3a;-y. 

9. x-^ — 2ax~^ + 2bx-i', Zax'^ — 7nx~^ — cx-^\ 

bx-^ + dx-l-2x-^. 

10. y-* + 5y-i — cyi; 4y-* — cy-t + 2y« ; my-*-2y-i; 

4&y-i — wy-*; — y"* + y*. 

From the first expression subtract the following expres- 
sions in succession : 

11. i-i; 2^-4; ah-\. 13. e"*; -2^-*; 2.5^-. 

12. (^-f; 4c^-f; 0.7 e?"*. 14. O.SA"*; -0.05A-*; 2A-*. 

15. -2.3m-^ 0.7 m-^ -7m-». 

16. J^-»; 0.7p-»; - li^"*. 

17. 3a:-*-2a:-' + 0.5a;-»; 4a:-' + 2a;-i-|a;-»; 

0.7a;-' - 0.4a;-' + 2a;-» ; - a;"' - ar"* + ar"'. 
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Perform the 


following multiplications : 




18. ai X ai. 


25. x'^xxn. 


31. 


fT" X <r*». 


19.»i-ixM. 


26. x^xJ^. 


32. 


e"" X e~7. 


20. a-ixa-l. 


a m 


33. 


(al)A. 


21. c-ixe-*. 


27. y • X y ». 


34. 


m*. 


22. d-ixd-\ 


28. r'Xa'l. 


35. 


(Al)l. 


23. m-ixm-i 


29. 2~SX2-''. 


36. 


(mi)-.. 


24. m-*XmK 


30. «-'xi**. 


87. 


rn-05. 



38. (x^ + 2a:*y + 3y*) X (a^ - 2a:*3/' + 3y*). 

39. (a:« — a;*y* +y«)X (a:« + a;*y* + y«). 

40. (x-^ + a:-iy-* + y ~^) X (a;-^ - a;-»y-» + y"*). 

-1 _i -1 _i _i _i _i 

41. (c » — Sc "• + 5(? « — c «) X (tf "• — 2(? "» — <? "»). 

42. (icr^+icTs^-icT^+icr^) X (2cr^-3cr^'+^d% 

43 /5a?-i , 3a-*\ /5a:-* 3a-*\ 

' \,4y-i "^ 2 &-«J Uy^* 2 &-*/ 

44. (2a-'b-i-Sa-ib-ty. 

Perform the following divisions ; 

45. e-i-^e-i. 

46. h-l-^h-i. 

47. k-i-^k-i. 

48. ^«-^^*. 

49. r'-^-«. 

50. a*-^a""*. 

51. 6-f-?-M. 

52. m-i-*-m-*. 



63. 


^ "-i-p*. 


59. 


y"'-y •• 


64. 


I 1 


60. 


S a 


66. 


m 1 


61. 


a » 

d w-^cT**. 


66. 


1 a 


62. 


m 1 


67. 
68. 


a: f^ -i-x *». 

2-* -5- 27. 


63. 
64. 


1 3S-i 
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66. (a^ — xy^ + xh/ — yi) -i- (xi — yii). 

66. (xi-'x'-4:xi+6x-2xi)'^(xi — 4:xh + 2). 

67. (farA + ia:* — -JarA-larA + a:! — ^a:A)-*-(ri- 

68. (x + y + z-Sx^y^^)-^(x^ + yi + zk), 



i^y 







F.X 41. 








PowEEs OF Binomials. 




Expand : 










1. (a+by. 


20. 


(y-3)». 


36. 


(ai + JI/. 


2. («t + w)». 


21. 


(a' + J')'. 


36. 


(a-> + J-7. 


8. (c + dy. 


22. 


(w'-w»)». 


87. 


(a-» + ;.-»)•. 


4. (h+iy. 


23. 


(a* + y*y. 


38. 


(to-*-w-')'. 


5. (x + ^r- 


24. 


(a*-f)'- 


39. 


(d-^-^y. 


6. (y-^)'. 


26. 


(a-b'y. 


40. 


{o-'^zy. 


7. (x-ay. 

8. (y-A)'. 


26. 


(li)' 


41. 
42. 


(TO-» + n-l)». 
(n-»+p-l)». 


9. (c-dy. 


27. 




43. 


{n-\-r^y. 


10. (m-a)'. 




44. 


{a-\-\-h-\y. 


11. (1 + ay. 


28. 




46. 


{x-\+yy. 


12. (a-iy. 

13. (l + cZ)«. 


29. 


46. 
47. 


(y-'-2-»)». 


14. (1-hy. 

16. (l+x)». 


30. 


e-D' 


48. 
49. 


(l- -*-!)'. 
(2ar + y)«. 


16. (2 + a)». 


31. 


(»l»-W»)'. 


60. 


(3y-z)'. 


17. (3-a)«. 


32. 


(a» + JJ)». 


61. 


(4«-m)». 


18. (to -2)'. 


33. 


(xl + y*)'. 


62. 


(2 a -J*)'. 


19. {x-5y. 


34. 


(a;»-z»)«. 


63. 


(to« + 35)«. 
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/3a 2^' 
[b x)' 



64. (a- 2c)'. 61. {f>m.-* + \n-')\^ / a 2 mW 

66. i3*-Zdy. g2 /'2a_3£Y ^^* * ^ 
56. (,.-!- 4e)'. V* '^Z 67. (l-^y. 

67. (2a'-3J)'. 63.(i + f)'. 

68. (3a;-' + 2yJ)». ^ /A + ^V 

69. (2:r + 3.-l)'. 'W ^"V ' 69. (5m' -*«•')•. 

60. ('"-U.f-'Y 66. /"^-^^Y. 

w. ^2 H« j "o ^^2 3; 70. (3i-+>+2cf-')'. 

71. (4.r"-»-3y'-»y. 

72. (5w*-' + fw»-')'. 74. (Ja~i'-|a-+'A^'y. 

73. (2a»J-|wi*>)'. 76. (2a»i- + ia-6»)'. 

Ex. 42. 

Teansfoemation op Radicals. 

Express as entire surds : 

1. 2V2. 9. 2<^. 17. zVl. 25. -^Vy. 

2. 5V7. 10. 3v'2. 18. (-J)-v^. 26. 3\/i«. 
8. 6V5. 11. 10 v^. 19. (r-d)-\/l. 27. aVft. 

4. 2V2I. 12. 9\/l0. 20. -wi-J/lO. 28. w'Vj^. 

6. 3<^. 13. SViT. 21. -n</\b. 29. w»\^. 

6. 7^. 14. aV5. 22. -3Va. 30. -c?-s/^i^. 

7. 8<^. 16. x-\j2. 23. -5a/J. 31. -x-V^. 

8. 4\/4. 16. y^. 24. -2<^. 32. jV^. 

33. f-v^. 34. V8. 
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• Express as mixed surds : 
35. Vl2. 60. 3\/864. 



36. V28. 

37. V50. 

38. V72. 

39. ■\/T2. 

40. v/500. 

41. </I08. 

42. •v/192. 

43. -v/Se. 

44. \/l60. 

45. a/2048. 

46. -^3645. 

47. -^567. 

48. Vm. 

49. 2V405. 



61. 5\/i44. 

62. V^. 

53. </nM. 

54. -v/iW. 
66. -v^iV. 
66. ^/?V. 

57. <^. 

58. VyV. 
69. -v-otV. 

60. <^. 

61. -v/W^ 

62. -y^. 

63. ^/^^. 

64. Vic^. 



65. V25 m*a;. 



66. Vse^F. 

67. ^^^i^. 

68. v'SlwV. 

69. <^64^. 



70. 2V80e^. 
?6 



71.^ 

TO .| 125m' 
^^- \216^" 

73. yjf 



74. 



243 



n.4 



1296* 



76. 



^ 



— 2mw + w*)y 



49 



77.^ 



T^-3a^ + 3a;-l)z' 



512 



78. 



\4(a: 
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Ex, 43. 

Reduction of Radicals. 



= Va + 6 + 2 Vah. 



V^ _ Vft = Va + 6 - 2 VoS. 



VS + i V^l = Va - i» + 26 Va V^. 
^/5_6V~1 = Va-6«-26VaV^. 

Reduce the following radicals to the least cominon index 
e: 



1. V3; ^. 8. V5; Vl. 5. Vs ; V2. 

2. V6; V7. 4. V2; VS. 6. Vl ; Vs. 
7. V2; V5; V6. 8. V? ; V5 ; ^iM 

Change to similar surds : 
9. V3; Vl2. 11. V63; V7. 13. SVIT; Vl76. 
10. V5; V2O. 12. V72; VS. 14. \^54; 2</2. 

15. Vn2; ^248. 20. <^128; \/686 ; -vOe. 

16. ^/5; \^i05. 21. <^I62; 3a/32; ■v^25^. 

17. VI8; Vl28; V32. 22. V|; 2V^. 



23. iV|: VA- 

24. 3V^; VS;. 



18. 7-y5i; 3</l6; </432. 

19. V27; 2Vi8; 3Vl08. 

26. iVOJ; iV5. 

28. V2O; 3Vi; 4V125; 7V|; VfJ; SV^. 

27. V|; </|; <^; V|; 2<^. 

• 28. VA; VI92; V^: ^C/dS;; ^- 
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29. VFH ; V|^. 34. •v'27m*; </8m'. 

80. VF^; VF^. 36. </?^r3^'; .^^(iEl. 

81- ViFhS; V^Hl- ._- pj^ _^ 

Ml25 25 Ms 2 p^ p p 

42. *^=^^(|^; ^. 

43. I ^' . Um — Smx + 4:ma^ 

Change to a single surd : 

44. V2+VT8. 46. V50+VT8. 48. V6+V24. 

45. Vl2+V'75. 47. V45+V245. 49. V5+V45. 

60. V7 + V28. 51. V1I+V34. 

Which is the greater : 

52. V7+VlOor V3 + Vi9? 

53. V8 + Vl2or V2+VSO? 

54. Vl0+V8+V6or V2+ V3+V24? • 
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Ex. 44. 

Addition and Subtraction op Radicals. 

Perform the following operations : 

1. 2V3 + 3V3. 8. 11VI3-4V13. 

2. 5V7 + 3V7+2V7. 9. 7V2-VI8. 

3. 8VIO + 3VIO + 2VIO. 10. 5-^ + 2-y/82-</m. 

4. 7V2 — 3V2. 11. 5V2 + 2V2-4V2. 
6. 4V11 + 3VIT-5VIT. 12. By/2 + iV2-</&L 

6. 2V3 - 5 VS + 9 VB. 13. ^-Vb + 2i</h + \-\/^. 

7. i</S-B</3 + 2-y/B. 14. 3</3 - 5\/48 +^'243. 

15. 2VT75-3V63 + 5v^. 

16. V2+3V32 + ^Vl28-6Vl8. 

17. V75+V48-V147+V300. 

18. 20V245-V5+Vl25-2jVl80. 

19. 2V20 + iVT2-2V27 + 5V45-9Vl2. 

20. 3V7 + 2V54-5V63 + 3V150 + 4V63 + 7V24. 

21. 7V25 + 4V45-V9-2V86+V20-4V64. 

22. V275 + V13OO-V44+V52-2V99-2V2O8. 

23. ^ + 4-V20-^^'-5jI-# 

^4V8 6 >'l8>2 

24- <^-\^-3</^56+\/625+A/p-'v^. 

25. V9+V20-VS-V|+VA+V|f+V^. 

26. ^/Ei+^-■^/2E6-i^/l + 0.5V^S■+</^. 

27. 2V|+V60-Vl5+V|+V^. 
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28. 3i V2i - 5f V54 + 13^ V99 + 2^ V2T6 - 21 VS. 

29. fVA + 0.8Vi-TVV96 + 1.5-v^-tt^^r760 + 8V|. 

30. Va-|Va + fVa. 82. V^+6Va-3Va. 

31. V^^ + ^-y/a^-^V2ri^. 88. V25^ + 2 VoF- 3 Vil. 

84. •v/27?-V8?+^^i26^. 

85. VM-y/h^+V^^. 

86. Va^+V^-V4^^. 

87. Vi^^+V/z+V^. 
38. VflWc- aV4c + i V^. 
89. ■v/8l^*-Vl6^+V256^. 

40. </27^->/T25^+V2l6^. 

41. V8^--V60^-3Vl8^. 

42. 6aV63^»-3Vll2^»^' + 2a6V3'43"^--5SV28^. 



43. 3 Vl25 mV + w V20^ - V500mV - w V45^5^. 

44. V32a^ + 6V72^ + 3 Vl28a»6» - 4V288a»^\ 

45. 2</^-3a»V64^+5aV^+2a»>/l26y*+3V27^ 

Ex. 45. 

Multiplication op Radicals. 

Perform the following multiplications : 
1. V3xV27. 2. V5xV20. 3. V2xVl8. 



15^ 


I 
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4. 


■VsxVq. 




17. Wx</Fx</b*. 


6. 


<^X\^. 




18. y/-9'x</9xW. 


6. 


<^x-I^. 




19. \^-108x\^50x\'40. 


7. 


</2rfx</3. 




20. ^7'x^-112x\^14. 


8. 


</mx</i2. 




21. V3xV6. 


9. 


</lx</B. 




22. ^/Bx</T8. 


10. 


</21Xy/9. 




23. </6x</S. 


11. 


V2xV32. 




24. y/Eix</9. 


12. 


^^7x\^-49. 




26. \^81X'y-45. 


13. 


^1331 X Vll 


X^'121. 


26. 2V8xV2. 


14. 


^X^5^=4. 




27. 3\^x5\/4. 


15. 


</9x</&ixy/T29. 


28. |<^ X f <^. 


16. 


V6xVl2x\/72. 


29. |vl8 X i</^. 




30. 5V2x 


0.4V72. 






31. (VI8 + 2V72- 


3V8-|V128)V2. 




32. (</32- 


-^</m+z</i)</2. 




33. (iV27 


- iV2187 + i V432 - V16,875) V3. 




34. (3^^24 + 4^^- 

35. (Vs-A/iXvT 


~5</3T5 + ^</m)</2. 




+ V5). 



86. (V3_v^)(V3+v^). 

37. (V9-VT7)(V9 + vl7). 

38. (V6+v'ir)(V6-vTI). 

39. (V8 + Vl5)(V8-Vl5). 

40. (^^10- V36)(^10+ V§6). 
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41. (•v'g + vnx'v'Q-vT?). 

42. (^^12 + Vl9)('v/l2 - Vl9). 

43. (3 + 2V5)(2-V5). 

44. (8 + 3V2)(2-V2). 
46. (5 + 2V3)(3-5V3). 

46. (3-V6)(6-3V6). 

47. (2V6-3V5)(V'3 + 2V2). 

48. (V7-V3)(V2+\/5). 

49. (\^-2-v^)(4-v^+^). 

60. (2V30-3V5 + 5V3)(V8+ V3-V5). 

61. (3V5 - 2 V3 + 4 V7) (3 V7 - 4 V5 - 5 VS). 

62. (2VJ - 3 V3 + 4 V8) (3 V8 + VTS - V3). 
53. (3 V3 - 4 V8 + 5 Vl8) (5 V2 + a/3 + VJ). 

64. (4 V8 + iVl2 - iV32) (8V32 - 4 V50 - 2 V2). 

56. (V&-</B + </l6)(,-sM + -\/9--Vi). 

56. (vl6 - 2-v/2 + i-VEi) (5</4 + 3^^ - 2</2). 

67. {</9 - 7<^ + 6^/1125) (3<^ + 8-v^ - 4\/J). 

58. (0.4\/25+0.2\/200-}\/75)(2'yi35-5\/5-10^vi:5). 
69. (2V| - 8V| + 3 V|) (3 V| - Vl2 - V6). 

60. (2 V| - 4 V| - 7 V|) (3 V| - 5 V30 - 2V^). 

61. (3V2+4V5-2V3)'. 66. (^V24-fV6+5V3)». 

62. (5V6-3V3-2V24)'. 67. (3V?-2V?)'. 

68. (3V5-4V45+2V20)'. 68. (aVy + iV?)'. 

64. (2Vl2+3V3+6Vi)'. 69. (m'V^-mV^y. 
66. (2V7-8V^-5V63)'. 70. (2pVU?-iqViSz)\ 



156 EXEBCISE UANUAL. 

71. y/lxVi. 80. 3x^^. 

72. VI25 X \^. 81. V27 x -v^. 

73. <^ X \''250. 82. ^^256 X ^. 

74. -^36 X </l296. 83. \/7' X V5*. 

75. \/64x \^. 84. </&x ^v^. 
78. -v^ X </WO0. 86. ^ X <^. 

77. ■v/;x\/256^. 86. \/|x^. 

78. Vl5 X \/27"xl25. 87. </^ X \^. 

79. </l2 X ^v^. 88. <^XV^. 

89. \^W X >^- 

Ex. 46. 

DivisioK OF Radicals 
Perform the following divisions : 

1. V243-4-V3. 7. V^-^A/l. 13. V^^-Vf. 

2. </81^-y3. 8. ■^'243 + </3. 14. V|^V|. 
3- ^^"^^ 9. </4375 + ^. 15. V^^V^. 

4. <m^Vl. ^^ ,y2048+-</8. 16. VH^VM. 

5. -v'lOSO-*--^. ^ ^ ^ ^ 
^_ 11. VJ^VI- 17. Vp^VA- 

''• :»^- 12. vi-^v|. 18. vfi-^VH- 

19. (3 V6 + 45 V2) -4- 3 V3. 

20. (42V5 - 30V3) -t- 2 Vl5. 

21. (84V15 + 168V6) -i- 3 V2l. 

22. a5VI05-36VIO + 30V3)-i-3Vl5. 
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23. (56V30-84Vl0+100Vii)-i-4V35. 

24. (30\/4- 36-^10 + 30^/90)^3-^20. 

25. (50\/I8+18\^-48-5^)-h2-v^. 

26. (2-A/2)-f-(2+V2). 
V3a-T-Va. QK 1^_^ fa 41. >/^ -:- v'aa;'. 



27. 

2a 

29. 
30. 
31. 
32. 
33. 
34. 
46. 

47. 



35. 



V2«H-V2. 



^TO^-H V5^. 36. '^^^•^-• 



42. •vl25a'^ 



Vl2m^V6. ^ </54^7^.y2S. 43. -{/Vy-^^lf " 
V5i-V^- 38. <m^'^</M. ^|54^,_ j^ 

^'"^ 40. -yry^XL. 46. ^i^T'^i^ 
V8?^-V2?: ^ >4y' * >( 8 

(a-b)-i-iVa-Vb). 48. (6 - 1) + ( V* - 1). 



I. r^J ^ 

\ar'-3 



+ 2.V 



(l-a)-f-(l-V^). 49, 

50. (ac3^-\/y — bcyy/x) -i- c-\/xy. 

51. (acy'^^ — adz'sfy) -h a'Vy^. 
V54^-v^. 60. V^-</6i. 



33^ + 25^ 



53. 
54. 
55. 
56. 
57. 
6& 
59. 



-yi9-^V7. 

-y72-*-V6. 

-v^-i-V6. 

A^OJOSM-^-VOS. 

</0:064-5-VlO. 

•v/10.4976-h2V5. 



61. Vf-^-v^. 

62. Vi^2^^/^. 

63. V27H-3. 

64. VI96-H-2. 
85. V45-H3. 

66. Vl452^11. 

67. 6H-V24. 
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68. 8^V72. 79. ^^V6?. 



80. VM'-^V^\ 



69. 7H-V63. 

70. 30-f-V2lO. 

71. 6h-(3V3-5). 

72. 4 + (3V2-4). 82. a' + V^. 

73. Va^-Va\ 83. b'-^Vb. 
n.</b^^-^. 84. a/- V^. 

75. \/to'h--v^'. 85. 3ny*-4-V6»^. 

76. V?-\/?. 86. ■V^^Fi-i-bmx'. 
Tl. -Wx^Vs^. 87. •</8^-f-2a:'y. 

78. v^/-H>/2p. 88. ■v^l600o%'*-!-5oV. 

89. (a; + y)^iV?^^. • 

90. (37»«-v^ + 4n'VTO)^6-v''«m». 
Perform the following operations : 

91. (--^25). 102 .g;^ 109 2?^ 

92. -Vif. ^**"' ^"»' 

93. -V:^^. 103. :^. 110. :^. 

94. -^^36. ^* ^« 

95. VVi. 10*- ""v^x V?. Ill vV 

96. ~-V&. 105. \/m» X ^/^^ "^ 

97. -^. 106. -^ X -^. 112. ^. 

^Ix-^^. 113. -^. 



a/243. 

-J 



Va. 



107. 



100. -W. log ^ ■ 11*- -^• 

101. \^. ' \/^' 115. -^27. 
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Ex. 47. 






Simplification of Radicals. 


Perform tl 


le following operal^ons : 
8. (^)*, 




1. (V^')'. 


15. (V4>'a«-e-)-. 


2. (</^y. 


9. (</^y. 


16. (■V</I6a"y. 


3. (V^y. 


10. (\/3^y. 


17. (</^7. 


4. (</^y. 


18. [V(:.+.y)T- 


5. i-V^y. 


12. (^^2a*)'. 


19. [^(x-y)7. 


6. i<^y. 


13. (V-5^)». 

8 y-s 3 


20. [^(a'-S«)7. 


7. (V^y. 


14. (V-I^gVa')'. 
22. [V(x'-2/')»r']". 


21. [^(l + a')']'.- 




23. (<^-V^'+</^)'. 




24. (v'^- V6)'. 






25. (K/^--(^+-v^7 


8 


26. (-V2:s 


5)'. 38. (-a/I?)". 


48. <^^^2^. 


27. (-^/^)'. 37. (-V-_V6)«. 


47. Vv/3^'. 



28. (-</x»-y>)'. 38. (-v'm)*, 48. "v^'. 

29. (-%»-J»)». 39. {-V^y. 49. ^''v^. 

30. (-V5)'. 40. (4^)«. 50. ^^^. 

31. (-i^y, 41. (v^)*. 61. -v^^. 

32. (--^127^. 42. (-v^)". 52. ^v^^. 

33. {—i/TSiy. 43. V^. 53. ^Vl25. 

34. (-^)\ 44. -s/^. 54. ^^'5'729. 

35. {-</&)*. 46. "v^ 55. <^V(a:-y/. 
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66. ■^</(a-b)'*. 69. ^^{l-x')". 62. V^^^^. 

67. -^^(m + n)". 60. -^f^^^. 63. ^e</^. 

58. >^-J'(3a-2^.)". 61. ^^32^. 64. \^128-&'243^. 



Ex. 48. 

Rationalization of the Denominatobs of Radicals. 

In the following expressions make the denominators 
rational: 



2v^ 



6. 



3V2-2V3 

21 V3 
4V3-8V2 

120 V2 
5V6 + SV10 

75Vli 
8V2 + 2V7' 

1200 VIO 
12V5-4V7i 

V5-V3 
V5+ V8 



7 VIT + V5 

' vn-V5 

g Vl3-Vio 
' V13+V10 

9 V8+V7 
■ V7-V2 

10. V6 + V10 

' VIO-V6 



11. 



12. 



19. 



3 + 5V3 
4-3V2' 

1-4V5 
6 + 2V3 

3_V5-V2 



13. 



14. 



16. 



16. 



17. 



18. 



7-3ViO 
5 + 4V5 

2 + 2V2 
6 + 5V6 

7 + 3V7 
I2-6VII 

18 

4+3V2+5V3 

1-V2 + V3 

1 + V2-\^ 

2 + V6-V2 
2-V6 + V2 



20. 



3 + V5 + V2 
7--2V3 + 3V2 M 2V3-3V6 



3 + 8 V3 - 2 V2 



21. 



V2- V3+ V5-V6 
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Ex. 49. 




Ihaqinaby Expressions. 


yn. -i. 
(V_i)« = i« = _l. 
(V:rT)»=i» = -V:ri. 
(v'-i)»=.i«=. + i. 


%*»+* 1. 

i«*H__v/-l. 


Place the following quantities in 
1. V-4. 9. \^-625. 


I the form o V — 1. 
17. V-i. 


2. V-25. 10. <^-64. 

3. V-Sl. 11. </-129. 


18. v-i: 


4. V-144. 12. %/-256. 


19. V-^-y'. 


5. V-o'. 13. </-z^. 


20. V-(a^-fy)'. 


6. V-i^ 14. <^-y». 


21. -iZ-iSx-^f)". 


7. -iZ-ie. 15. </-2". . 


22. V-9a;». 


8. </~Bl. 16. ^-M». 


23. V-81m'. 


What is th«i value of : 
34. (V^)»; (V=^)*; (V^)* 

26. i'; i"; i»; i" ; i"; i" ; t»7 


'; (V^)"; (V^r-, 



Add; 



26. V=25+V=49+V=^l2l-V=^+V-1-V=l6. 

27. V^=^+V=^'-V^^^4a*+V'=16a«-V^=^8la'+V=a'. 



V-(«-y)' ; V-(x'-2xy + y') ; + V-64a;'y'. 
V-25a»; V- 16 a*; -V-(a-l)V. 



80. V-(to — n)'; -V-(« — 2m)»; V- 4mV ; 
— V— 4(»» — n)'. 
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81. 5 + V:^16; 3-V=4; 8 + V-4; -(7+V=^6); 
2-V=l. 

32. a + bi] 2a + Sbi; Ja-4W; 5a-ibi; 4a — 16Ji. 

33. 3 + 2^, 4-2i; 7 + 3z; S-i; 4 + 2W. 

Multiply : 

34. V'^ X V^. 



35. V=T6 X V=^. 

^x V^^ 
37. ~ 



V— wx V— w. 
V^x V-l. 



38. V25 X V=l[9. 

39. Vo?xV^^*. 



40. V=^x V-16z«. 



41. V-m»X(-V-9m*). 

42. zV=V. 

43. i V- 36 X V25. 



44. iV^^2S X iV^^^32. 

45. i'V=^ X V^^T2i. 

58. (V5+iV6)(V6-iV8) 

Perform the following divisions : 



46. V-(a+5)xV-(a-6). 

47. -yjx — yy. Vy — a?. 

48. V^T^^X V5^. 

49. iV^ X V2^. 

50. (a + V=l)(a-V=l). 

51. (m + fe") (m — 5t). 

52. (3 + 5*)(4-7z). 
63. (a: + 2*)(y-K). 

54. (3ar-8*)(2y + 3i). 

55. (2a + 3W)(c-eii). 

56. (4-iV8)(3 + iV2). 

57. (m-3iV5)(7i+4*Vc). 



5 



V^ 



V— n 



66. 



61. 



V=4 



64. 



V=^ 



ax 



67. 



^— a; 



V=:? 



»Vw 



70. 



V^i* 



V— a: 
V=8 

V-lOm' 
V— 5 m 
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Ex. 50. 

g , . Radical Equations. 

1. 2ViT5=V28. 10. 6+V8x = 2. 

2. 3V4a:-8=V18a;-3. 11. -v'2ar-3 = -3. 

3. V^+9 = 5V^^. 12. V8y+17 = 4. 

4. 4 = 2Vi-3. 13. •v/3F+7 = 3. 

6. 5-V3^ = 4. 14. \^80a:-43 = -3. 

6. 9 + 4Vi = ll. 16. 14+^4ar-40=10. 

7. 6-3V5 = 4. 16. V^+a=V5x^. 

8. 7 + 2\/'3i = 5. 17. ■v'10y-4 = \^7y + ll. 

9. 11-4V5^=9. 18. \/2^^=-v^3a; + ^. 



19. 2a:-8 = V4a;»-12a; + 32. 

20. ^3^7+2 = </9y' + lOy - 6. 

21. V^iTT = ^'(ar - l)%x + 3)'. 

22. V(2ar-5) = -v^i(2a;-5)*. 

23. V(3 a: - 4) = <^(3 a; - 4)»(9 a: - 6). 

24. 2Vjr^ = ^32(y-2)». 
25. A/9a:* + 6a^ + 5x'-2x= ■VBx' + x. 
26 ■v^Sa:' - 60a;' + 145a; - 115 = V2F=^. 

27. -v'(3a;'-5a;+2)(2a;+4)=^(3a;*-5a;+2)X4a;'-5a;+l). 

28. V(5a;'-a;*+ 2)(5a;+ 3)=-i'(5a;'-a;*+2)'(25a;»+25a;-6). 

29. 3V16a; + 9 = 12V4a;-9. 
80. VJ^ + a; = |+ Vi. 
31. V32 + a;=16-Vi. 
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82. VS-VS^^=V5. 34. ^x^==-y/^c + l-2. 



33. V^^^=V2?-14 + 1. 36. V22^^-2=VlO^. 



36. VS+20-Va;- 1-3 = 0. 

37. ViTl5-7 = 7-VJ^^. 

38. a: = 7- Vi^^=^. 



* Va:(2a;-l) + 2 V5a:-19 
^ 2(5ar»-22a:*+lla:-12) ^ , 

24\/2a;+136+13 ^ ^ 
15 + 4v^2a;+136 



2 X '4 a; ^ a; 

43. V^-3 ^ Vi+l 
Vi + 3 Vx — 2 

44. (2-a;)! = (4-5a;-3a:')J. 

45. 2/J-y-» = (y+l)i. 

46. a^+(a;-9)i = 36(a;-9)-*. 

47. I+Ilzi£l* = 3 
l-(l-a:)i 

48. [(3 + a;')ar-»]i = [i(9ar-' + a:-')]i 

49. V2^ + (2a:)-J(l + a;)=2(2a;)-4. 

»• (l+*)'-(l-)'=(^T 

51. (12 + a:)*=a:* + 6. 62. (a;-3)* + a:» 



(a:-3)J 
63. x»-g]*=(a + :r)i 
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54 _| = 

* x+->/2-~a^ x-^/2^^ 

^^ VI -z _ Vl + 2 

00. 



56. 



2- VI + 2 2 + Vl-z 

1.1 2a; 



1 + Vl-a; 1- Vl-a; 

67. V2a;-3 = a;-3. 

68. V2a;-5 + 6 = a; + 2. 

, ,_ 21 

69. V2a;+l + 2Va; 



V2a; + 1 
61. -s/Za^-&x + \=^bx-2a?-^. 



60. ^^+2klV5=2i, 
21 -V^ Vi ^ 



62. V(a;-l)(3a;-6) = a:-2. 

63. V2^^ = 3 . 
V?^ Va:+ll 



64. ^^^-3 + — g = ^"^^^ + V2^^=3. 

3 V2a;-3 V2a;-3 

65. V2(a:-l)=</3a;'-a: + 4. 

66. <^8?Tl50^+3l^+3 = V2^+5. 



^ VlO + a; _ Va;-2 ^ -^ 
VIO — a; VlO-a; 

68. V2(a; - 3) = A/a;* - 4a; + 11. 

69. -v^arH- 2) (5 a; - 2) = \^2(a: + 2). 
•70. V2iT7 = VS + 2. 
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71. V5F^=V2^+1 + 1. 

78. (a; + 4)*-(5a;)i = -(a?-l)4. 

74. 2(3a:-i)»+4(3a:-i)-* = 3(3a;+f)*. 

76. Va:+17 + V5^^= JV27. 

76. V2x + l+Vx^^ = 2Vx, 

Tl. Va? + 4 — V^ = V^ + f . 

78. V2^^+VSTl = 3. 

79. Vr2Ti=V7^+8-2. 

80. (a;» + 8a;' + 16a:-l)i-a: = 3. 

81. (a^-4a;» + 6a;' + 15a; + 9)i=(a;*-2a;+6)*. 



Va r' + a; + 3 _3 ^ Va;' - 6 — r 



V2a;« + 5^-2 4 7(43 + a;-a;»)i 7 

86 /' 83;' + 12a:+iy *-l 



V3^j-£jh_5^3 
V4a;»-a:+l 2 



3 



ju _(2-3£^i^_4 87 (^ + 2^+1)* _2 

^- (8-5a;-2^')4"5* •(3z' + 4z + 2)* 3 



/Va;»-3a;+i y'_ [3 (re + 5)1* 
W3a;» + a:-60y (^ + 6)* 

4,4 12 



a; 



+ V4 — a:* a; — V4 — ar* 7 

90. ^ ^ _ =6. 

a; + V5 + 3? a;— V5 + a?* 



91. 
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1 V3 



1 - VF^ 1 +VT=^ a 

5a;— 1 _ 1 1 VSa;— 1 
V5i+1 2 



94. 



V3a;' + 4-V2a;'+l -l 
V3«* + 4+V2ar'+l 7 



g5_ V27a;'+4+V9F+5 ^7 
" V27a;' + 4-V9^+5 

ne Wbx — 4 + V5 ~ ^ — Vile + 1 

V5ar — 4— V5 — a; V?^— 1 
97. Vow:' — 6a: — 6 = V— aa:. 



96. 



Va; + a Va:'+3aa;+2o* 



>/ 



'3^_5a^ + ^'+l ^^^+^ 



gg -y/ax + h + -y/ax _ 1 + Voar — 6 
-\Jax + & — Voa: 1 — -y/ax — b 

100. -i^=— i 

a — 6 va — a: 

101. Va + a: — Va — a: = Va. 



102. V6a;» + 5a' + 2flw; = a + 3a?. 



103. Vl0aa;-a;» + 25a' = a? + 3a. 

104. f (3a: + 26)^ + K^y-2a&) _a-& 
\ 3 3 
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106. Vi+V2a-a; = 



V5 



106. 2^(V^H^+Va^^^^2^^ 
Va + a; — V a — a: 



107. 



Vi + V^ _ '\Ja — x + V^ — a: 



Vx— V^ Vo^ 



V^ 



108. ylj:-m — -\Jx-'. 



■ Vw- 



Wl. 



i09.6Vg^-^(^ZL^')^o. 

no. V^^+'x+l = a-Vs^'^^^^+i. 

111. Vi+ Va- Vaa: + a:' = V^. 

a 



112. Va^^ + V-(a' + aa;) = 



-ya — x 



113. ^+V6»a: + 4aA = -^6»a: + | + 4aJ + ^. 

,,^ V4a^ — ar' +^V4a — x _ Va +i> 
-y/Aia? —x^—p'\/^a — x "y/a—p 



115. 



Va4-a:4- 'Va~x _ Va + a;— -yja — x 



^x-\-h-\-^x — h Vx + b- 



116. Va^^Va-^^^ 



117. Vq^ — ^+ Va? — ^ ^ fo^ — ^ 
' Va — X— -y/x — h ^x — b 



118. 



Va:— 2a+ Va; + 2a 2a 
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a—x , x—b 



119. _«zi^ + ^iz^=V^^r6. 

-yja — x 'y/x — b 

120. J«^_ Ji±i=^. 

121. Jf^ + J*Hi==,. 

yb — x yla — x 

yb — x \a — a: 
123.f + f=^^^-|. 

Ex. 51. 

Solution of Problems by Logarithms. 

Find by logarithms the amounts at compound interest 
of: 

1. $2640 at 5 %, for 8 years. 

2. $7800 at 4J %, for 13 years. 

3. $2315 at 2i %, for 30 years. 

4. $5240 at 31 %, for 60 years. 

5. $745.20 at 51 %, for 12 years. 

6. $500 at 5 %, for 200 years. ' 

7. $1 at 6 %, for 160 years. 

8. $.20 at 4i %, for 70 years. 

9. $.05 at 3f %, for 400 years. 

10. $3000 at 3 %, for 21 years and 134 days. 

11. $800 at 1} %, for 91 years, 219 days. 

12. $415 at 4i %, for 8 years, 7i months. 



170 EXERCISE MANUAL. 

13. What will $600 become at 6%, for 18 years, the in- 

terest being compounded every six months? 

14. What is $1600 worth at the end of 10 years at 4%, 

the interest being compounded: (i.) every year? 
(ii.) every six months? (iii.) every three months? 
(iv.) every month ? 

Find what capital must be put at compound interest 
to produce : 

15. $13,823.13 in 13 years, at 4J %. 

16. $1927.66 in 10 years, at 3i %. 

17. $6411.86 in 20 years, at 2%. 

18. $1600 in 15 years, at 3i %. 

19. $2000 in 18 years, at 6 %. 

20. What is the actual value of a sum of $2400, payable 

in 9 years, and discounted at compound interest 
at 4i % ? 

Find during what time it is necessary to place, at com- 
pound interest : 

21. $620 at 2 J %, to produce $755.41. 

22. $2412 at 4J %, to produce $3914.32. 

23. $1200 at 4 %, to produce $1600. 

24. $1400 at 5 %, to produce $20,000. 

25. In what time will a sum, placed at compound interest, 

double itself: (i.) at 3%? (ii.) at 3}%? (iii.) at 
4:fo? (iv.)at5%? 

Find at what rate it is necessary to lend, at compound 
interest : 

26. $1800, to produce $12,791.68 in 50 years. 
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27. $918, to produce $1757.92 in 14 years. 

28. $2500, to produce $3715.24 in 9 years. 

29. $856.40, to produce $1546.75 in 20 years. 

30. $1, to produce $18.42 in 50 years. 

31. At the birth of a child, there is placed in a bank, which 

pays compound interest at 4}%, a sum of $500. 
How much money will he receive at the age of 21 
years? 

32. A man, who has to pay a sum of $4520 on June 30, 

1880, pays his debt March 31, 1877, getting a com- 
pound discount of 4} %. How much does he pay? 

33. A usurer pays $1000 for a note of $1800, payable in 

three years. What rate of compoun.d interest does 
the usurer receive ? 

34. If a bank pays to its depositors 4 % , and lends the 

money at 4i % , how much will the bank gain in 10 
years upon $1000, reckoning compound interest in 
both cases ? 

35. The population of a certain city has increased in 24 

years from 32,500 to 66,066 people. How much 
per cent has it increased each year ? 

36. A cask contains 140 gallons of wine. A person draws 

out 4 gallons, which he replaces by water. The 
same operation is repeated 24 times, taking care to 
mix each time the water equally with the wine. 
How much wine remains in the cask? 

37. A forest contains to-day 120,000^*" of wood. How 

much will it contain in 15 years, if the annual in- 
crease is 3i % ? 
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38. When Jacob arrived in Egypt, his family was com- 

posed of 70 persons; 430 years after, when the 
Israelites went out, they numbered 660,000. How 
much per cent was the increase each year, if from 
1000 persons 25 died annually ? 

39. What is the principal which, at the end of 8 years, at 

4%, is worth as much as $2700, at 3%, in 12 
years? 

40. Two sums of money, of which the second is worth $1420 

more than the first, are placed at compound interest, 
the first at 4 %, the second at 5 %. At the end of 
16 years they are worth, together, $211,084. What 
are these sums of money ? 

41. Two sums of money, one being $393 greater than the 

other, are placed at compound interest, the smaller 
at 5t %, the greater at 3J %. What are these sums 
of money, knowing that, at the end of 40 years, the 
smaller is double the other ? 

42. A man lends at the same time at compound interest 

$38,000 at 4i %, and $99,398 at 3i %. In what 
time will the two sums be equal? 

43. A house is for sale. A offers $30,000 cash ; B, $35,000, 

payable in 3 years ; C, $33,000, in three equal sums, 
payable at the commencement of each year, from 
to-day. Which is the most advantageous offer, and 
how much? 

If, at the end of each year, commencing in a year, there is placed 
during n years a sam s, at compound interest, the value S of all these 
annuities and of their interests is given by the formula 

S-i[(l+r)»-l]. 
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If to-day there is placed a capital (7, and each year, to commence 
in a year, s dollars are added to Uiis capital, at the end of n years the 
value of S is given by the formula 

fif-e(l+r)« + i[(l + r)»-l]. 

It follows that, to pay in n years, by an aniiuity s, commencing in 
one year, a capital borrowed to-day, we have 

C(l+r)»-i[(l + r)»-l]. 

The actual value -4, which must be given to-day to buy up an 
annuity of s dollars, is given by the following formulas. If the 
annuity commences : 

1. In one year to be perpetual. 



r 
. 2. In (m + 1) years to be perpetual, 

A- 



r(l +r)"» 

3. In one year to cease in m years, 

^8 8 8[{l+r)^~l] 

r r(l+r)"»^ r(l -f r)"» 

4. In (m + 1) years and ceases p years later, 

A^ « 5 ^^ [(l+r)i>~l] . 

r(l + r)* r(l + r)*+i» r(l + rY"^ 

44. A smoker, who commenced to smoke at the age of 17, 
spends $ 1.80 per week. If, renouncing this habit, 
he had, at the end of his eighteenth year, placed in 
a bank at 4 % the sum that he had spent for tobacco, 
and, if he had done the same at the end of each 
year, how much would he have possessed at the age 
of 60 years? 

46. During how many years must a sum of $250 be placed 
at 4} %, in order that the principal and interest may 
amount to $8195.76? 
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46. An engineer who, each year, has taken $500 from his 

salary in order to place it at compound interest at 
5 % a year, finds himself, at the age of 54 years, a 
possessor of $34,880.37. At what age did he com- 
mence his deposits ? 

47. What is the total value, after the twenty-sixth deposit, 

of an annuity of $1400, deposited half June 30, and 
half December 31, the interest at 4 % being com- 
pounded every six months ? 

48. A man has placed, in a bank, December 31, 1874, a 

sum of $2800, at compound interest at 4%. At 
the end of December, in each of the following years, 
he adds to the capital $450. How much will he 
possess at the end of December, 1887 ? 

49. In a city of 800,000 people, where the immigration 

brings each year 2000 persons, the population, both 
. the old and the new, increases each year 2 % . What 
will be the population of the city in 15 years ? 

50. A father died, leaving a fortune of $80,000, which 

produces 4i % . In order to bring up the children, 
an annual sum of $6000 must be spent for 8 years. 
What will remain of the property at the end of this 
time? 

51. A stockholder, who possesses a capital of $120,000, 

spends each year $ 6800 for his support. The inter- 
est being at 4i %, how much will he have left in 20 
years ? 

52. A forest contains 80,000 cords of wood, and increases 

3 % per year. How many cords of wood can be cut 
each year, so that in 30 years the forest will contain 
100,000 cords? 
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63. I borrow $18,000 at 4i %, and pay each year 10% of 
this sum. In how many years will my debt be paid ? 

54. A man inherits a fortune of $ 120,000, producing inter- 
est at 5i%. He spends, besides what he earns, 
$9500 per year. In how many years will he have 
spent his fortune ? 

65. A man borrows, at 5%, a sum of $50,000, which he 
places in business, producing $6000 per year. Using 
all the proceeds for the payment of the interest and 
the principal, in how many years will the debt be 
paid? 

56. How much must be given to-day to redeem a perpetual 
annuity of $500, which is to commence in a year, 
if the interest is at 4 % ? 

67. What is the actual value of a perpetual annuity of 

$ 1200, which is to commence in 12 years, if the in- 
terest is at 4i % ? 

68. A sum of $18,324.46, due to-day, is to be converted 

into a perpetual annuity of $2000. In how many 
years ought the first payment to be made, if the 
interest is at 5 % ? 

69. An annual rent of $2800, which must be paid 14 years 

more, is changed to another annual rent payable 
during 20 years. To how much will the last be 
raised, the interest being reckoned at 4i % ? 

GO. How much \nust be given to-day to redeem, at 5 % , an 
annuity of $9500, which commences in 10 years, 
and lasts 40 years ? 

61. In order to redeem, at 6%, an annuity which com- 
mences in 25 years, and lasts 50 years, $ 19,464.20 
are given. How much is the annuity ? 
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62. A man pays $ 10,200 to redeem a perpetual annuity of 
$459, which commences in 1 year. At what rate 
is the interest reckoned ? 

Ex. 52. 

Ratio and Proportion. . 

1. An express-train goes from A to B in 2^ hours ; a coach 

accomplishes the same distance in 9 hours. What 
is the ratio of the two velocities? 

2. A hall is 39* long and 26" wide. Express the ratio of 

the length to the width. 

3. The diameter of a column of the Tuscan order is 1.17" 

and its height is 8.19". Express the ratio of the 
diameter to the height. 

4. The diameter of a column of the Corinthian order is 

2^ feet and its height is 25|- feet. What is the 
ratio of the diameter to the height ? 

5. The height of a column of the Ionian order is 24f feet 

and its diameter is 2f feet. Find the ratio of the 
height to the diameter. 

6. The diamet.er of a column being If feet, the height in 

the Tuscan order will be 12f feet, in the Dorian order 
14| feet, in the Ionian order 16^ feet, and in the 
Corinthian order 18^ feet. What ate the ratios of 
these heights, the diameters being the same ? 

7. If two workmen, A and B, are paid in proportion to 

their activity, in what ratio will be their salaries if 
to do the same work A employs 18 days and B 22 
days? 
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8. A garrison has food for 260 days ; it receives orders to 

hold out 60 days more with the same provisions. 
What is the ratio of the new ration to the old ? 

9. Two pedestrians walk 76 yards and 90 yards per min- 

ute. . In what ratio will be the time that they each 
use to accomplish the same distance ? 

10. The lengths of two rectangular fields are to each other 

as 2 : 3 ; the widths are in the ratio of 5:6. What 
is the ratio of their surfaces ? 

11. The volumes of two stones are to each other as 3 : 4 ; 

the weights of equal volumes are as 2 : 5. What is 
the ratio of the weight of the first stone to that of 
the second ? 

12. The surfaces of two circles are as the squares of their 

radii. Find the ratio of the surfaces of two circles, 
the first having a radius of 18 feet, and the other a 
radius of 24 feet. 

13. The volumes of two spheres are to each other as the 

cubes of their radii. In what ratio are the volumes 
of two spheres having radii of 8 feet and 12 feet ? 

14. Of two moving bodies one accomplishes m feet in t sec- 

onds, the other n feet in p seconds. What is the 
ratio of their velocities ? What is the ratio if m = 35. 
^ = 9, n = 25, j9 = 6? 

Form a proportion with the numbers : 

15. 75, 18, 27, 50. 16. 969, 663, 285, and 195. 

Find a; in : 

17. 27 : 90 = 45 : x, 19. 3.15 : x = 6.75 : 20. 

18. 10:56 = a::21. 9Q. x:^ = ^:\l\. 
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21. 3i:5t=7i:x. 26. -^=M. 

22. 5|:3f = x:7|. ^-^ ^"^ 

^ g 27. t»m:|mp = a;:%. 

^- 7=J 28. ii-h*q:ifU==\hf:x. 

24 §=A. 29 221a'J 26ai' 



7 42 Sl^j a: 

25 241^2^ 30 17(m+«) _ 51(m'.-«') 

15i 7f a; " 13(to-«) 

01 3a. 12a ^ 14c 
' bblc Ibb"' 

32 15(a + ^) . 10(a + 6)' _«-&... 
' 14(a-i)'21(a-6)' a + b' ' 



) = l:x. 



33. I mn ] : ( '■ ^- rnn 1 = 1: 

\m — n / \m-\-n ) 



35 1 . m* — mn + n* _ vnl^ — r^ 

7n — n' rn^ ^ ^mn(m — n) — rf m' + w* 

■«« • —'X:a-\- 



:x. 



l-a» -aCl + a) V'^ + l-ay*''- 
gg m' — 4m + 4 _ m' — 5m + 6 . m* — 6m + 9 
m* — 4m + 3* m* — 2m + 1 * m* — 3m + 2* 

Find a fourth proportional to : 

39. 5, 6. 10. 48 1 1 1 

40. 8, 7, 5. **• a' V 7 

41. 3|, 7i, 22J. ^ ^j_^^ (m-n)' m 

42. m, n, p. ' m + n (m + n)'' n" 
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46. ii^. 1=^. 1+-^. 46. ^=4. 1 + a 1-*. 
Find a third proportional to : 

53.— ^_, ^^-!_. 

(p + my m^ + jP' 



47. 9, 6. 




48. 16, 12. 




49. 9, 15. 




50. 8, 9. 




51. m, n. 




faf-t P- 


-? 



54. 



/'-TO» (l + mf 



gg 36a'6' 4(a'-a&) 
r —■ ' (a*-by' b(a + bf' 

Find a mean proportional between : 

56. 27 and 3. 60. 3 and 16J. 

57. 3 and 12. 61. ^ and ^. 

58. 5 and 20. ^ ** 

59. 2 and 12J. «2. ^. and -g^,. 

63. ^^^^^ and (^ + ^)'- 

m»+10«i + 25 ?»» — 25 

64. ^ and (/--/)(^ + ^. 
f-9 f+9 

Ex. 53. 

Arithmetical Progression. 

Z = a + (n-l)(i; «=5(a + = |[2a + (n-l)(f|. 

Find I and « in : 

1. 7, 11, 15 (13 terms). 4. 1, 1.1, 1.2 (200 i). 

2. 5, 8, 11 (12 t.). 5. f f J^ (15 t). 

3. f 6J, 12J (30 t.). 6. 63, 58, 53 (8 t.). 
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7. 3n, 5n, In (36 t.). 

8. 2m, 2m + 4», 2m + 8n (14 t.). 

9. 1, l + 3m, l + 6m (lit.). 

Find d and $ in : 

10. 2 134, (13 t.). 13. 169 8, (24 t.). 

11. 200, (51 t.). 14. 7 - 3.5, (36 t.). 

12. 3J 64, (82 t.). 16. 5a» 145 a», (21 1.). 

16. 2b' (26« + 17a»), (35t.) 

Insert between : 

17. 13 and 76, eight means. 19. ^ and f , eight means. 

18. 1 and 2, fifteen means. 20. 47 and 2, eight means. 

Find a and 8 in : 

21 142, 149 ; n = 22. 23 26J, 27| ; w = 19. 

22 221, 242 ; n = 12. 24 - 20, -22 ; w = 40. 

26 5,0; n=:14. 

Find n and s in : 

26. 17 350; d=^9. 27. 34 10; d = -2. 

28. 116J 0; d=-l 

Find d and n in : 

29. H 54 ; s = 999. 31. 2 87 ; s = 801. 

30. 5 161 ; s = 3320. 32. -13 27 ; s = 77. 

Find d and I when : 

33. a=10;n=14;s=1050. 35. a=0; n=30; s = 290a:. 

34. a = l; 7i = 20; s = 305. 36. a=16; n=9; s=0. 
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Find a and d when : 

37. ^=21; n = 7; s = 105. 

38. ^=148; n = 27; s = 2241. 

39. ^=11|; n=37; s = 209f 

40. ^=105; n=16; s = 840. 

Find a and I when : 

41. n = 21; s = 1197; (f=4. 

42. w = 12; 5 = 594; d=l. 

43. n = 25; s = — 75; d = ^. 

44. M = 33; 5 = -33; d=-\. 

Find ?i and ^ when : 

46. 5 = 1095; a=38; d=b. 

46. 5 = 624; a = 9; rf=4. 

47. 5 = 2551.3 ; a = 32 ; cZ = 0.3. 

48. 5 = 1782; a = 18; (^=6. 

Find a and n when : 

49. 5 = 623; rf=5; ^=77. 

60. 5 = 1008; rf=4; Z = 88. 

61. 5 = 281+; rf = f ; Z=15f. 
52. 5 = 2640; c? = -20; ?=15. 

53. When a train arrives at the top of a long slope, the last 
car is detached and begins to descend, passing over 
60^ in the first second, three times 50®" in the sec- 
ond, five times 50°° in the third, etc. At the end 
of 12 minutes it reaches the bottom of the slope. 
How many meters does it pass over in the last 
second? 
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64. A man wishes to have his horse shod. The blacksmitli 
asks him $2 a shoe, or 1 cent for the first nail, 3 for 
the second, 5 for the third, etc. Each shoe has 8 
nails. Ought the man to accept the second propo- 
sition ? 

56. There are placed in a straight line upon a lawn 60 eggs 
3 feet distant from each othfer. A person is required 
to pick them up one by one and carry them to a bas- 
ket 3 feet from the first egg, while a runner, starting 
from the basket, touches a goal and returns. At 
what distance ought the goal to be placed that both 
men may have the same distance to pass over ? 

66. Starting from a box, there are placed upon a straight 

line 40 stones, at the distances 1 foot, 3 feet, 5 feet, 
etc. A man placed at the box is required to take 
them and carry them back one by one. What is 
the total distance that he has to accomplish ? 

67. A stone which falls freely passes over respectively in 

the first three seconds of its fall 4.9"^, 3 x 4.9", and 
6 X 4.9". In the famous balloon ascension which 
was made in 1875, the balloon rose to 8643.6". 
What space would a stone have passed over in the 
last second falling from the balloon to the ground ? 

58. A body, which moves vertically, moves with a velocity 
which decreases in the same manner as the velocity 
of a falling body increases ; in the last second the 
rising body passes over 4.9" ; in the second before 
the last, 3 X 4.9" ; in the preceding second, 5 X 4.9".^ 
Supposing that a ball is shot vertically from a field- 
piece with a velocity of 445.9" per second, find 
(i.) during what time it will rise ; (ii.) what height 
it will reach ? 
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59. How much time will it take a stone, falling from the 

top of the dome of the Pantheon at Paris, to reach 
the ground ? The highest point of the cupola is 83". 

60. The product of five numbers in arithmetical progres- 

sion is 379,440, and their sum is 86, Find them. 

61. The sum of three numbers in arithmetical progression 

is 33, and the sum of their squares is 461. What 
are the numbers ? 

62. The sum of five terms in arithmetical progression is 50, 

and the sum of their squares 590. Find the terms. 

63. The sum of 11 numbers in arithmetical progression is 

77, and the sum of their squares 1529. What are 
these numbers ? 

Ex. 54. 

Arithmetical PRoaRESsiON of a Higher Order. 

If we represent by 82 the sum of the aquarea, and by 8^ the sum of 
cubes of the natural numbers from 1 to n inclusive, we have : 
^^ n(n + l)(2n + l) a_( n(n + l) y 

^ 1X2X3 . ^ V 1X2 ) ' 

If we represent by N the number of balls contained in a pile, 
and by n the number of balls upon each side of the lower tier, we 
have: 

Pile with a square base, 

^^ n(n + l)(2n + l) 
1x2x3 
Pile with a triangular base, 

j^^ n(n + l)(n + 2) 
1x2x3 
Pile with a rectangular base, 

jy_ n(n + l)(3m--n-Hl) 
1x2x3 

In this last formula, m is the number of balls upon the large 
side of the base, and n the nnmber upon the small side. 
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What is the sum of the squares of the natural numbers 
between the following limits, inclusive : 

1. From 1 to 13? 5. From 1 to 125? 

2. From 1 to 40? 6. From 1 to 316? 

3. From 1 to 53? 7. From 1 to 1000 ? 

4. From 1 to 100? 8. From 50 to 200? 

What is the sum of the cubes of the natural numbers be- 
tween the following limits, inclusive : 

9. From 1 to 15? 12. From 20 to 50? 

10. From 1 to 39 ? 13. From 32 to 90? 

11. From 15 to 29? 14. From 7 to 35? 

What is the number of balls contained in a complete pile 
with a square base, having upon each side of its base : 

16. 6 balls? 17. 7 balls? 19. 21 balls? 

16. 9 balls? 18. 17 balls? 20. 27 balls? 

What is the number of balls contained in a truncated pile 
with a square base, having : 

21. Lower base, 11 balls; 24. Lower base, 17 balls; 
upper base, 5 balls? upper base, 9 balls? 

22. Lower base, 9 balls ; 25. Lower base, 18 balls ; 
upper base, 4 balls? upper base, 5 balls? 

23. Lower base, 14 balls ; 26. Lower base, 16 balls ; 
upper base, 6 balls ? upper base, 6 balls ? 

How many balls does a complete triangular pile contain, 
having upon each side : 

27. 6 balls? 29. 17 balls? 31. 19 balls? 

28. 12 balls? 30. 10 balls? 32. 25 balls? 
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How many balls does a truncated triangular pile contain, 
having : 

33. Lower base, 14 balls ; 35. Lower base, 24 balls ; 
upper base, 6 balls ? upper base, 17 balls ? 

34. Lower base, 17 balls ; 36. Lower base, 20 balls ; 
upper base, 13 balls ? upper base, 14 balls ? 

How many balls does a rectangular pile contain, having 
upon the two sides of the lower base : 

37. Hand 5 balls? 40. 24 and 17 balls? 

38. 9 and 4 balls? 41. 31 and 19 balls? 

39. 21 and 13 balls ? 42. 27 and 23 balls ? 

Find the number of balls which form a rectangular trun- 
cated pile, having : 

43. Lower base, 19 and 14 balls ; upper base, 15 and 10 

balls. 

44. Lower base, 22 and 16 balls ; upper base, 16 and 10 



46. Lower base, 18 and 11 balls; upper base, 11 and 4 

balls. 
48. Lower base, 28 and 19 balls ; upper base, 19 and 10 
balls. 

Ex. 55. 
Geometrical Progression. 

r— 1 r— 1 
or, for decreasing progressions, 

1-r 
Find I and s : 

1. 4, 8, 16 (7 terms). 3. 1, 4, 16 (7 t.). 

2. 2, 6, 18 (9 1.). 4. 9, 3, 1 (11 1). 
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5. 13, 1.3, 0.13 (6 t.). 10. 8, 2, i 

6. 56, 28, 14 ..... (12 t.). 11. 2, f ^ 

7. 1, ii (lot.). 12. 5, 3, t 

8. 1, 1.5, 2.25 (6 t.). 13. 1, J, ^ 

9. 1, i, \ U. m», m'n, m^n\ (7 t.). 

15. a, a(l + x\ a(l+xy (8 t.). 

18. i(l+a:)-\ 6(l + a;)-«, i(l + ar)*-» (n t.). 

Find r and s when : 

19. 8 10,368, (5 t.). 22. 3 49,152, (8 t.). 

20. 2 31,250, (7 t.). 23. 48 A, (6 t.). 

21. 36 ^, (7 t.). 24. 7 3584, (10 t.). 

Between the following terms insert the number of means 
indicated : 

25. 14 and 686, (1 mean). 29. 81 and ^, (7 m.). 

26. 47 and 1269, (2 m.). 30. 128 and 31,250, (5 m.). 

27. 31 and 496, (3 m.). 31. -^ and 640, (12 m.). 

28. 13 and 101,088, (4 m.). 32. ^ and 1458, (10 m.). 

33. 6250 and ^^, (9 m.). 

Find a and 8 when : 

34. Z = 128 ; 35. I = 78,125 ; 36. Z = 29,296,875; 
r=2; r=5; r=5; 

w=7. w = 8. »=11. 
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37. ^=14fi|^; aB.l=i^^; 39. Z=^;* 
r=i; r=\] rr=\; 

n = 8. n = S. w = 5. 



Find 8 and n when : 








1. a = 9; 41. a 
I = 2304 ; I 
r =2. r 


= 2; 
= 64; 
= 2. 


i 


13. a = 3; 

/:=192V2; 

r=V2. 


43. a = 54; 




44. 


a = 9; 


Find r and n when : 








45. a = 2; 
^==1458; 
8= 2186. 




47. 


a=10; 


46. a = l; 
I = 2401 ; 
/S'=2801. 




48. 


a = S125; 
^=5; 
/$'= 3905. 



Find the two unknown quantities in tlie following exam- 
ples : 



49. a=3; 


51. r =2; 


53. ^=1296; 


r=3; 


n=7; 


r = 6; 


/S'= 29,523. 


aS'= 635. 


8= 1555. 


50. a = 8; 


52. r=8; 


64. ; =32,768; 


r=2; 


w = 6; 


r=4; 


x8'=4088. 


x8'= 149,796. 


.?= 43,690. 



66. The first term of a geometrical progression is 18, the 
number of terms is 3, and the sum of the terms is 
1026. Find the last term and the ratio. 
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66. A cask contains 240 gallons of wine. The first day 
of January, half is drawn out ; the following day, 
half of the rest ; the third day, half of what then re- 
mains ; and so on. How much will be drawn off 
on January 31 ? 

57. What is the value of the decimal fraction 0.7272 ? 

58. The sum of the two extreme terms of a geometrical 

progression of four terms is 195; the sum of the 
two mean terms is 60. What is the first t«rm, and 
what is the ratio ? 

59. What is the sum of the terms of the progression 1,-3, 

9, — 27, to the twentieth term, inclusive ? 

60. What is the sum of the first twelve terms of the pro- 

gression, - 2, -t- 4, - 8, -t- 16 ? 

61. What is the sum of the terms to infinity of the progres- 

sion 9, - 3, -f 1, - i ? 

Ex. 56. 

Permutations and Combinations. 

The permatations of m letters are the results obtained by writing, 
in every possible order, these m letters, one after another, so that 
each letter may occur in each permutation once, and once only. 

If Pm is the number of permutations of m letters, we have 

P,» -=1x2x3x4 m^\m. 

If in m objects there arep objects of one kind, y of a second kind, 
r of a third kind, the number of possible permutations is given by 

p 1x2x3 m IB 

"•''(1X2X3 p){lx2xS 2)(1X2X3 r) |£ [5 | / 

If Pn is the number of permutationB of m things, taken n at a time 
(n < m), then 

P„ = m{m - l)(m - 2) (m - n + 1), 
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1. In how many different ways can the 26 letters of the 

alphabet be placed, one after another? 

2. In how many ways can 14 persons be placed at table ? 

3. In how many ways can the 30 pupils of a class be 

placed ? 

4. In how many ways can the 8 bells of a chime be 

struck successively? 

6. In how many ways can 25 men be placed in a rank ? 

6. It is required to place 20 vases of flowers in a half 

circle. In how many different ways can they be 
arranged ? 

7. How many numbers can be formed with the figures 

1, 2, 3, 4, 5, 6, 7, 8, 9, each figure occurring in each 
number once, and once only ? 

8. In the same case, how many different numbers can be 

formed with the figures 1, 2 9, 0? The num- 
bers beginning with zero not to be counted. 

9. In how many different ways can be placed, one after 

another, 24 colored eggs, of which 4 are yellow, 8 
blue, 7 brown, and the others red ? 

10. In a library are 30 volumes, of which 10 are bound in 

white, 9 in red, 6 in green, and the 5 others in 
brown. In how many ways can they be placed as 
to their colors ? 

How many permutations can be made with the following 
products : 

11. a^hc. 12. a'6V. 13. aVct^*. 14. aV/z». 
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16. How many words can be made with 9 letters, 3 letters 
at the beginning remaining inseparable, and keep- 
ing the same order ? 

16. What will be the answer to the preceding problem if 

the three inseparable letters can be arranged in any 
order ? 

17. With 7 letters, among which are several a's, 210 differ- 

ent words can be formed. How many a's are 
there ? 

18. How many arrangements can be formed with 12 objects 

taken 2 at a time ? 

19. How many arrangements can be formed with 30 objects 

taken 8 at a time ? 

20. A girl has two rings of different form. In how many 

ways can she place them upon her fingers, either 
on the left hand or on the right, putting one ring on 
a finger ? (The thumb does not count.) 

21. How many arrangepients can be formed with 15 objects 

taken 6 at a time ? 

22. How many arrangements can be formed with 26 letters, 

if 4 are taken at a time ? if 6 are taken at a time ? 

23. How many numbers of three figures can be formed with 

the numbers 1 to 9 inclusive ? 

24. With the figures 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, how many 

numbers can be formed: (i.) of 3 figures? (ii.) of 4 
figures ? The numbers beginning with zero not to 
be counted. 

25. How many words can be formed with 20 consonants 

and 6 vowels, each word containing 3 consonants and 
2 vowels, and the latter occupying only the second 
and fourth places? 
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26. What would be the answer to the preceding problem if 

the vowels could occupy any place whatever ? 

27. How many words of 3 letters can be made with 20 con- 

sonants and 6 vowels, taking two consonants and a 
vowel for each word, if the vowels can represent in 
all, by means of accents, 10 different sounds? 

28. In how many ways can the 10 bells of a chime be 

struck : (i.) 4 at a time? (ii.) 5 at a time ? 

29. The number of arrangements of n objects taken 3 at a 

time is to the number of arrangements of the same 
objects, taken 4 at a time, as 1 is to 20. Find n. 

30. A number of m objects is to the number of its arrange- 

ments, taken 3 at a time, as 1 is to 240. Find m. 

31. How many numbers of 4 figures can be formed : (i.) with 

the figures 1, 2, 3, 4 ; (ii.) with the figures from 1 to 
9 inclusive, if in both cases the figures can be re- 
peated ? 

32. What is the number of the arrangements, with repeti- 

tions, of twelve objects taken 5 at a time ? 

33. What is the total number of the arrangements, without 

repetitions, that can be made with 16 letters, taking 
1, 2, 3 16 at a time ? 

34. What will be the answer to the preceding problem if 

the arrangements are made with repetitions ? 

35. What is the total number of the arrangements, with 

repetitions, of 26 letters taken 2, 3, 4 10 at a 

time? 

36. The number of arrangements, with repetitions, of n 

objects taken 8 at a time is to the number of arrange- 
ments, with repetitions, of the same objects taken 3 
at a time, as 537,824 is to 1. Find n. 
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37. The total nnmber of the arrangements, 1, 2, 3 8 at 

a time, of p objects, is to the total number of the 
arrangements 1, 2, 3, 4 at a time, as 1297 is to 1. In 
the two cases there are repetitions. Find p. 

Combinations. 

Sappose m letters are taken 2, 3, 4 n at a time, and from them 

groups are formed in which the order of the elements is indifferent, 
but such that any two groups whatever differ from each other at least 
by one letter, the results that are obtained are {xynMnatuma or diff^er- 
ent products. 

If Cn, is the number of combinations of m letters taken n at a time, 
we have 

CL w(^ — l)(wi — 2) (m — n + 1) 

^' 1x2x3 n 

If 2Ci, 1, s m is the sum of all the combinations of m objects taken^ 

1, 2, 3 m at a time, we have 

2Ci.a.» m = 2*-l. ^ 

If we have m collections of objects, containing respectively jj, j, r, 

s different objects, and if we make combinations, taking each 

time omly one object in each collection, we have for the total number 
C of the combinations, 

C=^pXqXrXi 

If two collections contain respectively m and n objects, the num- 
ber C of the combinations that can be obtained by taking p objects of 
the first and q objects of the second collection is given by the formula, 

^_ m(m-l)(m-2) (m-p + 1) ^^ n(n--l)(n-2) (n-gr + l) 

1X2 p 1X2 q 

38. How many different products pan be formed with the 

natural numbers, from 2 to 13 inclusive, multiplying 
3 and 3? 

39. A captain, having under his command 60 men, wishes 

to form a guard of 8 men. In how many different 
ways can it be formed ? 
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40- A merchant who has 8 kinds of coffee wishes to make 
mixtures of equal parts, taking for each mixture 3 
different qualities. How many different mixtures 
can he make ? 

41. To form a floor, a man has hexagonal bricks of 12 dif- 

ferent colors. Arranging the colors 4 and 4, how 
many combinations of colors can be obtained ? 

42. An assembly containing 50 members wishes to elect a 

commission of 12 members taken from its midst. 
Among how many combinations can the assembly 
choose ? 

43. A number has for prime factors 2, 3, 7, 13, 17. How 

many divisors has this number, including the prime 
factors? The number itself and unity are not 
counted. 

44. The actual number of 4 companies is reduced respec- 

tively to 40, 62, 70, and 73 men. In how many 
ways can an officer form a picket of 4 men, taking 1 
soldier from each company? 

46. In an election there are 6 candidates for 4 offices. If 
each elector can have upon his vote any number 
of names whatever, without exceeding 4, in how 
many ways can he vote ? 

46. It is wished to divide 15 objects in lots, each containing 

3 objects. In how many ways can the lots be made ? 

47. A man has 5 pairs of pants, 8 waistcoats, and 7 coats. 

In how many different costumes can he appear ? 

48. How many different compounds will 66 simple bodies 

form, uniting 2 and 2, 3 and 3, 4 and 4, in the pro- 
portions of an atom of one element for an atom of 
the other? 
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49. How many combinations will these same elements form 
combining 2 and 2, 8 and 3, 4 and 4, if each element 
enters in the compounds for 1, 2, 3, or 4 atoms ? 

60. A detachment of 30 men must furnish each night a 
guard of 4 men. For how many nights can a dif- 
ferent guard be formed, and how many times will 
each soldier serve ? 

51. How many combinations can be made with 10 letters, 

a, J, c, d , taken 5 at a time? In how many 

combinations will a enter? In how many will 
a, b, c enter at a time ? 

52. We have m different objects. Find the value of n, so 

that, combining these m objects n at a time, the 
number of the combinations is a maximum. 

53. The number of combinations of n + 2 objects, taken 4 

at a time, is to the number of combinations of n ob- 
jects, taken 2 at a time, as 11 is to 1. Find n. 

54. The total number of the combinations of 2w objects, 

taken 1, 2, 3 together, is to the number of n objects 
as 387 is to 1. Find n. 

55. Find how many divisors a number has which is equal 

to 2* X 3 X 5* X 7 X 13. 

56. How many divisors has the number 

2^ X 5« X 7 X 11 X 13? 

57. How many divisors has the number 

2*x3»x5«x7xllxl3? 

58. Prove that the number of comWnations of m objects, 

taken n at a time, is the same as that of the combi- 
nations taken (m — n) at a time. 
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59. It is required to select 13 cards from a pack of 52 

cards. How many years will it take to form all the 
combinations possible, forming 4 combinations per 
minute, and working every day, 15 hours per day ? 

The year being counted as 365, days and 6 hours. 

* 

60. An editor wishes to publish for youth a volume em- 

bellished with 12 chromos and 18 engravings. It 
is necessary to choose among 30 chromos and 37 
engravings. How many different combinations can 
he make to illustrate the volume ? 

61. An assembly of stockholders, composed of 40 mer- 

chants, 20 lawyers, 30 manufacturers, and 10 phy- 
sicians, wishes to elect a commissioii of 4 merchants, 
3 manufacturers, 1 physician, 2 lawyers. In how 
many ways can the commission be formed ? 

Ex. 57. 

Binomial Theorem. 

If m is an entire ppsitive quantity, we have (A) : 

(a + 6)- = a- + ^ a—ift + ^(^ ^ ^) a">-^&« 
^ ' 1 1x2 

m(m-l)(m-2) ^^_,y m{m-l) 2 ^^_j 

1X2X3 Ix2x3x(m-1) 

m(m-l).....2xl ^^ 
1x2x3 m 

The nth term - ^(^ - l)(m - 2) ... (m -n + 2) ^.^^in., 
1X2X3 (n-1) 

Apply the formula to the development of the following 
expressions : 

1. (a + xy. 3. (d+yy. 5. (a+py, 

2.(h+xy. ^.(c+zy, 6. (w + w)". 
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7. (p+vr. 

8. (a -by. 

9. (a-bf. 

10. (a-ar)'. 

11. (A + z)". 

12. (A-z)". 

13. (a — c)'. 

14. (6-i>)'. 

15. iz-d)'\ 

16. (1 + a:)". 

17. (!-«)». 

18. (l-o)». 

19. (l + o)«. 

20. (1-z)". 

21. (ar+l)». 

22. (a;-l)». 

23. (y-1)'. 

24. (? + l)'. 

25. (z-2)». 

26. (2 + a:)''. 

27. (2 -a;)*. 

28. (B + xf. 

29. (a;-3)». 

30. (z + 5)». 

31. (a-5)». 



32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 



A -by. 

A -2)"'. 

a-ioy. 

b + iy. 

i+xy. 

y+i)'- 
t-«)'. 
a-iy. 

0.3 + a;)'. 
0.4-2)'. 

S.2 + by. 
c+1.5)'. 
a -2.1)'. 
2a + xy. 
Sa-yy. 
ia + zy. 

ib-yy. 

ix + yy. 
ia-by\ 

x + 2ay. 

Bx + by. 
y+2cy. 

z + Bay. 
2a:+3a)«. 



57. (bd-Zyy. 

58. (id-Bzy. 

59. (0.2o + 0.3i)'. 

60. (1.25 -0,2y)' 

61. (ia+iby. 

62. i^c-idy. 

63. (im + ipy. 

64- (h-W- 

65. iih-M- 

66. (a^ + by. 

67. (a;'-a»)'. 

68. (y' + by. 
89. (<i'^5')». 

70. (a»-y»)'. 

71. (<i»-3a;')». 

72. (2A*"-3a:»)». 

73. (3o' + 5J')'. 

74. (l-2a;")». 

75. (3a;' - 1)». 

76. (l+|a7. 

77. (ip' + ByJ. 

78. (|a' + fi')'- 

79. (0.2a»-|a;7 

80. (I? + 0.3/)' 

81. (2a-3«B)' 



,*-\t 
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82. (3a' + 2c'a:»)'. 

83. (bc'-2a^y. ■ 

84. (4 c* -3 oca:')*. 

85. (a»6' + 2a'&a:*)*. 

86. (|a6'-JaV)'. 

87. (Vo + x)'. 

88. (V2&-TO)". 

89. {-(/3Z' + 2ay. 

90. (VJa-Sy)'. 

91. (2Vi + a)». 

92. (2i-Vi)'. 

93. (|a + V2«)». 

94. (|a-Vp)'. 

95. (2a-3Vy)*. 

96. (a' + iVzy. 

97. (Va-hVi)». 

98. (Vb-Vyf. 

99. (>^+V3i)'. 

100. (Vp-V2i)'. 

101. (Vf^+Vp)». 

102. (V^-V?r. 



.03. (VF+ V^)'. 

.04. (Vp'+VR)*. 

.05. (■</2a+</B^y>. 

.06. (2aa;+-v''3^)'. 

.07. iVSm/+-s/'2^yy. 

.08. (3a5a;»-A'^3V)'- 



09. 



• + ■ 



11. /v^ -^ayy 

.12. (2a-a;V=^)'. 
13. (3J' + 2a:V=^)*. 
,14. (Vc^ + iViy. 
.15. (•v^ + i^^)•• 

.16. (</^-v^y. 

,17. (»V3 + 0"'- 

18. (i-v^-iV2)». 

19. (i-v^ + i\/5)'. 
2tVF' rfi^y^ 



120. 



/ 2iVb' di-V^ ' 



Find, in the following developments, the term required : 

121. The seventh term of (2 + a)". 

122. The eleventh term of (a + dy\ 

123. The sixth term of (3 + 2a;')». 
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.124. The twelfth term of (a' - 3 a;*)'". 

125. The eighteenth term of (1 + a?)^. 

126. The fourteenth term of (y» - 1)*". 

127. The seventh term of (|a - V?)". 

128. The fourth term of ( V^ - </^y\ 

129. The sixth term of ( Va — ixf\ 

130. The thirtieth term of (b - 2(^)^, 

131. Prove that the coefficient of the wth term from the 

beginning is equal to the coefficient of the nth term 
from the end. 

132. What is the greatest coefficient in the development of 

133. What is the greatest coefficient of the development of 

i. (a + 5»)"? ii. (S+a;^? iii. (1 + y*)"? 

134. Prove that, in the development of (1 + a)*, the sum 

of the coefficients of even places is equal to the sum 
of the coefficients of odd places. 

135. Prove that, in the development of (1 + a;)*, the sum 

of the coefficients of the terms in a; is equal to 2m— 1. 

Instead of (a + 6)"* we can write a"* | 1 + - V ; or, replacing in the 
parenthesis, - by a;, we can develop a quantity of the form (1 + xf^. 
After the preceding formula {A), we have {B): 

^ 1 1X2 1x2x3 

m(m — l)(m — 2)(m — 3) ^ 
1x2x3x4 
If m is a negative integral number, or a positive or negative frac- 
tion, the number of the terms of the second member of (B) is unlim- 
ited. If, in absolute value, a; > 1, this second member increases 
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indefinitely, and cannot be equal to the first member, whose value is 
finite. 



In the development of- , we have 

1 —X 

■• (1 - x)-^ =l+a? + «* + aj' + . 



-X 

1 
1-a:" 



When x^2, the first member is negative, while the second is posi- 
tive and indefinitely increasing. 

If, in absolute value, x < 1, the second member converges towards 
a fixed finite value, which is the value of the first member. 

Then (a + 5)*" can be developed after the formula {A), where m is 
integral and negative, or fractional. Thus, if a> 6, (C): 

(a + 5)« - a- /'l + ^V= a- + ^ a— ^6 ^ m(m-l) ^^,,y 
\ aj 1 1x2 

m(m-l)(m-2) ,j» + 

1X2X3 

If a < 5, it will be developed thus, (2>) : 

(a + 6)« = J"» f 1 + ^Y^ J"» + ? 6— la + ^feL:dQ6«-V+ 

V 2>y 1 1x2 

138. Develop (1 + a:)~\ and then make : 
x = i; a;=:0.07; a: = -0.009. 

137. Develop (1 + a:)*, and then make a? = f . 

138. Develop (1 + a:)'*, and then make x = 0.003. 

139. Develop (1 + a;)i, and then make : 

^ = A; a: = -0.09; x = i, 

140. Develop (1 + x)~\ and then make : 

x = — -^; a; = — 0.002; x = — \, 

141. Develop (1 — a:)t, and then make x = 0.004. 

Develop the following ; 

142. (l + 15)i. 144. (1+9)-'. 

143. (2 + 27)i. 145. (1 + 64)*. 
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Form the first eight terms of the following examples, in 
which the second term of the binomial is supposed smaller 
than the first : 

146. (a + «)-». 168. (c-2a^)-'. 170. (1 + «•)». 

147. (a-x)-*. 169. (a*c + aa;')-M71. (1 + A)». 

148. (2&-y)-». leO. (■Va-x')-'. 172. (2-j/')». 

149. (y + z)-*. 161. (b + h)i. 173. (B + d*)i. 

150. (3 -a;)-'. 162. (b-x)i. 174. (a'-i)». 

151. (a + ix)-*. 163. (2a + y)». 176. (y'-6')I. 

152. (l + a;)-~. 164. (2 + a)l. 176. (a'+l)-*. 
163. (1-y)-". 165. (a^ + a)h. 177. (ar'-a)"*. 

154. (« + !)-•. 168. (a' -1)4. 178. (l-a;»)-i. 

155. (l-x)-\ 167. (a + 26)K 179. (l + 2rf)-». 

156. (a' + x»)-». 168. (l + a)». 180. (32 + 5A)-l. 

157. (b'-x')-'. 169. (l+y)A. 181. (9-2a;')-l. 
182. (a' + 3y*)-». 186. (2+-</2?yi. 

188. f-- + 4^^ *• 187, ^ 






184. (-^l^+:5^J •• 188. 

185. r^-4V*. 189. 



(a' + a^y 

1 
(o'-a:')! 

1 



(a»-M)-' 

In the following examples the first term of the binomial is sap- 
posed, in absolate valne, smaller than the second. 

190. (^ + a)-». 198. (v- F)-*. 196. (2a»-3a;»)-«. 

191. (r + *')-'. 194. (3-4a')-». 197. (oa^ + a'y)"!. 

192. (t-S)-\ 195. (2 + a;»)-». 198. (M + 3z*)*- 
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Apply the formula of the binomial to the extraction of 
the following roots, carrying out the operation to the sixth 
decimal : 



199. VTO. 

200. V53. 

201. </&7. 

202. -v/SO. 

203. a/68. 

204. -Vm. 

205. VnSi. 

206. ■v/279900. 



207. Voooe. 

208. -Vom. 

209. V34|. 

210. Vl8|. 

211. -Vb^. 

212. -v^. 

213. </m^. 

214. \'l298|. 



215. ^/^. 

216. v'SO'. 

217. -v/eMJ. 

218. ^2189}. 

219. -VT^. 

220. <^512.048. 

221. -v/l^. 

222. -VWP. 



Ex. 58. 

Probabilities. 

'1. If a bag contains 6 black balls and 4 white ones, ex- 
press the probability or mathematical chance that 
one drawn will be (i.) a white ball, (ii.) a black 
ball. 



2. What is the meaning of the mathematical chance 

What must be the condition of the question (i.) when 
P=0, (ii.) when P= 1, and (iii.) when F=^? 

3. A bag contains black balls and white. If the odds are 

4 to 1 against drawing a white ball, what is the 
least number of balls there can be in the bag, and 
of what colors ? 
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4. A picture was raffled for. I took 5 shares. What was 

my expectation if there were 20 shares taken by 
other subscribers ? 

5. What is the chance of throwing 5 with one die ? Also 

find the chance of throwing with two dice 3, 4, or 
12 ; and, lastly, find the chance of throwing with 
two dice either 7, or else 8, or else 9. 

6. There are three events, A, B, 0, one of which must hap 

pen. The odds are 3 to 7 on A, and 3 to 6 on B. 
. Find the odds on 0. 

7. What are the chances, for and against, that the number 

7 will come at least once in 3 throws of 2 dice ? 

8. The odds in one case being 2 : 2J, in another 3J : 4; 

compare the corresponding chances. 

9. In a bag are 3 white, 4 red, and 5 black balls. If 2 

balls be drawn, find the chance of their being (i.) 
white and red ; (ii.) both black ; (iii.) one at least 
red. 

10. Five balls are drawn from a bag of 12, of which 3 are 

marked ones. Find the chance that among the 5 
all the marked ones will be drawn. 

11. Out of an urn which contains 4 white, 5 red, and 3 blue 

balls I take, blindfold, 3 balls. Required the prob- 
ability that these will all be of different colors. 

12. There are two bags, one containing 5 white balls and 

2 black ; the other containing 7 white balls and 3 
black. If one be drawn from each bag, what is the 
probability of drawing (i.) a white ball from both? 
(ii.) a white ball from the first and a black from the 
second? (iii.) a white ball from the second and a 
black from the first? (iv.) a black ball from both? 
(v.) one white ball? (vi.) at least one white ball? 
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13. The dealer at whist, after looking at his hand, desires 

to know the probability of his partner holding two 
given cards. 

14. A boy who has 7 marbles plays with me at "odd or 

even," . Show the chance of my winning **even" 
is to the chance of my winning * * odd " as 63 to 
64. What with 5 balls? 

15. In a bag there are 7 white, 5 red, 9 blue, and 14 yel- 

low balls. If I draw out two, how much greater is 
the probability that they will be one red and one 
yellow, than one white and one blue ? 

16. Out of a mutinous crew of 120, the captain ordered 2 

men, chosen by lot, to be executed, the real conspir- 
ators being 20. What is the chance that (i.) one and 
only one of them, (ii.) two of them, will be taken ? 

17. In a bag there are 11 balls : 3 white and 8 red. If I 

draw 3 balls one after the other, find the chance of 
their being all white oAes ; also, the chance if I re- 
place the ball drawn each time. 

18. A bag contains 4 white and 7 black balls, and I draw 

one at a time. Find the chance that, after 3 trials, 

1 shall have drawn 2 white and 1 black (i.) without 
replacing the ball drawn, (ii.) replacing each time 
the ball drawn. 

19. If I toss a shilling 5 times, what are the odds against 

its falling ** heads" exactly 3 times? 

20. A bag contains 4 white and 6 red balls. If I draw 4 

times, replacing, show that 2 red or 3 red are 
events equally possible. 

21. If 5 shillings are thrown into the air, show that it is 

just as likely that the event will show 3 heads and 

2 tails as 2 heads and 3 tails. 
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22. In a bag are 5 black balls and 1 white. If I draw 3 

times (replacing), what is the chance that I shall 
have drawn (i.) 3 black balls? (ii.) 3 white balls? 
(iii.) 2 black and 1 white ? 

23. With 2 dice, what is the probability of making 9 at 

the first throw ? or, if this does not happen, 9 with 
the second throw? 

24. A bag contains 7 balls : 5 white and 2 black. I draw 

a ball, receiving a shilling if it be a white one, but 
paying 3 pence if it be black. What is my expec- 
tation ? 

26. With 3 dice, what are the chances of throwing at the 
first time 3, 4, 5, and all numbers up to 18 ? and 
show that the odds are 1 : 7 against the two most 
likely numbers, namely, 10 and 11. 

26. There are in a bag 4 balls : one is known to be white, 
and the others are either all white or else all black. 
A ball is drawn and is found to be white, and re- 
placed. If, then, another is drawn, what is the 
chance of its being a black ball ? If two are drawn, 
what is the chance that one will be a black ball and 
one a white ball ? 



F.X 59. 




Continued Fractions. 




Change into continued fractions : 




1- w- 6- m- 


11. m- 


2. -H- 7. m- 


12. 1^. 


8. «. 8. W- 


13. 9.749. 


4- w- 9. m- 


14. 5.07. 


6. tVt- 10. m 


16. 0.024L 
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16 l^^' + l 19 24:a^ + 6x 

' 15a»+6a' * 24cx'+18x'+i 

' 315w«+9m' + 5w* ' a^ + a^ + x" 

18 ^ + a:' + a: OT g V + a?* + a V 

* x^+2x' + x+l ' aV°+aa;'+aV+aV+l 



Change to common fractions : 
24. 



2 + -J_ 8-+ ^ o . 1 



3 + -. 7 + i. 5 + -. 



1 27. 4 + 



1 



1 + ^^ 2+ 1 



4 + 1 1 + -^ 4 + 1. 



1 81. 5- 



28. 3+— i— "*• "-^7- 1 



2- 



4 + ±. ^-r J 

8 14 ^ 



*4 



29. 7 + —!— 13 + L 

6 + -^ 11 + 



1 



5 + i. 9- 



4 ^Z~l 



30. 1 



7 + - 



9 + 



^ + 1- ''^k 
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Form the convergents of the continued fractions : 
34. — 87. ^ — - 



1 



8-' 1 



1 ^' + ^ 

5 + i. 2 + i. 

QQ 1 



35 1— 14 



3 + — L_ 3 + 



39. 



2 + 



2 + — 1— - 2 + 



7 + -^ 2 + 

3 + ^- 



1 ^ 1 

9 + 1. 2 + 1. 

Find the approximate values of: 

4Q 3845 44 13733 ^g 3.1099 

■ 997 ■ ■ 18983 ' 36.391* 

Ai 977 .f- 36661 49. ^^^ 

4636' ^' 43523" *^-^^^ 

4636 43523 ^ 3.1415926. 

42. 15600 46. 2^. 51. 2.71828183. 

®^^ ^^^ 52. 0.4342945. 

43. ?^. 47. ?246I 63 418i. 
2951 44341 -319.2 
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Change to continued fractions : 

54. vTI. 56. VT7. 58. V37. 60. V39. 

65. VT5. 67. V27. 59. VST. 61. V80. 

Find the radicals which are equivalent to the following 
continued periodic fractions : 



5 + 



65. 1 + 



1 



5 + 1 



. 1+i 



2 



66. 



1+^ 



■^ '+i 



4 



67. 



64. 



'+5 ' + i 



,^. 



69. The English yard is equivalent to 0.914383". What 

are the approximate ratios of the meter to the yard ? 

70. The English fathom is equivalent to 1.828767". What 

are the approximate ratios of the fathom to the meter ? 

71. What simple ratios express the value of the twenty- 

dollar gold piece, which weighs 33.437 grams, to 
that of the twenty-franc piece, which weighs 6.45161 
grams, the two pieces being at the same standard ? 
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72. If the equatorial radius of the earth is 6,377,398", and 

the polar radius is 6,356,080", what are the simple 
ratios of the equatorial diameter to the polar diam- 
eter? 

73. The length of the tropical year is 365.242264 mean 

solar days. What are the simple ratios of this year 
with the civil year of 365 days? 



Ex. 60. 

Indeterminate Coefficients. 

l-2a? 



1. Find 4 terms of the quotient 

2. Develop 



l + 4a; 
1 



3. Expand — to 5 terms. 

^ 3-4a 

1 — rr . 

4. Convert - — — - into a series. 



5. Expand 



2 + 3a; 
1 



1- 2a: + a:* 



2 /p 

6. Convert into a series. 

l + x-x" 

8. Develop Vl + x". 

9. Find the expansion of 



h — cx 



10. Find 4 terms of VoM-^. 
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11. Expand i- — ^— • 

12. Convert (1 + a?)l into a series. 



13. Expand — 



mx 



m* — mx + X* 



a; 



14. Develop -^ — — f in a series. 

15. Resolve -; -^ — • into partial fractions. 

16. Resolve , "t ^ — =— r into partial fractions. 

(3 + 4a;)(6+7a?) ^ 

17. Separate — — — into partial fractions. 

19. Resolve 7",^^ , , into partial fractions. 

(l+ax)(l + bx) ^ 

20. Separate — — — - into partial fractions. 

(c — dx) (e —fx) 

4a; — 7 

21. Resolve — into partial fractions. 

or — X — 6 

22. Resolve .. . IL . ;:t into partial fractions. 

{x-l){x — 2){x~Z) ^ 

23. Separate -— ^^ into partial fractions. 

ar{x — 1) 

24. Separate —- — — into partial fractions. 

ar + 1 

25. Separate ' — — - into partial fractions. 

ar(ar+l) 

26. Resolve ' — — into partial fractions. 

x(x — a) 
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Ex. 61. 

DiFFEEENTIAL METHOD. 

1. Required the fourth order of differences in the series, 

1, 16, 81, 266, 626, 1296, 2401 

2. Find the first term of the fourth order of differences in 

the series, 1*, 2», 3», 4» 

3. Find the first term in the third order of differences in 

the series, 1, 6, 16, 36, 70 ; also, in the eighth 

order of 1, 8, 3«, 3», 3*, 3» 

4. Find the thirteenth term and the nth term of the series, 

1, 4, 9, 16 

5. Required the general term and the twelfUi term of the 

series, 2, 6, 12, 20, 30 

6. Calculate the thirtieth term of 1, ^, |-, -j^, -j^, ^, ^ 

7. Sum the series, 1', 2", 8*, 4', 5', to ten terms, and also 

to n terms. 

8. Sum to eighteen terms the series, 6, 9, 16, 26, 39 

9. Find the sum of the series, 1, 3, 6, 10, 16, 21, continued 

to twelve terms, and also to n terms. 

10. Suml* + 2* + 3* + 4* + 6* + + n\ 

11. Given log 610 = 2.707670, log 611 = 2.708420, log 613 

= 2.710117, log 614 = 2.710963 ; to find log 612. 

12. Given the cube roots of 46, 46, 47, and 49=3.6668933, 

3.6830479, 3.6088261, and 3.6693067; to find the 
cube root of 48. 

13. Given log tan 68*» 64' = 10.413661, 68** 66' = 10.413938, 

68*» 66'= 10.414314, 68^ 67' = 10.414691 : to find 
log tan 68** 56' 20". 
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14. Write down the general term, and sum ad infinitum the 

1,1,1,1, 

series, + - — - + - — - + + 

1x3 2x4 3x5 4x6 



15. Find the general term, and sum the series 



Ixllx32x32x53x5'3x7 
. 1 



4x7 



•j ad infinitum. 



16. Sum ad infinitum the series whose general term is 

1 
x(x + S) 

17. Find the general term, and sum ad infinitum 

1x5^5x9^9x13^ 

18. Sum ad infinitum, the series 

-§--1- ^ 4-_§ + _§_ + 

2 X 7 ^ 7 X 12 r^ 12 X 17 17 X 22 ^ 

19. Sum to n terms the series whose general term is 

1 
3a;(4 + 4rp)* 

20. Sum ad infinitum l + 8a:+27a;f + 64ar' + 125a:* + 

21. Sum ad infinitum — -I -r + tz r= + 

"^ 5x11 8x14 11x17^ 

22. Required the number of balls in an incomplete square 

pile of 17 courses ; a side of the base containing 24. 

23. Required the sum of the infinite series 



1x2x3x4 2x3x4x5 3x4x5x6 
1 



4x5x6x 7 



+ • 
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24. Sum P + 3» + 5* + 7» + to n terms. 

25. Find the scale of relation and sum ad infinitum 

l^Sx+7x' + ISx" + 25x* + 51a;* + 103a:* + 

26. (i.) Sum ad infinitum, and find the nth term of the series 

1 + 5a; + 15a;* + Slar' + 53a;* + 131a;* + 

(ii.) How many balls are contained in an incomplete 
rectangular pile of 12 courses, the sides of the base 
containing 40 and 20 ? 

Ex. 62. 

Equations of Higher Degrees. 
Find the equations which have the following roots : 



1. 1, 2, 3. 6. 2, +V-8, — V-3. 

2. 1, 1, -2. 7. 3. =:A±V5, :,S:^^ 
3- 2, 3. -5. 8. 2, 3, ^ ^ 

4. 3, -4, -7. 9. -4, -3, 3±V5. 

5. 7, +V5, -V5. 10. ld=V2, i(l±V=^). 

Equations Solved like Quadratics. 

11. a;* -13a;* + 36 = 0. 13. 10a;* - 21 = a;*. 

12. a;*-21a;^ = 100. 14. 2a;i- 3a;l + a; = 0. 

15. x' + 6 = Sx + 2 Va;« - 8 a; + 40. 



16. 2ar' + 3Var»-a; + l = 2a: + 3. 

17. 2a;* + 5a;^=21f 

18. ^_^=2i. 
3 4^ 

19 12ar»-lla;^ + 10a;-78 ^.^, . 
8ar»-7a; + 6 ^ ^' 
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20. (8a;+3)* + (8a;+3) = 30. 22. V?+V? = 6V5. 

21. -v^ + 3\^i=lf. 23. 3a;i-2a;i = -20. 

24. 5a;*"+3ar=6f. 



26. 2(a:'-a:+l)-Va^-a- + l = i. 

26. a^-2a:» + 2a;- Vi=6. 

27. a;»-97a;«=-1296. 

28. ar" - 31 a;l = - 108. 

29. (2.5 - x)* + 0.5625 = 2.5 (2.5 - x)*. 



30. Va;*- 8a; + 31 + (a; -4)* = 5. 

31. ^ + 2=:17-i-a;l- 
or* 



32. 2a;' + 4a: + 3V2a;^ + 4a; + 9 = 31. 



33. 5a:~7a;» + 8V7a;"-5a; + l=--8. 
84. a:!- 40-^2:4 = 3x. 
gg 2a; - V2F+II ^ 9 



36. 



x—^s/x 4 



a: +VS a;* — a? 

87 ^ + ^+Va* — a;' _ g 
« + ^— Va' — a;* a: 

88. 9a; + 4 + 2a;V9a: + 4 = 15a:l 

89. a;'-7 = Va;"-42a; + 89. 

^ a? + V^ _ 3V^ + 6 
a; — Va; 2 Va; 
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Ouiic and Redprocai Equations, 

Find the roots of: 

41. a;»+10a:=104. 44. a:»-8a;* + 6a: = - 14. 

42. a:»-9a;* + 26a:=:24. 45. a:» - 18a: = - 27. 

43. 3*-bx=\2, 46. a:»~18a:» + 87a: = 110. 
47. a:»-5a: = ~12. 48. a:*-10a;» + 35a;«-50a: = -24. 
49. a:» + 2a;=135. gg ^ . 8a:' . 9a; _ 9 

fiO. ar*-45a:'-4pa: = -84. ' ^ 1^0 100* 

51. a:» = l. g^ ^ 49ar__524 

52. a:»-|(14a;') + 7a; = 3t. ' ^ 27 

65.^-1^ + 3^-1 



12 • 8 24 



Find one root of: 

56. a;* + 6 a: = 2, to five decimal places. 

57. a;* — 6 a: = 12, to three decimal places. 

58. a;* + 9a:= — 6, to four decimal places. 

59. a? + 3i? = 500, to four decimal places. 

60. a;* + 12 a: = 20, to four decimal places. 

Remove the second term from : 

61. a;»-6a;' + 5a: = 84. 64. a;»-6a:* + 18a: -22 = 0. 

62. a:» + 6a: = 91. 65. a;» + 4a:* -Sa:- 24 = 0. 

63. a:»-15a;'+81a:-243 = 0. 66. a:*+2a;'-7a:»~8a:+12=0. 

Find the three roots of : 
67. a:»-6a:?+10a:-8 = 0. 68. a;» + 3a: = 5. 
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69. ar'-6a^-12x + U2 = 0. 

70. a;»+12a;« + 45a; + 50 = 0. 

71. a:»-21a;«+159a:-490 = 0. 

Solve the repiprocal equations : 

72. x* + 2af' + 2x + l=i(U2x'). 

73. af'-ex'+Ux*-lSx'+Ux'-6x = ~l. 

Solve by means of a table of sines : 

74. a^-bx + 4: = 0. 

Solve by Horner's Method : 

75. ar»-9a; = 9. 

Approximate by double position to a value of x in : 
76- a;» + 10a;* + 5a; = 2600. 

Approximate, by a series of converging iEractions, to a 
value of a? in : 

77. a;' + 7a; + 3 = 0. 

Find the roots of: integral roots. 

78. a:»- 12a:- 16 = 0. 

Ex. 63. 

Exponential Equations. 
Find X : 

1. Given 6* = 7776. 3. Given 10* = 2.7182818. 

2. Given 100* = 250. 4. Given 2.5« = 34.56. 

5. Given /^l^oi®® = 0.6922006. 
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6. Given (- 1.23)' = - 2.8153057 

7. Given 2*^ X 5'-^ = 4»- X 3*+'. 

8. Given (2J)»l = (3f)«. 

9. Given 0.12345f = 1,697,365. 

10. Given 3<»*> = 7. 

11. Given (If )*+«• = 151.884. 

12. Given a'^^" = i"^*. 

13. Given V3^'= V5^\ 

Find X and y : 

14. Given <fa^ = (a^*, and a" -^a'' = (^aF)\ 

15. Given a'b' =p, and (f(& = q. 

16. Given -v/^X -{/a = aA; Vol' -^ Va* = l. 

17. Given a* + a~' = i, to determine the value of x. 

18. Given af = 100, to approximate to a value of x. 

19. Given of = 42.8454, to approximate to a value of ar. 

1 

20. Given a> = 1.2655, to approximate to a value of x. 



21. Given a^ = 243, and •</1024 = (fa;)*, to find x and y, 

22. Given -y/x + y = 2, and (a: + y) X 3' = 279,936, to find 

X and y. 

23. Given 3* X 2«' = 72; 2* X 6' = 144; 3» X 4' = 432, to 

find X, y, and z. 

24. Given 10<*-«><«-'^ = 100, to find x, 

25. Write out a proof of the Exponential Theorem. 

26. Given 7^ = 6.70375^, to determine x. 
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PREFACE. 



THIS Mannal consists of two parts : The first part contains one 
hundred and fifty examination papers, the questions for 
which have heen selected mainly from the best English, French, 
and German collections of problems. These papers may be divided 
into three groups. The first fifty papers embrace the subjects 
of Elementary Algebra as far as Quadratic Equations; the next 
fifty papers also include Quadratic Equations and Radical Expres- 
sions; the last fifty papers extend over still moi*e ground, includ- 
ing several topics usually regarded as belonging to Higher 
Algebra. 

In each of these groups the earlier papers will be found 
somewhat easier than the later ones. The papers are intended 
to be hour papers, but if any of them are thought to be too 
long for one hour, the time may be increased or the length of 
the paper reduced by omitting one or more of the questions. 

The second part of the Manual is a collection of recent 
papers actually set in various American and English institutions 
of learning. 

There are two ways in which the Manual may be used. 

First: To Usl the learner's knowledge in the usual way by 
means of an examination. For this purpose the class will come 
to the recitation-room provided with the Manual and blank 
books, and the teacher will simply designate by number the 
paper to be worked. 

Secondly: To exercise the learner from day to day in the 
various rules and processes, to detect his weak points, and ascer- 
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tain where he most needs assistance. This may be done by 
assigning exercises to be worked in the class-room, or by assign- 
ing to each member of the class a paper with directions to 
hand in the solutions, neatly worked out, at a subsequent reci- 
tation. 

The Manual will be found especially useful in reviewing the 
subject of Algebra, and in preparing for examinations. 

Answers to the problems in the first one hundred and fifby 
papers, bound separately in paper covers, can be had by teachers 
only^ on application to the publishers. 

G. A. WENTWORTH. 
a A. HILL 



SPECIMEN PAPER WORKED OUT. 



1. Simplify 



a-'[26 + {3c-3a-(a + 6)} + {2a-(6+c)}] 

= a-[26+{3c-3a-a-6} +{2a -b-e}] 
= a-[26 + 3c-3a--a-6 + 2a-6--c] 
= a — 26 — 3c + 3a + a + ft — 2o + ft + c 
= 3a-2c. 



Ans. 3a — 2c. 



2. Resolve into factors 

aj* — y* + 2* — a" - 2a;2 + 2ay 

- (aj* - 2a» + 2«) - (a« - 2ay + y*) 

^{(x-z)-{a^y)}{{x-z) + {a-y)} 
=» (x — 2 — a + y) (» — 2 + a — y). 



3. Find the H.C.F. of 

5a:«(12a!» + 4a:«+17x-3J 

and 10a; (24x» - 52a« + 14a; - 1). 

10a;(24a;»-52a;* + 14x-l) 
24a;»-52a;« + 14a;-l 



5a;*(12a;» + 4a;» + 17a;-3) 
12a;» + 4a;« + 17x-3 
12a;»+4a;«- x 

3 )l8a;-3 
6a;-l 



24a;»+ 8a;« + 34a;-6 



-5)- 


-QOx^- 


20 a; 4 


5 




12a;»4- 
12ar»- 


4a;- 
2x 


•1 






6a;- 
6a;- 


■1 
-1 



Reserve 5x 
2 



X 

2a; + 1 



Ans. 5x{Qx-l). 
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4 Simplify * 

^ ^ ^ ^ 4-20g 

4-20g 

4x»-l 

4~20g 

l-2x H-2ir l-4aj«' 

L.C.D. = l-4x». 

3 + 6x = first numerator, 
— 7 + 14 a: = second numerator, 

4 — 20x =» third numerator. 





3 


7 


1 


-2x 


l + 2x 


- 


3 
l-2x 


7 
l + 2a; 




3 


7 



5. Solve 



= sum of numerators. Aru. 0. 



10a? + 15y - 242 = 41 (1) 

15a:-12y + 162= 10 (2) 

18a: -14y- 7z«-13. (3) 

Multiply (1) by 2, 20a: + 30y-482= 82 

Multiply (2) by 3. 45a;--36y -h48z«- 30 

Add, 65 a:- 6y -112 (4) 

Multiply (2) by 7, 105 a;- 84y + 112z= 70 

Multiply (3) by 16, 288a - 224y - 112z = - 208 

Add, 393 a: - 308 y - - 138 (5) 

Multiply (4) by 154, 10010a? - 924y = 17248 

Multiply (5) by 3, 1179a; -924y = -414 

Subtract, 8831a; =17662 

.\x='2. 
Substitute value of x in (4), 130 - 6y = 112. 

.•.y = 3. 
Substitute values of x and y in (1), 20 + 45 — 24z » 41. 

.-.2 = 1. 
Ans. X = 2, y = 3, 2 = 1. 

6. A passenger train, after travelling an hour, is detained 
15 minutes; after which it proceeds at three-fourths 
of its former rate, and arrives 24 minutes late. If 
the detention had taken place 5 miles farther on, 
the train would have been only 21 minutes late. 
Determine the usual rate of the train. 
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Let X » oBnal rate of train per honr, 

and y » number of miles train has to ran. 

Then y — x » number of miles train has to run after detention, 

y~? — number of hours usually required to run y — x miles. 

X 

and t-— "° number of hours actually required to ran y — x miles, 

fX 

Since the detention was 15 minutes, and the train was 24 minutes 
late, the loss in running-time is 9 minutes, or ^ of an hour. 

ta? a: 20 ^ ^ 

If the detention had occurred 5 miles farther on, the loss in run- 
ning-time would have been 6 minutes, or ^ of an hour. 

. y-g-S y-x-5 1^ .ox 

" tx X ■" 10 ^ ^ 

Simplify (1), 20y - 29x -= 

Simplify (2), 20y-26x=100 

Subtract (1) from (2), 3 a; = 100 

.-. x = 33J. 



7. Solve 



Am. 33} miles. 
2bx + b 



2x*-t-»-f-l 2aj* — 3x + l 2bx-b aa^-a 
1.1 a 2bx-{'b 



(2x-l)(x-hl) (2x-l)(x-l) b{2x-l) a(x-l)(x-H) 

L.C.D. = a6(x - l)(x + l)(2x - 1). 

Simplify, ahx — a6 + ahx + aft == a" a* — a' — 4 6" a;* -H 6*, 

2a6x - a'a* - a» - 46«x» + 6*, 

46»x* - a«x» + 2a6x = 6* - a*, 

(4J»- a«)x» + 2abx = 6»-a«. 

Complete the square, multiplying by 4 times the coefficient of a^ 

and adding the square of the coefficient of x, 

4(46« - a«)«x» + ( ) + {2abf = 166*- 166«a« + 4a*, ' 

(4J«-a«)2x + 2a6 = db(46'-2a«), 

(46»-a«)2x = 46*-2a6-2a«, 

or2a«-2a6-4R 

2y-a&~a« _a«-a6-26« 
X = — -— — , or - 



46«-a« ' 46«-a« 

±=:«-.or-li . 
26-a 26-ha 



^m. -^-« - ^ + « 
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a Solve 






aj + y-=4 




(1) 


a:* + y*-82 




(2) 


Pnt u + V for rr, and u — t; for y. 






(1) becomes 2u = 4. 






.-. w-2. 






(2) becomes «* + 16 u« «» + v* = 41 




(3) 


Substitute 2 for u in (3), 16 + 24«« + 1;* - 41, 






v* + 24«»-25, 






v* + + 144 = 169, 






«« + 12-dbl3, 






t;» = lor 


-25, 




t; = i:l or ±V— 25. 


f« = 3, 1, 
^"•- y-1.3. 


or 2±^ 
or 2t 


v^-25, 
V-25. 



9. Show that 2^a'5', -s/ah^ i\/T ^'^^ similar surds. 
Since they all have the same surd factor they are similar surds. 



10. Simplify 



(2a6)*x(3a6«)* + (5ai«)* 
= {2ahf X (3 a6«)« ^ (5 a5»)* 
= v^(2^ X v^(3aPp + v^5^ 

-v^2»x3«Xa*x6^ + \^5^ 
•/2»x3«a'^y 






5a6» 



3«x5*a*6* 



5« 

- tv^225000a*6* 

ilrw. J\^225000a*6*. 
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11. Expand ^^-^y. 



( 2^y-^-y^f= (2ar«y-i)«- 6(2ar«y-i)*(y«) + 15(2aj»y-i)*(y«)» 
- 20(2ar«y-i)»(y«)» + 15(2a:»y-7(yi)* 
-6(2aj«y-i)(y«)» + (yi)« 

+ 60a^y^-12aj*y* + y*. 

^rw. 64a"y-«-192a^V^»ete. 

12. Find the value of 

* /3.1416 X 4771.21 x 2.7T8p 
30.103* X 0.4343* x 69.897*' 

log 3.1416= 0.4971 =0.4971 

log 4771.21 = 3.6786 -3.6786 

J log 2.7183= 0.4343-5-2 =0.2172 

4 colog 30.103 = (8.5214 - 10) x 4 = 4.0856 - 10 

Jcolog 0.4343= 0.3622-^2 =0.1811 

4 colog 69.897 =(8.1555 - 10) x 4 = 2.6220-10 

11.2816-20 
30 -30 



5 )41.2816-50 

8.2563 - 10 

Am. 0.01804. 
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1. 

1. Ifa = l, ft = 3, c = 6, rf = 0, 

find the value of a' + 2&' + 3c»+4rf'. 

2. Add a + ft — 2c, 8a + 4c + 2&, 3c-2a — 6J, 

and2& — 2c + 3a. 

3. Multiply l+a; + a:* + a:* by l-a; + a:*-a;». 

4. Resolve into the simplest factors d^o^y — i'ary*. 
6. Find the L.O.M. of xy, x — y, and i^ — a^y. 

6. SimpU^ 7£:zig^3^^27^--30, 

^ -^ 5 6 30 

7. Solve 2(a;-3) + 6(a;-2) = 54. 

8. Divide a line 12 inches long into two parts, such that 

the greater shall be five times the less. 

2. 

1. Ifa = l, ft = -l, c==0, c?=2, 

find the value of {ac — hd) (ad— he) (ah — cd), 

2. Divide a' + a* + 2 ac — 2 &* + 7&c - 3 c^ by a — S + 3 (?. 

3. Resolve into the simplest factors, d^tx^ — a^y^, 

4. Find the H.C.F. of 9^;* - 26 and 9^;* + 3a; - 20. 

6. Add ^, ^^=^, and ^^. 
ao ac be 

6. Solve 5~3(4-a;) + 4(3-2a:) = 0. 

7. A and B together have $4900. A invests ^ of his 

money in business, and B -J- of his, and each has the 
same sum remaining. How much money had each ? 
a Solve 2a? + 3y = 22| 
8a; + 4y = 3l/ ' 
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3. 

1. Ifa = l, & = 0, c = -l, 

evaluate (1 — a&) (1 — ac) (1 — he), 

2. Write down the product oi x + ^i x — % a^+-j- 

3. Simplify 3a- J[&+J2a-(&--ar)}]. 

4. Find the H.O.F. of 6a«-6aV and 8a«-8a*a?. 

5. Subtract -— -^ — from — - — -• 

or — ax ax — or 

6. Solve |a: + |(a;-l) = a;-4. 

7. Nine years ago A was three times as old as B, but now 

he is only twice as old. Find the present ages of 
A and B. 



8. Solve ^ + ^ = 1 
3 2 6 

3£_2j^^j4 

7 3 21 J 



1. Multiply a — S + cbya + S — c, and find the value of 

the product when a = 9, S = 4, c = 3. 

2. From 6a + 3c — 4&-7(f— e 

take 4a + 7c?+5e — 5&— 6c. 

3. Divide a;* — y* by a; -— y. 

4. Solve ^-li^ = l^-(a: + 5). 

8 12 9 ^ ^ 

5. Solve lx+ 4^=17^1 

6a;-10y= 8 j' 

6. Resolve into factors y* + 25y — 150. 

7. Simplify ^^x^^. 

^ ^ a^ + ba a^ + 2a 

8. Find a number such that the sum of its fifth and its 

seventh parts shall exceed the difierence of its 
fourth and its seventh parts by 99. 
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1. Siiiiplify3(a; + a)(y-ft)~{-a[ft-((?-c?)]}. 

2. Find the H.C.F. of 12a;* -" 108a;' and 16a;* - 48a;». 

3. Find the L.O.M. of 4a*(a'-&7 and 6a'&»-6a*S». 

4 Multiply f+f-^, by f-f"^ . 

5. Solve l+-l_i. = I 

a; 2a; 3a; 3 

6. What sum is that which is as much greater than $20 as 

its half is less than $20? 

7. Two trains travelling, one at 26 and the other at 30 

miles an hour, start at the same time from two places 
120 miles apart, and move towards each other. How 
long will it be before the trains meet ? 

6. 

1. Add 2a-3& + c, 2b-Sc + a, 2(?-3a + 6, 

and a + b + c, 

2. From 5a»-7a'S + 6a5'-S»+5 

take 3a» + 4a*6-3 + 8a^>'-3S». 

3. Multiply a;" — 2a;*y + 2ay* — /bya;' + 2a;y + 3^. 

4. Divide a^ — h^ — c^ — Sabc hj a—b — c. 

5. Solve i(x-4:) + \(x + 4:) = ^(x + 20). 

6. Simplify 



1 + a; 1-a; l-a;" 

7. Solve a; + 2y + 3z = 10") 

2a;+3y + 4z = 16[- 
4a; + 4y + 5z = 26) 

8. A man bought 3 horses and 5 cows, and gs^ve.the same 

sum for the 3 horses as for the 6 cows. If he had 
bought 4 horses and 10 cows, his outlay would have 
been $600 more. Find what his outlay was. 
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1. Ifa = l,i = 3,c = 5,rf=0, find the value of 

2. Siinplify2-3a;-(4-6a;)-{7-(9-2a;){. 

3. Multiply 1 + 2a? + 3a;» by 1 + 4a; + 5a:' + 6a;*. 
4i Find the continued product of 

ar+y, ar— y, anda:» + 2a;y + 3/*. • 

5. Divide ai^ + (a + b -\- c) x^ + (ab + he + ca) x + aic by 

ar + a. 

6. Reduce to the simplest form «' + «& + &' ^ ^Hh^. 

a* — a6 + 6' a' — &' 

7. Solve the equation I -5^ = ^^. 

8. A is twice as old as B and four years older than C. The 

sum of the ages of A, B, and is 96 years. Find 
B's age. 

8. 

1. Find the value of ^' + ?]~^' + ^f^ if a=4,S = ig=l. 

2. What number diminished by 42 becomes 18 ? 

3. Simplify {f -(l — p)] x-\x' + (x-' y)y} . 

4. Multiply pa^ -\-qx — r by mx — n, and bracket coeffi- 

cients of the powers of x in the product. 

5. Divide l + a:" — 83/' + 6a;yby 1+a: — 2y. 

p a 1 3a: — 2 , 90a? — 9 ;- , ., 
6i Solve — 1 = 5a; + 4}. 

7i Find the length and breadth of a rectangular field if 
the length is 140 yards more than the breadth, and 
if it requires 1000 yards of fence to enclose it. 

8. Point out first the factors, secondly the terms, and thirdly 
the coefficients, in the expression 5 oa: — 2 ay + a^^- 
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9. 

1. If a = 1, i = 2, find the value of 

2. Divide a:*«+4y** by a:'« + 2ar-y» + 2y'*. 

3. Resolve into the simplest factors 

oc'-a; a:*-81a*; 8a' + 27; x' + lx + lO. 

4. Find the L.C.M. of a + b, h — c, c + a, a"~ft", V + <?, 

5. Find the H.C.F. of 

3^ — y^ -{- xz + yz and 3i^ + y^-{-xz — yz — 2xy. 

6. Simplify2(a:-y)-2|3(a;-y)-^2a;-3y-^U. 

7. Solve 2a(3a — a;)-3a;(2& — a) = aS. 

8. The sum of two numbers is 70, and their difference is 

23 ; find the numbers. 
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1. Ifa = 25, i = 9, (? = 4, 6?= 1, find the value of 

3 V^ + 2-y/U -V97+Vl6ci. 

2. From7a;» — 6a;' + 2a? — 1 take4a;* — 3a;'-a; + 2. 

3. Multiply a'" + dTaf + a^"" by 2a* - 2a;*. 

4» Divide a;* — 9a:* — 6a?y — y" by a;'+y + 3a?. 
6. Resolve into the simplest factors 

a;^*-y»; 8a;« + ^; 16a;"-y*; a;» + 6a?-7. 

6. Find the H.O.F. of 

6a" + 7aa:-3a^ and 6a" + 11 aa? + 8a;*. 

7. Solve ^^ + ^ (a?-~&) _ 3aa; + (a-S)' 

ha ah 

8. A is now twice as old as 6, but 10 years ago he was three 

times as old. Find the present ages of A and B. 
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11. 

L Ifa = 0,i = 2,c = 4,rf=6, find the value of 

2. Froin|a:* + ia;" + 3ar-l|takeiar*-ta;-2i. 

3. Divide 1 - 6a:^+5a;« by 1- 2a; +a;». 

4. Simplify (a; + yy-2a:(3a; + 2y)-(y-a;)(-« + y). 

5. Resolve into the simplest factors 

2a;*- 3a; -5 and a^-b^ + (f — 2ac. 

6. Find the H.C.F. of 

y* + m'y* + m* and y* + my* — m*y — - m*. 

7. Solve^-2^^-^ = 0. 

2 3 4 

8. A person bought 16 yards of cloth, and if he had bought 

one yard less for the same money, each yard would 
have cost 25 cents more. What did the cloth cost 
per yard ? 

12. 

1. Find the H.C.F. of 

12a'+13aJ + 3ft«and6a» + 23a5 + 7y. 

2. Simplify 2(:p-y)^2|3(:p-y)-^2a;-3y-^)l. 

3. Find the square root of 

9a* - 12a»S + 34a'S> - 20a5» + 25ft*. 
4 A is twice as old as B ; 22 years ago he was four times 
as old ; what is A's age ? 



3£J?_^by ^_3£Jf. 



6. Multiply a;» + 2|2?-y« by a;»-2|Sf + y«. 
6. Solve X -f 



3 2 

7. What fraction is that to the numerator of which if 7 be 

added, its value is 1 ; but if 7 be taken from the 
denominator, its value is I ? 

8. Solve a; + 2y = 23, 8a; + 42; = 57, 5y + 62 = 94. 
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13. 

1. Add5a;»-3a; + 2y, -a:» + 2a; -y, and 7a;»-4a;+3y. 

2. From2a: + lla + 10ft-5c-23take2c-10+5a-3S. 

3. Multiply 9a:» + 3a;y + y'-6a? + 2y + 4 by 3a;-y-2. 

4. Dividear' — Sa;" — a:+14by a:* — 3a; — 7. 

6. Solve J(a^+l) + i(^+2)-16 + i(a? + 3) = 0. 

6. Resolve into factors 2xy — a^ —y^'\-f?. 

7. Simplify 5 + -f- + --^. 

y ,x + y a^ + xy 

8. Solve3ar — 2y = 5 
4a?-3y+2z 
x-~2y — bz 



=^} 



14. 

L Find the square root of rr* + 2 a:* — a:+ J. 

2. Find the H.aF.ofa;*+3a:»-6a;-4anda?*-3a;»+6a?-4. 

3. Resolve into factors a:* + 20 a? + 91. 

4. Divide 86 into two parts such that their difference shall 

be 18. 

7. Solvea: + y + 2 = 90 
2a: + 40 
2^ + 40 



z = 90 1 
= 3y + 20 [• 
= 42 + 10 J 
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15. 

L Multiply a'-2a'5 + 3a5*+4S» by a»-2aJ-3A». 

8. Find the square root of ^ + 8 + ~ 

tr a: 

4. Solve (3ar-5)(6ar~7)-2(3a:--'5)' = 7. 
6. Solve 3a?-y + z=17 

bx + ^y- 

7ar + 4y- 

6. Resolve into £Gu^r8 a:*— y" + 2f* — a* — 2xz + 2ay. 

7. Simplify 



f^=17 ) 
r-2z = 10[. 
r-5z= 3j 



2 



(2-w)(3-m) (m-l)(m-3) (w-l)(w-2) 

16. 

1. A body moves a feet toward the north and then b feet 

towards the south. How many feet is the body, at 
the end of the motion, from the starting point ? On 
which side of the starting point is the body (i.) if 
a>6, (ii.)ifa< J? 

2. Reduce to the simplest form 

l-{l-(l-4a;)}+{2a?-(3-5ar)}-{2-(-4+5ar)}. 

3. Divide a' + a6 + 2atf — 2S'+7ftc-3c» by a — 6 + 3c. 

4. Resolve into elementary factors a* — 9a*ft'. 

6. Find by inspection the H.C.F. of 

4 (a;* + a*) and 6 (a;* - 2 oa? - 3 a") . 

6. Simplify £±y-j£,+^y-^. 

y x + y ary — f^ 

7. Solve A(2ar-3)-i(3a:-2) = i(4a:-3)-3A. 

8. A and B have together $8, A and have $10, B and C 

have $12. What have they each ? 
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17. 

L Resolve into four factors (a* — i* — c^' — 4 i* c*. 

2. Find the H.C.F. oi A^af-xy" and 4a;»- lOa^'y + 4ay. 

3. Simplify 3a — (a — i -c) — 2Ja + c-2(ft — c)|. 

4. Divide a:* + a:Y + y* ^7 ^ + a:'3/*+/. 

6. Solve 2:^-24^ = 7 + ^^^ 
4 6 

4y+^ = 26J-2ldll 

6. Divide 91 into two such parts that the quotient of the 

greater part divided by the difference between the 
parts may be 7. 

7. Extract the square root of 16a;* — 32a;»+24a:* — 8ar+ 1. 



18. 

1. From aoi^ + lxy+ ci^ 

take (5 — c) a:* + (<7 — a) a:y + (« — 5) y*. 

2. Multiply a:* — (a — J) a; — aJ by a:* + (a — S) a; — aS. 

3. Resolve into the simplest factors 

32a;* + y*; 5a:» + 8a:y-21y" ; 6a»a:»-7aa:-3. 

4. SimpUfy 3a-J2a-(3a-i)'}+3a| 2ft-3a-|^|.. 

5. FindtheL.O.M. of 3(l-a:»), 6(l-ar)*, h{x^a?), 

6. Find the H.C.F. of 7a;"-12a? + 5 and 2a;*+a;^- -8a;+5. 

7. Solve 3a;-J(a;-l}) = 9-t(5a;-7). 

8. If A can do a piece of work in 8 days, and A and B 

together can do it in 6 days, how long would B 
take to do it alone? 
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19. 

1. Fromasr^ + (a + b)ar + 2b3r^ 

take hx^+(a + h) oT-^ - aoT-^''. 

2. Find the coefficient of a^ in the product of 

rr*- Z^a:*— Soiar + a* and 22;" - Soar — J'. 

3. Reduce to lowest terms ^~^ ,^"~ ,^, * 

ar — h^ — <r+2bc 

4. Simplify -«- + -^ ^^+*!. 

5. Find the H.C.F. of 

7a*- 23ai + 6S» and 5a»- 18a* J + lloA*- 6J». 

6. Reduce to a single fraction a — b-^ --• 

7. Solve -2^-3 = -^. ^+4^ 

a — 26 2a — 

8. A square floor would contain 17 square yards more if 

each side were 1 yard longer. Find its area. 



20. 

1. Divide 2a'" - 6a'"6" + 6a"5«" - 26»" by a* - Sr 

2. Find the H.C.F. of 2J0a^+ar'-x and 2ba^+5x^-x'-x. 

3. SimpHfy 1^^' x '^^-^^y X ^"^^^ 



4. Resolve into factors 256 ar^ — l and a;^ — 7 a; — 18. 

5. Simplify f^ + -JL_V f-_£ ^\ 

\x + i/ x — y) \x-y x + yj 

6. Solve {a + x){b + x)-a{b + c) = ^ + a^, 

b 

7. A laborer was engaged for 36 days on condition that for 

every day he worked he was to receive $3, and 
for every day he was idle to forfeit $2. At the end 
of the time he received $68. How many days did 
he work ? 
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21. 

1. Resolve into their simplest factors 

2. Simplify ^+i - ^-^ Ln^^. 

^ ^ 2^-1 2x+\ x(\-2x) 

3. SimpUfy 1 . 2& . 1 



a{a + h) aipf-V) b(a-b) 
4. Solve 8^_5 + 7^:z3^16£+i5 + 2J. 

14 ^6a; + 2 28 ^7 

6. Find the L.O.M. of 

8a;*-14a;+6, 4:x' + 4:X-S, and 4:a^+2x-6. 

6. Add l-{2-(3-a;)}, 3a;-(4-5a;), 4-(-5+6a;). 

7. Twenty-four persons subscribed the cost of a new boat, 

but four of the subscribers proving defaulters, each 
of the others had to pay $2 more than his due share. 
Find the cost of the boat. 

22. 

1. Resolve into their simplest factors 

aV--f|y*; 27bx'-b*xy'] 20ax'+lSa^X'-l8a\ 

('+j)"-K>+?) 

2. Simplify -^^ j j^3 -' 

3. Find the L.O.M. of x'-4:y' and x' + xy-Qy'. 

4. Solve 14 (7 a; + 5) -[84a: -(9 a; -21)] = 210. 

a Solve ^£±i_|^=2^. 
3 3a;-9 3 

6. A and B can do a piece of work in 8 days, working to- 

gether ; A working alone can do it in 12 days. In 
how many days can B do it, working alone ? 

7. State the distinction between an algebraic identity and 

an algebraic equation, and give an example of each. 
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23. 

1. Ifa = 0, & = 2, c = — 3, 6? = 4, find the value of 

2. Add ia + |ft-|c + i^and|a — |i + c-Jrf. 

3. Divide a:* — 2aV + a* by a;* - 2aar + a*. 

4. Reduce to the lowest terms — — -^ -• 

ar-\-2ax+ar 

6. Solve 4a? + 9y = 121 
6x — Sy= 7J* 

6. Extract the square root of x^-2a^ + ^ — % + ^ 

^ 2 2 16 

7. A person walking at the rate of 4} miles an hour starts 

li hours after another person who walks only 4 
miles an hour. When and where will he overtake 
him? 



24. 

1. Ifa = l, i = 3, c = 5, rf=7, find the value of 

a-2b-~{Sc-d-[Sa-(bb-c-8d)]-2h\. 

2. Simplify (x-~S)-{S--x){l-x)--(x-S)(6-2x). 

3. From (a+hy-2bxiake \(a+h)(a-x)'-(a-h)(b-x)\. 

4. Find the H.C.F. of 

12xy(a^y -2af'^ + xy^), 20(sf^ — 2a^^ + x'i/^,&ni 
8y{x'-xiJ'). 

5. Solve ^_ £1:^=1 

1^ 

9y — 5a; = 10. 

6. Find a number which is as much greater than 63 as its 

half is less than 98. 
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25. 

1. Resolve into the simplest fectors aP' — y". 

2. Simplify a'-CS'-c")- |6'-(c'-a'){ + {c'-(6'-a')|. 

3. Find the H.C.F. of 8aV+ 12aV and 12a;»+ ISoa;*. 

4. Divide o^ + <d> + ao+hc ^ a + h 

a—ac + ad — cd a + c 

5. Solve 2ax + b = %cx + ^a. 



. + d 



6. Solve - + -= 7 

X y 

2 + 5=21 

y z 

5 + ^=19 

Z X 

7. The sum of the two digits of a certain number is six 

times their difference, and the number itself exceeds 
six times their sum by 3. Find the number. 



26. 



L Solve 



5 + 2^ = 4 
2 + £=4 



_2 5_=:1 

16 12 6 ^ 

2. A person swimming in a stream which runs li miles an 

hour finds that it takes him four times as long to 
swim a mile up the stream as it does to swim the 
same distance aown. Find his rate of swimming in 
still water. 

3. Find the H.C.F. of 3a?*~4a;»+l and ^x^-ba?-a^+x+l. 

4. Solve £zi7 + ^_^. 

2 9 3 
6. Divide a»& + (a — 5)'a;-2aa;'--ar»by i + a:. 



6. Simplify ^+y 



y 



a:*— y* x—y x + y 
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27. 

1. Subtract 

(arfyy-(2a»~y»)a:*-2a:y'from a^y-{23i^-a)y'+a3^, 
and arrange your answer in descending powers of y. 

2. Divide a'-4a6 + 45'by ^'~^^ . 

3. Solve = a — b. 

X X 

4. SimpHfy^±^^^l:Zi4. 

a: — y {x — yf 

5. Find two consecutive numbers, the difference of the 

squares of which is equal to 61. 

6. Two trains pass a station at an interval of 4 hours, trav- 

elling respectively at the rates of 11} and 17} miles 
an hour. How far will the slower train* have run 
before it is overtaken by the other ? 

7. Solve la; + iy = 16; \x-\y = 2. 

28. 

1. Divide a:* by 1 -- a:* to three terms. What is the diflfer- 

ence between the answer thus obtained and the true 
answer ? 

2. Arrange according to powers of x 

. 3 (a* - 2x) (a - ar') + 2a:(a - 6 a^). 

3. Find the H.C.F. of 

6a» - 6a»y + 2ay^ - 2y^ and 12a» — 15ay + 3y*. 

4. How do you find the L.C.M. of two expressions when 

their factors cannot be determined by inspection ? 

6. Simplify ^ + ^' X ^ ^ 4aV + 2< 

6. A, B, and C can reap a field in 30 hours. A can do 

half as much again as B, and B two-thirds as much 
again as C. How many hours would each require 
to do the work alone ? 

7. Solve a;-|(y-2) = 5; 4y - -Ka; + 10) = 3; 
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29. 

1. Divide ?Lt£ + ?Llf by ^±f -^±:Zf. 
a — x a + x a — x a-\-x 

1 , a; 



2. Simplify i+£_J_^. 



l — a? 1 + x 

3. Solve 5a; = 43 — 7y; lla; + 9y = 69. 

4. Find the H.C.F. of 3a;'-10a:*+15a:>-&i? and 2af'-Ax^+2x'. 

5. Find all the expressions whose L.C.M. is o^—^x^ 

6. A number consists of two digits. The sum of the digits 

is 7, and if 27 be subtracted from the number the or- 
der of the digits will be reversed. Find the number. 

3 3 

7. Find the value of \- 1 when a? = }. 

1 + a? 1— a? 



30. 

1. A is a; years old ; B is 20 years younger. Express in 

algebraic language the age of B ; the sum of their 
ages ; the' age of A five years ago ; the age of B 
five years hence. 

2. Simplify (2 a-&)'+2 h (a+5)-3 a'-(a-5)«+(a+&) (a-J). 
a Multiply a— by -+?. 

0» X Oi 

4. Simplify ifJ-'^-lT ' 

5. Find the H.C.F. of 

3a»-7a»5^33a6-7a5'+ll J'+35» and 3a»-10a6+3y. 

6. Solve 5a; + 2y— z = 2z — a? — y = y+ 2 — 2a; = 6. 

7. If a father was four times as old as his son seven years 

ago, and will be twice as old as his son in seven 
years more, what is the present age of each ? 
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31. 

What IB meant by a ferm, an index, a factor^ Give 
examples. 

Solve — L_ = a: -H — = o. 
X y X y 



r-ll2= 4j 



3. Solve 2a7- 4y + 
7a;+ 3y- 
9ar + 10y- 

4. Find the H.C.F. of 

2a:» + 3a:y + 6a: + 9y andSar* — 2iEy + 9a; — 6y. 

5. Simplify ^ ^I'-y* . ^^1^' 

6. Find a fraction such that if 5 be added to the numerator 

the fraction equals 1, but if 3 be taken from the de- 
nominator the fraction equals \. 

7. Arrange according to descending powers of x 

a^ — ax — <?Q^ — bx + ha? — ca? + d^ a? — s^ — ex, 

32. 

1. What is a common multiple of two or more quantities? 

What is meant by their least comm^on multiple? 

2. Find the H.C.F. of 

4a;*+22a:»-26a:>-198ar-90 and 4ar'-14a;»-92a?-42. 

4. Solve (a + x){b-\-x)-a(b + c) = ^+x'. 

o 

6. Solve ^ + 1 = 5; ^-4y = l. 

6. Solve a; + y = 16; 22- 2a: = 8; 2y + 3z = 51. 

7. At an election there were two candidates, and 1296 per- 

sons voted ; the successful candidate had a majority 
of 120. How many votes were cast for each ? 

8. What is the rule for transposing terms in equations? 

What is the reason for the rme ? 
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33. 



g+a? , g—a?. 



1. Solve «:i:f+»z:|=a:~.ii^ 

g-i g + 6 a^-V 

2. Solve x+y = a] bx — ci/ = d, 

a Solve 5a?-3y+2z=19; 4a:+5y-3z=31 ; 8aH-7y-42=31. 

4. bimphfy — '—^ — -r t;; ;• 

a — b a + b b^—oT 

6. Reduce to lowest terms 21a;'+14ay 

\%ax+l2ay 

6. Divide a;*— 2gV + a«bya:"-2aa: + a». 

7. SimpUfy 2{a(a-&)-(a + 5)*na'-2J«}. 

8. The difference between two numbers is one-fourth of 

their sum, and the half of the greater diminished by 
7 is equal to one-fifth of the less increased by 2i. 
Find tne numbers. 

34. 

1. Define factoid corn/mon factor^ highest common factor, 

2. Find the H.C.F. and the L.C.M. of 

(2a' 5a; + 2abs^y and (6a' i* - 6 JV)». 

3. Multiply a'+a*^ — a — 1 by l — g + a' — g'+g*. 

4. Simplify - 



l+a;- 



1+a? 
6. Solve ^ + ±- = a'+b\ 

b^X (TX 

6. Solve a; + y = 5(a; — y) = 10. 

7. A, B, C, and D have $290 between them. A has twice 

as much as C, and B has three times as much as D. 
Also, C and D together have $50 less than A. Find 
how much each has. 

a Expand (2a;'yz»)»; (-7a'6V)»; (-3a6V)*. 
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35. 

1. Simplify 5L+i *+i + «+£ 

^ ^ (b-c){a-c) (a-h){c-ay {h-a){h-c) 

3. Solve ia:+iy=12-iz; ^^+^2 = 8+^^; \x+\z^lO. 

4. Find the L.C.M. of 9a*-81, 12a»-36a, and 16a'+48a. 
6. Extract the square root of a;*-8ar*-26a;2+168a;+441. 

6. Two persons start at noon from towns 60 miles apart. 

One walks at the rate of 4 miles an hour, but stops 
2} hours on the way. The other walks at the rate 
of 3 miles an hour, without stopping. When and 
where will they meet? 

7. How many different equations must be given when the 

values of two or more unknown quantities are re- 
quired ? In what sense must the equations differ ? 

36. 

1. Find the value of a;-(V^+i+2)- ^ ^^ when a;=8. 

Va;— 4 

2. Divide a^x^—(^'i^~b3i?y{2ax—by)hY{oLX — by)x — c^. 

3. Find the H.C.F. of 

Za^+2ay'-^bx'--2bf and ^a^-2ay'-2^ba^+2by'. 

4. Find the L.C.M. of a'+a;*, d?-a?, a?+oi?, and a'-r'. 

6. Simplify ''-=^x ^- X 0^ + ^^ + ^ 

^ ^ a + 3 a^-2x--a{a-2) (a?+x'){a+x) 

6. A is 5 years more than twice as old as B, and is also 26 

years older than B. Find their present ages. 

7. What are simultaneous equations ? Give an example. 



1. Simplify 



2. Simplify 
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37. 

be I ac ah 

{a—b)(a—c) (b — a)(jb — o) (b—c){c—a) 



(a b\f a + b a + b \ 
[b aj\ a b ) 

V6' aV \a b) 



3. Solve l+2+! = i; A+2+3 = 77; l+?+? = g. 

x^y^z 20 y^z^x 60 z^x^y 30 . 

4. If a rectangular court had its length diminished by 7 

feet, and its width increased by 5 feet, it would be- 
come an exact square, enclosing the same area. Find 
the dimensions of the court. 

6. Extract the square root of a;* — or* + — :r + t* 

^ 4 2 4 



6. Expand g-|)'. 



38. 



1. Find the product of 2£_^and if + ^ + ¥. 

ah or <w b^ 

2. Find the H.C.F. of ar'+6a:'+lla;+6 and 3^+^x'+21x+21. 

o a- r^ 3a;» + l bx-2 , 2x + b 

3. Simplify - ^. — r-H V" 

31^—1 X + \ X—1 

4. Extract the square root of x* + -— -| — — + f + t* 

6. Solve ax x = a + b. 

a 

6. A and B have each an annual income of $4000. A 

spends every year $400 more than B. At the end 

of 4 years their joint savings amount to $4000. 

What does each spend annualfy ? 



7. Expand (2a --V 



8. Explain how to clear an equation of fractions, and the 
reason for the method. 
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39. 

1 1 

1. Simplify 



a(a—b)(a—c) b{a—b)(c—b) c(c--a)(b—c) 

2. Solve £^_£^ = ^±i2--?^ + £ 

7 6 12 3 8 

3. Solve f + ^=.8; 5 + 2=6. 

4 2 2 6 

a* 9 b* 

4. Extract the square root of -— — 2-\ — -• 

^ 9b* a* 

6. Simplify l-{l-(l-4a;)}+{ar-(3-5a:)}-{2-(--4+6a:)}. 

6. FindtheL.C.M. of a'-l, {ab - b)c, a,ni (ac + c)b, 

7. A and B can mow 225 square rods in a day ; B and 

can mow 223 square rods in a day ; A and C can 
mow 230 square rods in a day. How many square 
rods can each mow by himself? 



40. 

1. Simplify 3J{a(a-i)(3a-i)-(a-J)'}. 

2. Find the H.O.F. of 

12a*+ ISab + 3 J' and 6a» + 23ai + 7i'. 

3. Find the L.O.M. of 

Hl-x)\ 8(1 -:r), 8(1 +a;), 4(1+^). 

4. Find the cube root of 

1 - 6a; + 21a:»- 44ar»+ 63a;*-54r^ + 27a;*. 

5. Simplify a+ ^^ |x|g §^-1. 

^ ^l3^3(l-a)j 14 2(l + a)j 

6. Solve |-1=| + 1=|; x + y + z = n. 

7. At what time between two and three o'clock are the 

hour and minute hands of a clock in a straight line 
and pointing in opposite directions ? 
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41. 

1. Find the square root of l—xy—^a^y^ + 2a?'/-\-^a^'i/^. 

^ -^ 2-^(2 + 2a) l+2a ^ 

8. Solve a? + y + z = 6; a: + y — z = 4; a; — y + z = 2. 

4 Multiply f -I b,|-| + l. 

5. A boat is rowed 1 mile in 5^ minutes ; another is rowed 

1 mile in 5f minutes. If they start at the same time 
from opposite ends of- a 4-mile course, at what dis- 
tance from each starting-point will they meet ? 

42. 

1. Simplify -%-?z:? + -^-?±^. 

2.* Find the H.C.F. of ^a^-^x'y+xy'^ and 4a:'-a;y— Sy*. 

3. Find the cube root oia^-a^b + ^-~ 

4. Solve (2 + a:)(8 + a;)-22 = | + a;». 

6. Solve the simultaneous equations 

3a; = 2(y + 2)-i; 2y = 3(2-ar)+|; z=a;+y~f 

6. Findthevalueof 2(l+V^)- ^7^ + ^""^ 

I. ic Va + Vx 

when a: = 16 a. 

7. 36 octavo volumes exactly fill a box whose length and 

breadth are 1^ feet and 11^ inches, respectively. 
The dimensions of each volume are 9 inches by 5| 
inches by 1 J inches. Find the depth of the box. 
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43. 

1. Find the L.O.M. of ^a^+bSa^-9x-lS and a;»+lla?+30. 

2. Find the square root of a;* — 4a:* + ar* + 6a; + f . 

3. Solve 3a^f4y-52;=32; 4a;-5y+32;=18; 5a;-3y-40=2. 

4. Divide 5x*+^- ^7^V+^+^ by 2:r«-aa:-^. 

2 12 66-^ 2 

6. Simplify = 



X' 



1+^+1 



3-a; 

a?-l y — 1 2? — 1 

a SimpUfy —3^^ " f , ' • 

yz + arz — ay __L.__i 

a; y z 

3ar' — 2a:' —a; 
7. Eeduce to lowest terms 



ear'-a;-! 

44. 

1. Simplify ^^^ + -^^—^^ 

2. Divide ^f-'^^ hy «'-^' 



(a + a;)* "^ 4aa; + 4a:* • 

3. Add together ——--+v» tt— ;r+-r» :^— tt+t* 

^ 2 3 4 2 3 4 2 3 4 

4. Find the L.O.M. of 

a^' + ar'y + ay' + y' and a^ — a^y + xy' — 't^. 

5. Extract the square root of a'+4 i'+c'+2 ac+4 a4+4 ic. 

6. Solve -2_. = _*_. 

a; — 6 a; — a 

7. Divide the number 90 into four parts so that the first 

part increased by 2, the second diminished by 2, the 
third multiplied by 2, and the fourth divided by 2, 
may be all equal. 

8. What powers of a quantity are the same whether the 

quantity be positive or negative ? 



ALGEBRA. 23 

45. 

1. Simplify ^ h 

2. Multiply 1 — x — a^ by a^ — x^-l, 

3. Find the H.C.F. of 

i^ + bx' + l0x + 9^ and a;* + 2a^-a:-2. 
4 Find the L.O.M. of 

5. Eeduce to lowest terms — ^ ~ y . 

y' + rcy— 2«» 

e. E.p„d (f -i)' 

7. S«l..l+1-1_6; l+i-l = 4. 1 + 1-1=2. 

y z X z X y x y z 

46. 

1. Beduce to a simple fraction f . 



a 
a 

X 

2. Reduce to its lowest terms ^ . . ' , . og ' 

2ar* + 19ar + 35 

8. Find the square root of 4:^--12^.yW-12^+V . 

4 Solve 3a; — a = — ^ ex, 

3 a 

5. The united ages of a father and son make 75 years. 

The father was 25 years old when the son was born. 
What is the age of each ? 

6. Solve 5a;-3y-28 = 0\ 

3a;-2y-13 = 0/* 

7. Subtract ax from ■■ ' ttt" 

2 + ax — 23? 
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47. 

1. Multiply a*+a* — a— 1 by 1 — a + a' — a*+a*. 

2. Find the H.O.F. of 

4a:*+22a;«-26a;»-198a;-90 and 4rc»-14a:»-92a?-42. 

3. Find the L.O.M. of 

^_1, ^_.i, ^+1, (^+1)., (^__i)«. 

4. Solve a? + 3y + 2z=ll 

2a:+ y + 3z=14 
3a: + 2y+ z=ll 

5. What sum is that which is as much greater than $2 as 

itshalfisle8sthan$3? 

6. A number consisting of two digits when divided by the 

sum of the dibits gives 7 for the quotient ; and the 
number formea by interchanging the digits, when 
divided by 6, gives 4 for the quotient. Find the 
number. 

7. What powers of a quantity are always positive ? What 

powers of a negative quantity are always negative? 



1. Simplify 



48. 



1 



x+1 x-1 l-x" 
2. Simplify 

\x'—2x7/+f ' x—S J \ x+y ' x—y ) 
2a?-%x-2 



4 Reduce to lowest terms 
6. Simplify 



5a;»_7a:-6 

3i^ + 1x+l2 ' a^ + Zx + 2 



& Simplify 7^' + ^^' + ^'^' + ^* . What would the re- 



suit be if a = — w' ? 
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49. 

1. Solve ^-^ic(^\ = —^ + -^. 

2. Solve ax + hy=^c\ a!x-\-Vy=^c\ 

3. Solve a:-[-y+2;=5; 3a;-5y+72;=75; 9a;-lU+10=0. 

4. Solve l + l = m; l + i=n; - + i = ». 

a; y y z x z ^ 

5. Solve 

3^6^ 7 ' 4 ^6^3 ' 2 5^40 ^ 



50. 

1. A person walking at the rate of 4t miles per hour starts 

1} hours after another person who walks only 4 
miles an hour. When and where will he overtake 
him? 

2. A number consists of three digits, the right-hand digit 

being 0. If the left-hand and the middle digits be 
interchanged, the number will be diminished by 180. 
If the left-hand digit be halved, and the middle and 
right-hand digits be interchanged, the number will 
be diminished by 454. Find the number. 

3. A had twice as much money as B ; but when B had re- 

ceived $5 from A, he had three times as much as A. 
How much had they each at first ? 

4. A tank of water may be filled by three pipes. By the 

first pipe it can be filled in 4 hours, by the second 
in 10 nours, by the third in 15 hours. In what time 
will it be filled if all three pipes are opened ? 

What will be the solution of this question if the 
general symbols m, n, p are used in place of the 
numbers 4, 10, 15, respectively ? 

5. What are simultaneous equations ? Give an example. 
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51. 

1. Bracket like powers of x in the expression 

aa^ — ha^ — ex — ba^ + coi^ — dx + ca? — da^ — ex, 

2. Divide a^-V + ^ + Zabc by a—h + c. 
8. Simplify 3 -^-p-^ + -A^^-p^. 

4. Divide 150 into two parts such that if one is divided by 

23, and the other by 27, the sum of the quotients 
is 6. 

5. Solve §^-1^4^ = 2rc»~3. 

4 6 

f* 

6. Solve 2:p = 4 + -. 

X 



52. 

1. Subtract (a—b)x—(b—c)y from (a+h)x+(b+c)y. 

2. Find the difference in value between the arithmetical 

expression 57 and the algebraical expression ab, 
when a = 5 and 5 = 7. 

3. Find by inspection the H.O.F. of 

9(aV-4) and 12 (aV + 4 aa; + 4). 

4. Simplify (4a-f)-t. 

5. Solve £±2-4=:£ = |. 

x-1 2x 3 

6. There is a rectangular field whose length exceeds its 

breadth by 16 yards. The field contains 960 square 
yards. Find its dimensions. 
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53. 

1. Find the L.O.M. of 

4(a»~aJ»), 12(ai»+6»), and 8(a»-a'i). 

2. Simplify 1 H \-—^ — 

8. Simplify (64 O*. 

4 Divide IBar-y* by 2a;i-yi. . 

5. Solve 1--^+^ = ^. 

6. Find two numbers in the ratio of 2} to 2, such that 

when diminished each by 5 they shall be in the 
ratio of li to 1. 



54. 



=^ }■ 



1. Solve a: + 2y=7 
y + 2z 
Sx + 27/ 

2. The sum of $330 is laid out in two investments, on one 

of which 15 per cent is gained, and on the other 8 
per cent is lost. The total amount returned from 
the investments is $345. Find each investment. 

8. Simplify {(a-'J^)*}-*. 

4. Divide a:"* — y~^ by x-i-y'i. 

5. Reduce to an entire surd the expression ^(1) *. 

6. Solve -^ ^ = |. 

a?-l x + 3 8 
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55. 

1. Find the L.O.M. of 

H^y + xf), 9(rc»-ay), and 4(y» + ay). 

2. Simplify ^ a;* , a;» 



l-x {l-xy {l-xf 

3. Arrange in order of magnitude 2*^^22, 3^, 4V2. 

4. Find the cube root of 

re*- ^(u^ + 5a^a^ — 3a* a: — a* 



5. Simplify 3^^432. 

bx Sx 
x+4: 2ar-3 



6. Solve ^-§^:z2 = 2. 



56. 

1. Show that V20, V45, Vf are similar surds, 

2. Simplify 2Vaa: X-^/Scn xy/2bx. 

3. Simplify ■{/l28+\/686+\/l6. 

4. Simplify 2:r»-8a; + 6 ^-9^ + 20 ^-7a: 

5. Solve i:r^ + H^ = 3H. 

6. If each side of a square plot were enlarged by 10 yards, 

it would contain 1} acres more. Find the dimeu- 
sions of the plot. (1 acre = 4840 sq. yds.) 
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57. 

1. Simplify {ar«y(a:y-')-*(^~'y)~M'- 

2. SimpUfy VI28-2V50+V72-VI8. 

3. By selling a cow for $24 I lose as much per cent as the 

cow cost me. What was the cost of the cow ? 

4 Solve -^ + ^=-1. 
100^ 25a? 4 



Solve a: + y + 2; = 6' 
a:-3 = i 



■2; = 6-) 
= .-7 . 
--y + zJ 



6. A person has travelled 3036 miles. He has gone 7 miles 
by water to 4 on foot, and 5 by water to 2 on horse- 
back. How many miles has he travelled each way ? 



58. 

1. Solve 27zi^ + ?^-5^ = 2. 

2. Find by inspection the L.C.M. of 

a'-l, a* + 2a-3, and a»-7a' + 6a. 

3. A steamer takes two hours and forty minutes less time 

to travel from A to B than from B to A. The 
steamer travels at the rate of 14 miles per hour in 
still water, and the stream flows at the rate of If 
miles per hour. Find the distance from A to B. 

4. Which is the greater }V2 or i\^? 

5. Solve 15-72^^2 

6. A and B enter into partnership with a joint capital of 

$3400. A put in his money for 12 months ; B put 
in his money for 16 months. In closing the business, 
A's share was $2070 including his profit, and B's 
share $ 1920. Find the sum put in by each. 
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59. 

1. Solve x-\'ay = h\ ax — hy^=c, 

2. If a = 4, 5 = 3, c = 1, (f=7, fin d the value of 

a^ + ac + h' V4aZ> + y + c? c 

a^--ac + h' y/i^h~~b^^^2d a + h + c+d 

3. Find the H.O.F. of 

a;* + 3ar*-6a;-4 and a?*-3a;» + 6a:-4. 

4. Simplify 1 

x—y x+y X 

5. Find the square root of a' — 4aa: + 6a + 4a:' — 12a;+9. 

6. When are the hour and minute hands of a clock to- 

gether between 10 and 11 o'clock ? 

7. Solve i(a;-l) = i(x+l)-i(a;-l)', 

60. 

L If a; = 8, y = 1, find the value of 

2. Simplify _4=:/_^^d:^. 

3. Find the H.C.F. of 

a;»-3ar'+7a;-21 and 2a:* + 19a;* + 35. 

4. Find the square root of f a;' + — — 2a: V 1 + - j + 1. 

5. Solve 3i^a:-|(8-a;)-J(5 + a:) + -¥^ = 0. 

6. Find a fraction such that if 5 be added to the numer- 

ator, it will be equal to 1, but if 3 be taken from the 
denominator, it will be equal to i. 

7. A boat's crew can row 5 miles an hour in still water. 

If they row 3i miles down a river and then back 
again to the starting-point in 1 hour 40 minutes, 
what is the velocity of the current? 
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61. 



1. Solve 7a:* -11a: = 6. 

2. Solve 



a+ft a—h a^—b^ 

3. Solve ^ + ^=2; hx~ay = 0, 
a 

4 Find the H.C.F. of 

48a:»+16a:-15 and 24a;»- 22a;=»- 7a; + 5. 

5. Divide a^ + h'' + (? — %aJ)c by a + h + c, 

6. Extract the square root of ^* - ^r' + ^ - 1 + :^. 

7. A vessel containing 120 gallons was emptied in 10 min- 

utes by two pipes running sitccessiveh/ ; the first 
pipe discharged 14 gallons in a minute, and the 
second pipe discharged 9 gallons in a minute. How 
many minutes did each pipe run ? 

62. 

1. Subtract a^ -IS ab +10 ac- c^ {Tom1a^+12ab-Sac-b\ 

and find the value of the remainder, when a = 1, 
5 = 2, (? = -3. 

2. Divide ^ — -^ by x 

3/ X 



8. 



Simplify m±n^\irn + ny-{m-nr\ 

4 Find the H.C.F. of 

96a:*+8ic'-2a; and 32ar'- 245^*- 8a; + 3. 

6. Extract the square root of 

a«_4ai'-6a(r' + 4i'(5' + 3(?») + 9c«. 

6. Solve 5a: + fy = 52; fa: + 4y = 27. 

7. Solve 5:. + |^ = ^^^ + 9. 

3a;-2 2a:-l 

8. When are the hour and minute hands of a watch at 

right angles between 3 and 4 o'clock ? 
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63. 

L Solve ^£+1 + ^^ = 9. 
x — 1 zz — 2 

2. Solve x + 2y + Sz=lQ 

2x + Sy + 4:z=l6 
4a; + 4y + 5z = 26 

o a 1 dac^ + l Q bx — 1 , o 

3. Solve - — -L-r — 3a? = + 3. 

3a: — 2 4a; — 3 

4. Find the L.O.M. of 

a;» — 4 a:* + 9 a: — 1 and ar' + 2 a;* — 3 a: + 20. 
^ , h — a 

5. Simplify 77 ?• 

l + ba 

6. A and B have the same income. A saves -J of his in- 

come, and B spends $50 a year more than A. At 
end of the 4 years B finds himself $100 in debt. 
Find their income. 

64. 

1. Add together 

1 a? — (1 — a?) . lOa:' — ar — 3 

^ ■ 1 ' a; + 3-(l-3a;)' ^^ 4a:» + 4a:+l* 
l + x 

2. Divide a;*-V^a;» + a:* + i^-2by|a;-2. 

3. Find the L.O.M. of a»— a»5 — oi + ^' and a*— ft*. 

4. Extract the square root of a* + ^ to three terms. 

5. Solve aa^ + hx + c = a{l — xy + h{\ — x) — c. 

6. Solve -i^ = i^-i. 

x+t X 4 

7. Two numbers consist of the same two digits, but in an 

inverse order. The sum of the two numbers is 65, 
and their difference is 27. Find the numbers. 
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65. 

1. Simplify ^ 

a;-l + i 

4 — a? 

2. Find the L.C.M. o£a^—x, x^—l, a^—2x', and ir*— 4a:. 

3. Solve lg£^-|£^ = 2. 

4. Solve 2a:+3y+42;=34; Sa;— 2y+22=13; y— 2=1. 

5. SimpUfy 10a:-{3a:-[-4a;-(-2a? + 3a?)]{. 

6. Solve (x + a)(a:'—ax + h^) = a!'+bx'. • 

66. 

L The sum of two numbers is 1000, and their difference is 
■^ of the less ; find them. 



2. SimpUiyi^:=J-x|^. 



3. Find the H.C.F. of 20a:*— a;*— 1 and 25a;*— 5a;»— a:— 1. 

2 1 

4. Extract the square root of m* + 2m— 1 1 — «• 

5. Solve ? = iLl-^ = ?. 

y y — 2b b 

6. Solve x + l = ~ 

2 2a: 

7. When a term is transposed from one side of an equation 

to the other side, the sign of the term must be 
changed. Why? 
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67. 



— , find the value of y in terms 



l+r 1+x 

of Xf in its simplest form. 

2. Add together 

3. Simplify (a^«)'+«x (««)•+*• -^(a^)*-'. 

4. Solve ^ + a + & + c = ^ + ^'+^' + ^ 

a+b—c+x 

5. Solve ?i2^-2y = 2 

2a;-- 4y 23 

• ^ ^ 

6. A person out walking has 18 miles to go, and finds that 

at the rate at which he is going he will be half an 
hour late, but if he quickens his pace by half a mile 
an hour, he will arrive just at the proper time. At 
what rate is he going ? 



68. 

1. Solve aa^+b(2a + b)x-(a'-h'') = 0, 

2. Multiply x' — ix + ihjix + 2. 

3. J)iYidex* + 10x'+Bbx' + 24: + b0xhj(x+l)(x + i). 



4. Simplify 



^ + ^ 



-jL, 



x — y ' {x — yf 



5. Solve |+|-5=0 
2a: + |-17 = 
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L What values of x will make the value of the expression 
(x — a) (x — b) (x — c) (x — d) equal to 0? 

2. Kesolve into the simplest factors 

m' — w* — p' + j'* + 2 (mq —pn), 

3. Solve 2s-^ + 15 = 12^±26. 

4i Divide $20,000 between A, B, and so that A's share 
shall be i of C's, and A's and B's together shall be 
equal to C's. 

5. Find the H.O.F. of 

6a»— 6a*y + 2ay»~ 2y» and 12a'~ 16ay + Sy*. 

a Solve oa;*— a'(a: + 5') = a5(a; — a5). 

70. 
L If a=3, * = 1, (?= — 2, d = 0, find the value of 

2ab+2bc+2cd+2ad ' ^/{a—cXb+c)+6(—c-b)(a—2b) 

2. Divide (a*+2ic)»-45c(3a* + 45V) by a"-25c. 

3. Find the H.C.F. of 

6a;» — a;" + 16and6a;* — 3a:'+9a;' + 3a;+12. 

4. Simplify ^ + '^+^ X "'^ "^ 

a:-l+i a: + l + - 
a: a; 

6. Simplify ^ ^ ^ 



ar — l a: + l aci^ + x + l 



6. Solve - + -=7; -+-=6; -+i=5. 

7. Solve -i^=i^-i 

a; + 1 a? 4 
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71. 

L Subtract 3a:-^-(2a:+3a;') from ^-^-/^- A 

2. Suaplifyj^ + ^ + ^^. 

3. Find the square root of 

4. There are 1200 books in my library. There are twice 

as many English books as French books, and five 
times as many French books as books in other for- 
eign languages. How many English books and 
how many French books do I have ? 

5. Solve (4a'-f)(f,+ l)^2.. 

6. A man walking -^ of a mile above his ordinary rate gains 

l^-of an hour in 89 miles. At what rate does he 
ordinarily walk ? 

72. 



1. Divide ^'^ + ^ + ^ by ^-. 

cc — 3r a—x 

2. Extract the square root of a:* + ^ to three terms. 



8. Divide i^ by ^. 



■yf^ Va' 

4. Solve ar+y4-z = 0; aa;+Jy+c2 = 0; 2a?+3y+z = l. 

6. Solve ^+^=-1. 
100^25ar 4 

6. Find the H.O.F. of 

a:*+ 5a:»- Va:*- 9ar- 10 and 2a;*-4a:»+ 4a;-8. 
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73. 

1. Simplify -\/^n~cX</'^-^a»h^(^. 

2. Find the L.C.M. of ar* — 9a: + 20 and a;* + 6a: — 65. 

3. Solve H+l =_^_1 

9a:*-16 4 + 3a; 9 

4i The sum of two numbers exceeds three times their dif- 
ference by 8, and their difference is equal to J of the 
smaller number. Find the numbers. 

5. Solve ^ + ^ — 2^ ^ ^ + 2m — 2a: 

x + m + 2n n — 2m-\-2x 

6. Extract the square root of 

8a:'(2a:» + 6aa: + a) +a\Sex' + 12a: + 1). 

7. Solve (x+10iy = ^x + ^). 



74. 

1. Two men run a mile. The winner finishes in 4 minutes 

44 seconds, and wins by 2 seconds. How many 
yards start must the loser of the race have for a tie, 
if each runs at a uniform rate ? 

2. Find two consecutive numbers, the difference of whose 

squares is 51. 

3. Solve |(12-a:)+fc:i=i£^+^tp- 

4 Find the H.C.F. of i3^+ix'—9x—9 and a^+2x'—z—2. 
_JL_ + _J_ 

5. Simplify « + ^ "7^^f- 

a—b a+b 

6. Solve 6(a: — i)(a: + i) = 0. 



7. Simplify {f=lljf}* 
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L Find the value of '^^' 

--5L!i^S^ when a=-4 and J = -3. 

2. Bracket together the equivalent expressions in the fol- 

lowing list: 

\, a\ a*, a-», V^, Va*, a*, ^^, ^, a»Xa-^ 
a a' 

3. Divide ^ — -5 by a? 

4. Solve (^ + 6)(y + 7) = (a;+l)(y + 9) + 112) 

2a:+10 = 3y+l ) 

6. Simplify V</M¥ + 4 a</5^ - ^125 a«6» 

6. A traveller walks a certain distance at a certain rate. 

If he had gone -J- a mile an hour faster, he would 
have walked the distance in f of the time. If he 
had gone \ a mile slower, he would have been 2^ 
hours longer on the road. Find the distance, ana 
the rate at which he travelled. 

7. A man walking i of a mile above his ordinary rate gains 

f of an hour in 39 miles. Find his ordinary rate of 
walking. 

76. 

1. Multiply ret — 4a;* + 2 by x — a^, 

2. Solve -«^I^=4+:^^3. 

Vor — 1 2 

3. Show that if ?^=£ = -i, then a^xa + yc + ze^ 

h d f b xb + yd+zf 

4. Divide a^y-^ by xr\yk. 

5. Simplify (3V8)(2V6). 

6. Simplify [la»(a^>*)*}*]'. 

7. Solve a:- 151 + — = 6. 

z — 15f 
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77. 



1. Two ships sail at the same time from the same port; one 
due north at the rate of 9 miles an hour, the other 
due east at the rate of 12 miles an hour. After how 
many hours will they be 60 miles apart? 

o a 1 a{a — h) . , , (b — a)b 

X — a — o a+o — X 

3. Solve - = 



X a — X 

4. Two bodies move toward each other, starting from points 

1800 feet apart. The first body starts 5 seconds 
after the second body, and the two bodies meet half- 
way between the points. If the rate of the first 
body is 6 feet a second more than that of the second 
body, find the rate of each body. 

5. Solve 9a:'— 9a? + 2 = 0. 

78. 

L Multiply a» — a+1 — a-' by a+l+a-^ + a'\ 

2. If f = 4 show that £LH «zi4. 

a c + a c — a 

3. What is the value of {(^)M"*? 

4. SimpUfy (a«5-*)i+ (a-*6")*. 

5. Divide $560 between A and B, so that for every dollar 

A receives B shall receive $ 2.50. 

6. Solve x^ — xy = lO') 

:ry-y«= 6)' 

7. For what positive values of m and n does the expression 

(— a) n denote an imaginary quantity ? 
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79. 

1. Find the value of ^-^ + 3^ when 

x' + xy + f 

V3 + 1 . V3-1 

2. Find the L.C.M. of a — 1, \ — a\ a — 2, 4 — a*. 

3. Solve a + x+^2ax-\-a^ = h. 

4. Find two numbers, the sum of which is 16, and the sum 

of their squares 113. 

5. Two freight trains pass a station at an interval of 4 

hours, proceeding at the rates of 11} and 17} miles 
an hour, respectively. At what distance from the 
station will the faster train overtake the other ? 

6. Solve aa^+hx + c^O. What is the relation between 

a and c when the product of the roots of this equa- 
tion is equal to unity? 

80. 

1. Two passengers have together 400 pounds of baggaee. 

One pays $1.20, the other $1.80, for excess above the 
weight allowed. If all the baggage had belonged to 
one person he would have had to pay $4.50. How 
much baggage is allowed free ? 

2. Find the fourteenth term of (2 a — 5)". 

3. Find the square root of 

16m* + J^m'w + 8w' + |w' + |n+l. 

4. Find the H.C.F. of a;* - cwr^ + a»a; - a* and a;* - a\ 

5. Find the simplest value of ^^64^^? + ^''^V^• 
6 Solve g 2hx + h _ 1 , 1 

2hx-^b a^-a 2x^ + x-\'^2a?'-^x+i 

7. Find two numbers whose sum is 7, and the sum of their 

squares exceeds their product by 19. 
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81. 

1. Find the value of ax + hy when 

cq — hr J ar — cp 
a;= Ji -^ and y = ^• 

aq — op aq — op 

2. Add a;>-3a;y-|y^ 2y^-|y'+2;^ a^-iy»4y, 2a;y-iy». 

3. Solve §^±13_ 3^^^ 

15 5a; -25 5 

4 Solve V4a: + 9-2V^ = l. 

5. Solve ^ + i_,By + 4a;^y_9.y + 33 

2 4. 

6. Find two numbers whose difference is 1, and the sum of 

their squares 313. 

7. Find the L.C.M. of 

a^ + bx + ^, x' + ^x—^, and a:*+7a; + 12. 



82. 

1. Solve |-3rr = ^^^±^-^^+12\ 

2. The difference between a number and its square is 18 

more than the same difference would be if the num- 
ber were 1 less. Find the number. 

3. Find the L.C.M. of a -5, a+J, a^ — h\ a»-i», d'+h^ 

4 Simplify -f^X^. 

y X 

6. Solve oa;* + 5a; + c = 0, and state the conditions under 
which the values of x will be (i.) real, (ii.) equal, 
(iii.) imaginary. 

6. Find the product of 2y4 V2?, VQxy, and 

7i Solve X = v — = 7r* 

y ^ a; 2 
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83. 

1. Find the H.C.F. of 

a^-2af + x''-Sx + S and 4ar'-12a:» + 9ar-l. 

2. Divide -^ by ^4^. 

3. A can do a piece of work in 10 days which B can do in 

8 days ; after A has been at work upon it 3 days, B 
comes to help him ; in what time will they finish it? 

4. Solve ^-£ll| = «- 

x-S x+S 

5. What number is that to which if 1, 6, and 13, severally, 

be added, the first sum shall be to the second as the 
second to the third ? 

6. Expand (a-Sxy. 

84. 

1. If 8=i(a + b + c), show that 

8^ + (8-ay + (8-by + (8-cy = a^ + b' + c'. 

2. Subtract l^^ from ^^ 



l + 3a: l-Sx 

3. A man has 6 hours for an excursion. How far can he 

ride out in a carriage which travels 8 miles an hour 
so as to return home in time, walking back at the 
rate of four miles an hour ? 

4. Resolve into factors a^ — ^^. 

5. Show that, if ^ = £, then 7a + 65_7£+6c? 

6. Solve x^y=\\ a?*— y* = -^, 

7. Solve 2&-a;-2a^4^-7a^a;-^4a 

hx ax — hx ah—h^ 
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85. 

1. Show that the sum of the squares of any two different 

numbers is always greater than twice their product. 

2. Reduce to its lowest terms ^ + 12a? +93:* ^ 

2 + 13a:+15a;* 

3. Find the value of x in 

/lOofNV^ . /5a-y^ 96-' 

4. Solve Va;(3 - a?) = V^Tl + V2(a: - 1). 

5. Extract the square root of 33 — 20 V2. 

6. Expand (l-^Y- 

86. 

1 Solve ^~2^~^ _ 55 — a; , 2a — a?— 19& __ q 
a' — 45' ax + 2bx 2bx — ax 

2. SimpHfy 1+ £__. 

l + a; + -^^ 
1 — x 

3. Solve |£l^-i^ = l 

2a:-l 3a:-2 6 

4. Expand (2 a; — 3 y)*. 



5. A vessel which has two pipes can be filled in 2 hours 
less time by one than by the other, and by both to- 
gether in 2 hours 65 minutes. How long will it take 
each pipe alone to fill it? 
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87. 

L If a = 2, i = 8, ar = 6, y = 5, what is the value of 
a + 2ar-Ji + y~[a-a?-(i-2y)]}. 

2. SimpUfy JV3 + 4V^+V3-4V=a('. 

3. Eeduce to the lowest terms 

2a:'-8ar + 6 ^ a:'-9ar + 20 . 2a:'-10ar 
a:»-5ar + 4 a:»-10ar + 21 ' a?-1x ' 

4. Solve ^ + ^ = 1. 

x + b — a X + 0-—C 

5. When are the hands of a clock together between the 

hours of 6 and 7 ? 

6. The plate of a looking-glass is 18 inches by 12 inches, 

and it is to be framed with a frame of uniform width, 
whose area is to be equal to that of the glass. Find 
the width of the frame. 

7. Show that a"=l. 

88. 

1. Find the fourth term of (2x — 5y)". 

2. Divide 2 L.+_]_ by 5^±f -^Hf. 

X a+x a — x "^ a — x a + x 

3. Solve {a — h)x = {a + h)y\ x + 7/ = c. 

4. A carriage, horse, and harness are worth, together, $ 720. 

The carriage is worth ^ of the value of the horse, 
and the harness ^ of the difference between the 
values of the horse and carriage. Find the value of 
each. 

5. Solve ^+13«+35_^^a-2&_ 

5a — Sb—x x + 2b 
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89. 

1. Solve a^-6x' + 4: = 0. 



„ « , V2a' — ^ + hV2a — x __ -y/a + h 



1 



a Simplify __X:T-rX- 



1 " d^a-i "" 54c-l 



Mc-i 



4. Solve ^-2=1, f + 2^ = ?. 

6. A hare is 50 of her leaps before a greyhound, and takes 
four leaps to his three. Two of the greyhound's 
leaps are equal to three of the hare's. How many 
leaps must the greyhound take to catch the hare ? 

90. 

1. Extract the square root of 81a~*Mc. 

2. Express in the simplest form \{</Z + } \/l92 + \/8l). 

3. Simplify {(a-*)»}-i 

4. If a\h = c:d^=e'.f, show that 

a:h = a + + 6:1) + d+f. 

6. For building 108 rods of stone-wall, 6 days less would 
have been required if 3 rods more a day had been 
built. How many rods a day were built ? 

6. Solve x + y = b\ 
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91. 



^-^ fl=f^" 



2. A railway train, after travelling an hour, meets with an 

accident, which delays it 1 hour ; after this it pro- 
ceeds at f of its former rate, and arrives 5 hours 
late. If the accident had occurred 50 miles farther 
on, the train would have been 3 hours 20 minutes 
late. Find the length of the line. 

3. Prove that \i a\b = c:d, then 

a-\-h:a — h = c + d:c — d, 

4. Solve a:-* + ap-* = 2a*. 

5. Write the 5th term of (3 a:* - 4y»y. 

6. What is a surd ? Give an example. What are similar 

surds ? Give an example. 



92. 

1. Find the value of when x = 2*a* and y = 2~*a*. 

x — y ^ 

2. Simplify y- 4a; + 5y ^^x-by^ 

^ ^ 2a?-2xy 4(a:»-y")^4(x-y)« 

4. Solve V^ + 2a^V^ + 4a 
Vx + 2b s/x+^h 
6. Find x and y from the proportions 

2x + y'.y\\^y:2y — x\ 

2x + \:y::2x + ^:y + 2, 

6. A boat's crew row 3} miles down the river and back 

r'n in 1 hour and 40 minutes. If the current of 
river is 2 miles per hour, determine their rate 
of rowing in still water. 



1. Add 
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93. 



■\/20a*m—20<icm+b<^m and V20c'm— 60acm+45a'r7i. 

2. Find the H.C.F. of 

^a^y^^x'+xTZ+y^y, ^Ty{a*-f), and lSaf{a^-f)\ 

8. Solve dboi^-\ = -^—. 

c <r c 

4i The circumference of the fore-wheel of a carriage is 9 
feet, and that of the hind-wheel 12 feet. What is 
the distance gone over when the fore-wheel has 
made two more revolutions than the hind-wheel ? 

5. Which is the greater, V14 + V7 or V19 + V2? 

Prove your answer. 

6. Solve ar-fy= 61 

a;» + y» = 72J ' 

94. 

1. Solve a? + Ty^2y'=-^\ 

2. Find the two middle terms of ( - — ?^ ) . 
a Solve 2a;*-21a; + 55 = 0. 

4. If ar' and a;" are the roots of the equation a^—px + q = Q, 

show that x^ + x" =Pf and x^x'* = q. 

5. Form and solve the quadratic equation, the product of 

whose roots is 42 and their sum 13. 

6. A number having two digits is to the number formed by 

interchanging the digits as 7 is to 4, and the sum of 
the two numbeirs is X32. Fi©d theuu 
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95. 

1. For wliat value of m will the equation 2a^-}-8x + m = 
have equal roots? 

a Find the value of x'+xi/+y' if ar= 1+V2, y = 1-V^. 

3. A and B each distribute $100 in charity. A relieves 5 

persons more than B, and B gives to each $1 more 
than A. How many did they each relieve ? 

4. Solve a^-20«* = 189. 

6. Find the H.C.F. of 

3i' + 3*-2x'+Bx-B and a?-i3^-2z' + Sx + 2. 



96. 

L si„pii» ^-%:^;^;^ 

2. Find the H.C.F. and the L.C.M. of 

34a*^>r»y*, 27a;*y»J», bly'a'x. 

3. Extract the square root of a^+l■ + 2x + \-^-~ 

9 or o ox 

4. Solve a;* — ^ = f 1 

X7/ + ^ = l) 

5. Solve aa^ + 2bx + c = 0, and show that the two roots 

are equal if & is a mean proportional between a and c, 

6. Solve V^ + V4+^ = -i=. 
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97. 



L Expand (V^-^-J" 



2. Rationalize the denominator^and then find the approxi- 

mate value of — i : — 

7-2VIO 

3. Solve 15ar-3a:»+4(a;'-5a:+5)*= 16. 

4. A man starts from the foot of a mountain to walk to its 

summit. His rate of walking during the second 
half of the distance is J mile per hour less than his 
rate during the first half, and he reaches the summit 
in 5 J hours. He descends in 3i hours, by walking 
1 mile more per hour than during the first half of 
the ascent. Find the distance to the top, and the 
rates of walking. 

98. 

1. Divide 2V3 + 3V2+ V30 by 3VB. 

2. Simplify ' ' 



4(1 + VS) 4(1-Vi) 2(l + a:) 

3. Solve ■y/x + S + ^/x + S = bVx. 

4. Find the mean proportional between (a+b)* and (a— i)*. 

5. Solve x — i/ = 2 ) 

lb(x'-i/') = 16x7/) 

6. Expand (2'V^-iy'y. 
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99. 

1. Simplify2\^ + 3<^108 + </500-</320-2\/l372. 

2. Extract the square root of 

1 + 4y-* _ 2y-i - 4y-' + 25y-* - 24y-« + 16y-'. 



3. Expand C^-iyVJj. 



4, Solve V2F+T-VF+4 = iVa:-3. 
6. Solve 2£±i-lfl-2A = 3£±l. 

6. The volume of a sphere varies as the cube of its diame- 
ter. Compare the volume of a sphere 6 inches in 
diameter with the sum of the volumes of three 
spheres whose diameters are 3, 4, 5 inches, respec- 
tively. 

100. 

1. Simplify 



a — Va' — a;* a+ Va' — x* 

2. Rationalize the denominator of z, and find the 

3-2V2 
approximate value of the fraction. 



3. Form the quadratic equation whose roots are a =fcV— 55. 

4. Solve (x-i + 2)(x-i + 5) = x-' + S. 

5. A vessel which has two pipes can be filled in 2 hours 

less time by one than by the other, and by both to- 
gether in 1 hour 52 minutes 30 seconds. How long 
will it take each pipe alone to fill the vessel ? 
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101. 



L Multiply and free from negative exponents 
- 13a-' c-» by - ia-*b-*c'. 

2. Solve ^ + V9^ ^7 

X — V9 — X 3 

3. Find an equivalent expression with a rational denomi- 

natorfor^+^. 
V7-V3 

4. Solve 2a;* + 32/" — ay = 311 

x-~y= 3J' 

6. Find the limit of the series 1 + } + \ 

6. Reduce to partial fractions by means of indeterminate 

coefficients •- ,, ~ ^7^ —• 

(a:— l)(a; — 2)(a: — 3) 

7. Expand Cl-|Y. 

102. 

1. Simplify and free from negative exponents 

2. Multiply ^-2^6 by 3a^-</36. 

3. Solve ar^ — y» = 631 

x~y = Z) 

4. How many terms of the series 54, 51, 48, etc., amount to 

513 ? Explain the two answers. 

5. Solve 3ar»-a:-» + 2 = 0. 

6. Find the first five terms, and the (r + l)th term, in the 

expansion of (1 — x)~^. 



-b 
b 



52 EXAMINATION MANUAL. 



103. 

2. Divide x'^ + y* by a?~' + y"'. 

3. Solve ^ + V23^^4 

4. A debt can be discharged in a year by paying $1 the 

first week, $3 the second week, $5 the third week, 
etc. Required the amount of the debt, and the last 
payment. 

5. Find the coefficient of a^* in the expansion of (a*— 6V)*. 

6. Solve a:» + a;y + y« = 521 

104. 

1. Simplify V5 X ^X -v/4. 

2. Find an equivalent expression with a rational denomi- 

nator for —^ 

4 + V3 



3. Solve a^-'2x+^ s/a^ — 2a; + 5 = 11. 

4. The height of a certain triangle is 4 inches less than the 

base. If the base be increased by 6 inches, and the 
height diminished by 6 inches, the area is dimin- 
ished by i. Required the base of the triangle. 

5. Find the fifth term of (3a; - 2y)-'°. 



6. Resolve into partial fractions 



(^-l)(^-2) 
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105. 

1. Simplify the expression \"v^a + J X \y/a^-b. 



2. Solve 



,x + a 



m*p (x + a) n^px 

3. Solve a:» = 21 + V(a;'-9). 

4. Solve 6xt/= S4:—x'i/^') 

X — y= 6 J 

5. The sum of 11 terms of an arithmetical progression is 

22, and the common difference is f. Find the first 
term. 

6i Find the coefficient of a^ in (5 a' — 4^;*)^ 

106. 

L Simplify and free from negative exponents 

2. Find the square root of 28 + 5 Vl2. 



3. Solve x' — x + 5V2x' — 5x + 6=i(Sx + ZS). 

4. Prove the formula for finding the sum of n terms of an 

arithmetical progression. 

6. There are three numbers in arithmetical progression 
whose sum is 15. If 1, 3, 9 are added to them, 
respectively, they are then in geometrical progres- 
sion. Find the numbers. 



6. Expand to five terms Vl + 2x. 

7. Give an example of a series of terms in harmonical pro- 

gression. 
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107. 

1. Multiply 5VI4 + 3V5 by 7VI4-2V5. 

2. Simplify \ofh-V^xbxcf, 

3. Solve ar-i + 2 = 5lj+|. 

a;~i + 5 

4. Solve 2a;*-3a:y + y' = 24\ 

3a;»-5a:y + 2y» = 33/* 

5. How many terms of tlie series 19 + 17 + 15 amount 

to 91? 

6. Prove the formula for finding tlie sum of n terms in 

geometrical progression. 

7. Find the fifth term in the expansion of VI + x. 

108. 

1. Divide 5 - 7 V3 by 1 + V3. 

2. Find an arithmetical progression such that the second, 

third, fourth, and sixth terms may form a proportion. 

3. Solve f_y=15 

y X i 

4. A person bought a number of shares in a railroad, that 

cost him $3000. He reserved 10 of the shares, and 
sold the remainder for $2700, gaining $4 a share. 
How many shares did he buy ? 

5. Find the limit of the sum of 9 — 6 + 4 — 

6. Resolve into partial fractions —. -r 

or — a* 

7. Find the fourth term in the expansion of [ 5 — - ) • 
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109. 

1. Three numbers are as 6 : 11 : 20. If 1 is added to each 

they are in geometrical progression. Find the 
numbers. 

2. Solve ^ + ? = ^+«*. 

a + b ox 

3. Divide 28 into two parts such that their squares shall be 

in the ratio 16 ; 9. 

4. The first term of a series in arithmetical progression is 

17, the last term — 12|, and the sum 26^. Find 
the common difference. 

5. Find the limit of the sum of 1 — | + A" ~ 

6. Find the first five terms, and the (r + 1) th term, of the 

expansion of (1 — a;*)"*. 



110. 

1. Simplify 



M'- 



2. Find an equivalent expression with a rational denomi- 

nator for ~ •' 

V5+V2 

3. Solve x + 5 = Vx+^ + e. 

4. A certain capital is invested at 4 per cent. If the num- 

ber of dollars in the capital is multiplied by the 
number of dollars in the interest for 5 months, the 
result is 117,0411. Required the capital. 

6. The first and the ninth terms of a series in arithmetical 
progression are 5 and 22. Find the sum of twenty- 
one terms. 

6. Find the middle term of (1 + xy\ 

7. Resolve into partial fractions — — --• 

^ x'-dx + U 
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111. 



2. Find the H.C.F. of 

3. A merchant buys some goods for $40, and sells them to 

another merchant, who, in his turn, sells them for 
$48|^. If each merchant makes a profit of the same 
rate per cent, determine what that rate is. 

4. Ifa:6 = c:c?=e:/, show that 

a + 2c + Se _ 2a + Sc + 4:e 
b + 2d+Sf 2b + Sd+^f 

6. The sum of five terms of an arithmetical series is 30, and 
the product of the first and last terms is 20. Form 
the series. 

6. If a, p are the roots of the equation a;" — a; + 1 = 0, show 
that a + /3 = 1, and a» + /3=^ = - 1. 

112. 

1. Solve x' + Sy' = 2S] xy + i/' = l2. 

2. In each of 3 battles 36 officers and 10 per cent of the 

men engaged are killed. At the end of the second 
battle the percentage of officers to men is two-thirds 
as great as at its commencement. The number of 
men at the end of the third battle is equal to the 
square of the number of officers at its commence- 
ment. How many officers and men were engaged 
in the first battle ? 

3. Find an arithmetical progression such that the sum of n 

terms shall be equal to n'. 

4. Solve x' + ^-2-y/2x'+5x + S = l- 

2 2 

5. The terms of a ratio are 7 and 3 ; what number must be 

added to each in order that the ratio may be halved? 
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113. 

1. Solve a;» + 2y« = 22; 2a:y+y* = 21. 

2. SimpHfy 2 V| + V60 - Vl5 - V| . 

3. Solve V9a7+40 + 2V^+7 = Va: + 44. 

4. What is a ratio ? Is it a quantity ? 

li m + nim — n =x + y :a; — y, show that 
a;* + w* : a;* — m' = y* + n* : y* — w*. 

5. The thickness of a hollow cylinder varies directly as the 

amount of material, and inversely as the length of 
the cylinder and the sum of the radii of its internal 
and external surfaces. If the amount of material in 
a cylinder 50 feet long, whose radii of external and 
internal surfaces are 4 feet and 3 feet, respectively, 
be 1100 cubic feet, find the thickness of a cylinder 
84 feet long, having the sum of its radii 5 feet, and 
containing 1650 cubic feet of iron. 

114. 

1. In an arithmetical progression, if Si, Sj, s, denote the sums 

to the nth, 2 nth, 3 nth terms, respectively, prove that 

SS = 3 (S;, — Si). 

2. In a geometrical progression, if ^, 4, 4, denote the nth, 

2 nth, 3 nth terms, respectively, prove that 4' = 44- 

3. Reduce to its lowest terms — ; — ^ , ^ ..^ « — ^ , ' • 

a^ — loc^y+l^xy^ — ^f 

4. Findthelimitof 1+-H--J+ 

5. A committee of 7 members is to be chosen out of a body 

of 20 protestants and 15 catholics in such a way 
that there shall be 3 protestants and 4 catholics. In 
how many different ways can such a committee be 
chosen. 
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115. 

1. If A varies as ^, ^ as (7*, (7» as i)«, and D' as U\ 

show that ^X — X — X — does not vary at all. 

jEJ e e e 

2. In how many ways can 2 white balls and 3 red ones be 

selected out of an urn containing 7 white balls and 
10 red balls? 

3. Solve — z — ^ , --— — ^ = 1. 

Vx — -\/2~-x Vx + ^/2-x 

4. Insert 10 arithmetical means between 6 and 61, and find 

the sum of the whole series. 

5. An express-train, travelling at unifonn speed, after be- 

ing an hour in motion, was delayed half an hour by 
an accident ; after which it proceeded at three-fourths 
of its original rate of speed, and arrived at the end 
of its journey 1 hour and 50 minutes late. Had the 
accident occurred after the train had travelled a 
distance of 60 miles, it would have been 1 hour and 
40 minutes late. Find the length of the line. 

116. 

1. Find an arithmetical progression such that the second, 

fourth, and eighth terms are in geometrical progres- 
sion. 

2. Solve x^=^ax + hy) y^^=ay + hx. 

3. If a be the greatest of the four proportionals a, 5, c, d, 

show that a — h>c — d. 

4. If four numbers be in proportion, and the first three be 

in arithmetical progression, show that the reciprocals 
of the last three are in arithmetical ,progression also. 

5. In what scale of notation will 540 be the square of 23 ? 
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117. 

2. Prove that a ratio of greater inequality is diminished if 

the same quantity be added to botn its terms. 

3. Solve 4a:» + a;y = 6; 3a:y + y*=10. 

4. The sum of 10 terms of a certain geometrical series is 33 

times the sum of 5 terms of the same series. What 
is the common ratio ? 

5. Sum the series 3, 2^, 2^, , to 21 terms. 

6. The volume of a sphere varies as the cube of its radius, 

and that of a circular plate of given thickness as the 
square of its radius. If the volume of a sphere of 
radius 1 inch be equal to that of a plate of radius 2 
inches, find the radius of a plate which is equal in 
volume to a sphere of radius 4 inches. 

118. 

1. In an arithmetical series the common difference is 2, and 

the square roots of the first, third, and sixth terms 
also form an arithmetical series. Find the series. 

2. Find a geometrical progression such that the sum of 

an infinite number of terms shall be 4, and the 
second term shall be J. 

3. What is the equation whose roots are double those of 

the equation a;* + a;* — 6 = 0? 

4. A cattle dealer buys sheep, and sells them at a profit of 

20 per cent. With the proceeds he again buys sheep, 
and sells them so as to gain 25 per cent. Once more 
he invests the proceeds in sheep, and this time he 
gains 16 per cent. If his last profit amounted to 
$300, how much money did he invest at first ? 

5. Solve ar* — y* = a'; x — y = h. 
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119. 

1. Solve (x + af-{x-df = 2^2cf. 



2. Solvea:«-ar + 3Va:'-3a: + 36 = 2(a; + 26). 

3. If the roots of the equation 3a:'--8ar + 6 = 0bea and j8, 

show that the equation whose roots are 5 and - is 

a p 

15a:»-34a; + 15 = 0. ^ 

4. The sum of three quantities is y. The first varies in- 

versely as a:*, the second inversely as ar, and the third 
is constant. When a; = 4, 2, 1, then y = 3, 7, 21, 
respectively. Find the equation between x and y, 

5. Three numbers in geometrical progression, if multiplied 

by 3, 2, and 1, respectively, are in arithmetical pro- 
gression. If the middle number is 18, what are the 
others ? 

120. 

1. Ifa:5 = 5:d?,then ^:^±^ = 5Llll:i±f. 

ha ah 

2. If X and y are two numbers, A their arithmetical mean, 

and O their geometrical mean, then 
a^ + f = 2{2A^-(P). 

3. If z vary inversely as Zx + y, and y vary inversely as a;, 

and if, when x = \ and y = 2, 2 = 3, find the value 
of z when a: = 2. 

4. Find two numbers such that their product, their sum, 

and three times their difference are in the proportion 
5:2:4. 

6. The cost of an entertainment was $120, which was to 

have been divided equally among the party; but 
four of them leave without paying, and the rest have 
each to pay $2.50 extra, m consequence. Of how 
many did the party consist? 
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121. 

1. If the number of visitors to a fair varies as the square of 

the number of degrees above 42** F., and if there are 
1152 visitors when the temperature is 68**, how 
many visitors will there be if the temperature is 65**? 

2. Insert between 6 and 16 two numbers such that the first 

three numbers may be in arithmetical progression, 
and the last three in geometrical progression. 

3. If J of the sum of the squares of the roots of the equa- 

tion aa:*+ hx-}-c = is equal to their product, find 
the relation between a, h, and c, 

4 Solve a: + y=a; a^ + man/-\-y^ = b. 

6. What is the price of eggs per dozen when two more in a 
dollar's worth lowers the price one cent per dozen ? 

122. 

1. Solve x — y=a; ba^ — ci/* = d. 

What do the values of x and y become when b = c? 

2. The side of a square is a. By joining the middle points 

of its sides another square is formed ; by joining the 
middle points of the sides of this square a third 
square is formed. If the operation is continued in- 
definitely, find the limit of the sum of the areas of 
the squares. 

3. Separate into partial fractions —^ -^^ — • 

^ ^ (x-l){x-S)(x-b) 

4. Find the fourth term of — - — -— -• 

(ar—bx)t 

5. How many different signals can oe made with ten flags, 

of which three are white, two red, and the rest blue, 
if all are hoisted together, one above another? 
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123. 

1. What number must be added to 20, 50, and 100, respec- 

tively, that the results may be in geometrical pro- 
gression ? 

2. Find an arithmetical progression such that the second, 

fourth, and eighth terms are in geometrical progres- 
sion. 

3. The volume of a sphere varies as the cube of its radius. 

If three spheres, whose radii are 9 inches, 12 inches, 
15 inches, respectively, are melted into one, what 
will be its radius ? 

4. Solve a^ — }^=^a^ + y^ — xy = Z. 

5. In how many ways can a base-ball nine be arranged if 

three men can play in any position, and the others 
in any position except those of pitcher and catcher ? 



124. 

1. What number must be added to 20, 50, and 100, respec- 

tively, that the results may be in harmonical pro- 
gression ? 

2. The sum of four numbers in geometrical progression is 

170, and the third exceeds the first by 30. Find 
them. 

3. Solve a:* — 1 1 a:* + 37 rr 35 = 0, one root being 5. 

4. Solve 4a; + 4V3ar^-7a;-}-3 = 3a:(a;-l)-f6. 

6. Transform 3256 from the septenary to the duodenary 
scale. 

6. Two steamers ply between the same two ports, a distance 
of 420 miles. One travels half a mile an hour faster 
than the other, and is two hours less on the journey. 
Find their rates. 



1 
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125. 

1. In an arithmetical series the second term is 21, the sev- 

enth term 41, the sum 1625. Find the number of 
terms. 

2. The first and the seventh terms of a geometrical series 

are 2 and i. Find the intermediate terms.' 

3. Prove that the difference of the roots of the equation 

a^—px + q = OiQ equal to the difference of the roots 
of the equation 3^ — Spx + 2p^ + ^ = 0. 

4. A vessel is half full of a mixture of wine and water. If 

filled with water, the ratio of the quantity of water 
to the quantity of wine will be 9 times as great as if 
filled with wine. Determine the original quantities 
of water and wine. 

1 



5. Find the tenth term of 



(x + yy 



126. 

If a:h = c: d prove that 

a(a + h -{- c + d) = (a-j- b) (a + c). 



2. Solve ^±VlEl=.m. 

x — -\/a^ — x^ ^ 

3. Solve ar' + y« = 225y") 

x'-y'= 75 r 

4. Insert 9 arithmetical means between 1 and — 1. 

5. There are four numbers, of which the first three are in 

geometrical progression and the last three in arith- 
metical progression. The sum of the first and last 
numbers is 16, and the sum of the second and third 
numbers is 12. Find the numbers. 

6. Find the fortieth term of (1 - x)-*. 
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127. 

1. Find an equivalent expression with a rational denomi- 

natorfor^^ + ^^^. 
3V2-2V3 

2. Solve ^ + 1^=18; a: + y = 12. 

3. Two vessels, one of which sails faster than the other by 

2 miles an hour, start at the same time on voyages 
of 1152 and 720 miles, respectively. The slower 
vessel reaches its destination one day before the 
other. What is the rate per hour of the faster vessel? 

4. There are five numbers in arithmetical progression. 

Their sum is to the sum of their squares as 9 : 89. 
The sum of the first four numbers is 32. Find the 
numbers. 

5. Find the limit of the sum of 4 + 3 + f + 

6. Find the value of x in an infinite series in terms of y, if 

y = l-2a; + 3a:«. 

128. 

1. Reduce to the simplest form 

2^/3(</9-2\/2| + 4^-3</2). 

2. Solve 3a7i — a:-l+2 = 0. 

3. In t seconds a body falling freely describes 16^ feet. 

The velocity of sound is 1100 feet a second, very 
nearly. If a stone dropped from the top of a tower 
is heard to strike the ground after 4 seconds, find 
the height of the tower. 

4. The sum of three numbers in arithmetical progression is 

24, and their product is 480. Find them. 

5. The third and the seventh terms of a geometrical series 

are 12 and 192. Find the tenth term. 

6. Find the tenth term of -; — -— • 

(1 — 5a;r 

7. In what scale is 4954 expressed by 20305? 
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129. 

1. Find the aritliinetical mean, the geometric mean, and 

the harmonic mean between a + 5 and a — b. 

2. A man divided $216 equally among a certain number 

of persons. If there had been three more persons, 
each would have received $ 1 less. Required the 
number of persons. 

3. Solve a:* + y*=706; x — y = 2, 

4. Find the value of the last term of an arithmetical 

series, having given the first term, the common dif- 
ference, and the sum of the series. 

5. Develop (3a~^— 2a;)~* to five terms. 

6. Separate into partial fractions — — x -\~ ^ 

ar — oar — x-{-oO 

7. How many different arrangements can be made with 

the letters of the word Jr^Amaw, if the letters Tnna 
are never separated ? 

130. 

1. Divide }Vi by V2 + 3Vi. 

2. Solver. + 4+f^Y=-i2-. 

3. A sculptor purchased two cubical blocks of marble for 

$2880, at $5 per cubic foot. The length of the two 
together was 12 feet. Find the length of each. 

4. An army on the march is advancing at the rate of 12 

miles a day, when a detachment 55 miles in the 
rear is ordered to join it. How long will it take to 
do so, if it can advance 25 miles the first day, 24 
the next, 23 the next, and so on? 

5. The third term of a geometric series is 20, the eighth 

term is 640, and the sum of the series 20475. How 
many terms are there ? 

6. Insert five harmonic means between — 1 and J. 

7. What is the sixth term of (a*- ar')-'? 
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131. 

1. Solve 9x-Sx' + ^x'-Sx + 5)h=ll. 

2. Solve a^ + xy + i/^ = b2; xi/ — x^=S. 

3. From two towns, 168 miles apart, A and B set out to 

meet each other. A went 3 miles the first day, 5 
the second, 7 the third, and so on. B went 4 miles 
the first day, 6 the second, 8 the third, and so on. 
In how many days did they meet? 

4 The sum of three numbers in harmonical progression is 
37, and the sum of their squares is 469. Find the 
numbers. 

5. Expand to six terms, in a series of ascending powers of x, 

the fraction - — — -• 

1 — x — ar 

6. How many numbers between 10,000 and 15,000 can be 

formed with the digits 0, 1, 2, 3, 4, 5, 6, no repeti- 
tions being allowed, and each number to be divisi- 
ble by 5? 

132. 

1. Rationalize the denominator of the fraction -— ::: — 

2. Solve xi + 5xi-'22 = 0. V5+V2 

3. Solve (£i^' + (£:=J^ = 8; ^ + 3^ = 2(a» + &»). 

CL 

4. There are two arithmetical series which have the same 

common difierence. The first terms are 3 and 5, 
respectively, and the sum of seven terms of one is 
to the sum of seven terms of the other as 2:3. 
Determine the series. 

5. "What is the least integer which added to each term of the 

ratio 9 : 23 will make it greater than the ratio 7:11? 

6. Ten papers are to be set at an examination, four of 

them being in mathematics. In how many difier- 
ent orders can they be set so that the mathematical 
papers shall always come together ? 



ALGEBEA. 67 



133. 

1. Solve 2ar — y = 2; 8a;» — y» = 98. 

2. A and B start at the same time from the places (7 and 

D, A to travel from (7 to Z), B to travel from D to 
C. When they meet, A had travelled thirty miles 
more than B. If they should continue at the same 
rates, A would finish his journey in 4 days and B 
in 9 days. Find the distance from C to D, 

3. The first term of an arithmetical progression is f , and 

the difference between the third and the seventh 
terms is 3. Find the sum of n terms. 

4. Find the limit of the sum of I — } + i — 

5. Resolve into partial fractions 



r'-7a:'+36 

6, From a society consisting of 12 men and 8 women, in 
how many ways can a committee of 4 men and 3 
women be selected? In how many of these ways 
will a particular woman always be included ? 



134. 

1. If a varies directly as VJ, and inversely as <?^ and if 

a = 3 when h = 256 and c = 2, find b when a = 24 
and c= }. 

2. Solve ■v/^T22--^^T3 = l. 

3. Solve x^ + f + x + y = l02; x + y + xy = B9. 

4. Find four numbers in arithmetical progression, such 

that the sum of the squares of the first and the 
second shall be 29, and the sum of the squares of 
the third and the fourth shall be 185. 

6. Insert three geometrical means between i and 128. 

6. Find the sixth term of (^a^cx — 3 6'5yi)i 
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135. 

1. Simplify V2A/2Vi^>/ V2^. 

p _p 

2. Solve af—cut''' = b. 

3. A stone is dropped from the top of a tower, and when it 

has fallen exactly half-way to a window a feet below 
the top, another stone is dropped from the window. 
After now many seconds, reckoned from the time 
when the first stone is dropped, will the first stone 
overtake the second? The space described by a 
falling body in t seconds is igf, 

4. The difierence between two numbers is 48, and the 

arithmetical mean exceeds the geometrical mean by 
18. What are the numbers ? 

5. Find the value of x in an infinite series in terms of y, if 

6. A boat's crew consists of 8 men ; 2 men can row only 

on the port side, and 2 others only on the starboard 
side, in how many ways can the crew be arranged? 



136. 

1. Solve ay' + hxy — 5 = 0; ha^ + axy — a = 0. 

2. Find in the simplest form the value of (1 + V— 3)*. 

3. If the second term of a geometric series is 24, and the 

fifth term 81, find the series. 

4. li a:h~c\ d, prove that Va + ft : V3 = Vc+ d: V3. 

5. On how many nights may a different guard of 5 men 

be selected from a company of 36 men, and on how 
many of these would tne oldest man liave to serve ? 

x^ a? 

6. If y = a; — — + -T- , find the value of x in terms of y. 
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137. 

1. Find the tliree cube roots of 1. 

2. SolveJ:^+JiS = 2; xy-^-y=76. 

^x + y II 5a; 

3. How many signals can be made with 3 blue and 2 

white flags which can be displayed singly, or any 
number at a time, one above another ? 

4 Find the least number which, if divided by 15, leaves 
a remainder of 14, and if divided by 13, leaves a 
remainder of 12. 

6. Find by the method of finite differences the sum of 
3 + 11 + 31 + 69 + 131 + , to 20 terms. 

6. How many balls are there in an incomplete square pile 
if the upper course consists of 529 balls and the 
base of 5184? 

138. 

1. Solve 3^ + 7/^ = 0X1/) x-\-y = hxy, 

2. From a horse-car station, a closed car leaves every 9 

minutes, beginning at 7 o'clock a.m., and an open 
car every 16 minutes. At what times will an open 
car leave exactly 3 minutes after a closed car ? 

3. If on an average A solves 3 problems out of 5 which 

he tries, and B solves 2 out of 5, what is the proba- 
bility that a problem which both try will be solved ? 

4. Find by the method of indeterminate coefficients the 

sum of 1 -f 2*+ 3' + 4' + , to twenty terms. 

6. liy=^x-\-3i^-\-a?, find the value of a; in terms of y, de- 
veloping the series to six terms. 
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139. 

L Solve i + l = J-; U\=L . 
X y x+y or If or 

2. A man wishes to make up as many different parties as 

he can out of 20 friends, each party consisting of 
the same number. How many snould he invite at 
a time, and how many parties will there be ? 

3. If on an average 2 ships out of 5 return safe to port, 

what is the chance that out of 5 ships 'expected at 
least two will return ? 

4. A man wishes to build a wall 31 feet long, and has 

stones of 4 different lengths : viz., 2.2 feet, 2.5 feet, 
3 feet, 4.1 feet. How many of each kind may he 
use in laying a course ? 

5. Solve by resolution into factors a:* — 3 a:' + 3 a; — 1 = 0. 

6. Find by continued fractions the fourth convergent 

value for VIO. 



140. 

1. What relation exists between the two roots of the equa- 

tion aa:*+5a; + a = 0? 

2. Solve a;«-y» = 3; (a: + y) (r» + y») = 7. 

3. Find by means of the binomial theorem the value of 

V16.16 correct to fiN^ decimal places. 

4. Find by the method of finite differences the sum of the 

infinite series l + bx + ^a^ + l^a? + 17a:* + 

5. Expand to four terms by the method of indeterminate 

coefficients — 



l + a: + a;* 

6. Find the least integral values of x and y which will 
satisfy the equation a^ — 20^* = 1. 
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141. 



1. Define a hgaiithm, its characteristic, its mantissa. Prove 

that logmn = logm + logw. 

2. If 2 is the base of a system of logarithms, find the loga- 

rithms of 8, -^y and Vl6. 

3. Given log a, log h, log <?, and log d ; how is the value of 

log 5^ found? 

4. Find by logarithms the value of 24.13 X 6.052. 

5. Find by logarithms the cube root of 3852. 

6. Find the value of ^?^^-^y^. 

(30.57)' 



142. 

1. State and prove the rule for finding the logarithm of a 

quotient. 

2. If the base of a system of logarithms is 3, find log 9, 

logVr.log27Mog^J^. 

3. What is colog 10 in the common system ? 

4. If log 6492 = 3.81238, find log 0.00006492. 

5. Find the mean proportional between (0.01)* and (0.2)*. 

ft Find the value of (QQQ^234)^><(QQ1^)*. 

24* 
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143. 



1. What is the logarithm of 1 in any system ? of the base 

of the system ? of the reciprocal of the base ? If the 
base is greater than 1, for what numbers are the loga- 
rithms positive, and for what negative? Give rea- 
sons for your answers. 

2. If the base of a system of logarithms is f , find log ^^, 

logW. andlog-v/^. 

3. If log a = 0.7824, and log b = 0.6358, find log V^+^. 
4 Find the value of Y^^ 

5. Solve 20- =100. 



144. 

1. If the base of a system of logarithms is 64, find log 4, 

logl6,log32,logYiTr- 

2. Of what number is — J the logarithm in a system whose 

base is 16 ? 

3. Find the value of 5^^^;^'. 

13 

4. Find the square root of ^^^ii^.Y^^ - 

^ 0.00081 

5. Solve 10^=2.45. 

6. A man owes $ 14,720.20. At the end of each year he 

pays $2000. In how many years will the debt be 
paid, the rate of interest being 6 per cent? 
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145. 



1. If the base of a system of logarithms is ~ f , find log — ^, 

logf logfj. 

2. Of what number is — 5 the logarithm in the common 

system? in the system whose base is 3? in the sys- 
tem whose base is i ? 

3. For what base is log ^ f^ ^ equal to 4 ? 

4. Find the sixth root of 0.000000004096. 

5. Find the value of 42X12^6^. 

\/l08 

6. Solve (|)' = 17.4. 



146. 

1. If the base of a STstem of logarithms is — 6, find log 36, 

log 1296. log- tIt- 

2. Find the value of (S.Sl)-'". 

3. If ^''8:37 : (0.84)' = ^^0.054321 : x, find tbe value of x. 

4. Find the value of (15-^)* X(Qy. 

(0.00065)* 

5. Solve (i)'=l. 

6. What sum will amount to $1000 in 10 years at 5 per 

cent per annum compound interest? 
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147. 

1. What is the logarithm of 512 to the base 2 V2 ? 

2. What is the base of the system in which log 81 = — 4 ? 
1.265 X 0.01628 



3. Find the value of 



2.2825 X 64.28 



4. Find the mean pro portional between 

V4?756 and </(p.0078y. 

5. Find the value of >/381 + ^v^. 

6. In how many years will a given sum of money 

itself, at 3 per cent per annum compound interest, 
payable semi-annually? 



148. 

1. What is the logarithm of y^ to the base 2V3? 

2. Find the value of •^(24.4)-t. 

3. Given the Napierian base 2.71828 ; find the Napierian 

logarithms of 19, 23, 29, and 31, to five decimal 
places. 



4. Find the value of /^^^-^SV. 

wo.oiy 



5. A man places $25,000 at 5 per cent compound interest, 

and draws out $ 1000 at the end of each year. What 
will be due at the end of 12 years ? 

6. Solve 2* = 769. 
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149. 

1. What is log 1 in any system ? Why ? 

2. If the base of a system of logarithms is a, what is log a, 

log-, logo', log\/^, log^, log^^j"? 
a Find the value of Al^/I + -s/E. 

4. Find the value of Jii^^S. 

^ 126\/| 

5. Given the Napierian base e = 2.71828, log.5 = 1.60943, 

log, 11 = 2.39789; find to five decimal places the 
common logarithms of 5 and 11. 

150. 

1. If the base of the system is a", what is log a", log a**, 

2. Find the value of ."V 172500 



-J/OOl 



3. Find the value of :fet3ffi?. 

18Va95 

4. Find the modulus for changing common logarithms to 

those whose base is 7. 

6. Find to five decimal places log 54 in a system whose 
base is 12. 

6. A spendthrift, at the age of 30, comes into possession of 
a fortune of $200,000, which pays 5 per cent. He 
spends each year all his income, and also borrows 
$2000 at 5 per cent compound interest. How old 
will he be when his fortune is all gone ? 



EXAMINATION PAPEES IN ALGEBRA. 



I. 

BowDoiN College, Brunswick, Mb. 

Examination for Admission, June, 1883. 

1. Dividea?* + ic» + 5a;-4a:»-3by a:* — 2a:-8. 
Divide a« - J« by a» + 2a'6 + 2a5' + b\ 

2. Resolve a:*' — y*' into five factors. 

3. Find the L.O.M. of (a; + 2 a)», (a: - 2 a)», and (a;* - 4 a'). 

4. From subtract -^ 5- 

a — x or — or 

5. Multiply together i—^, i-^l^. andl+T^— 

1+ y a: + ar 1—x 

6. (^ + 4)(^--}) + |=(^ + 5)(a:-3). Find a;. 

7 4a? + 81 ft 12a? + 97 . t.- . . 

'• T?;^ — —n^ — 6- r;^ — ^^r;; = 4. Find a: and y. 
lOy-17 15y-17 ^ 

8. Find the square root ofa:*— a;' + — + 4a:-2 + — • 

4 2^ 

9. — ^^^^^ — ^^^ — ■===' Reduce this to a fraction with ra- 
1 + a-VT^^' 

tional denominator. 

la ia;»-ia: + 7|=8. Find a?. 
a:»-8a:» = 513. Find a?. 
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11. 

Dartmouth College, Hanover, N.H. 
Snirance Examination, Jurie, 1883. 

1. Divide a* + -i — 2 by a. 

or •'a 

2. Resolve a" — ai^^ into six factors. 

3. Find the L.C.M. of a^-x, x'-x-2,a.nd a^+1. 
^x — 1 y'ar- 



4. Eeduce | 



^(y*+^)to 



its sinplest form. 



x'+y' y*- . 
6. Solve the equations : (i.) 2x — lx -— ) = -5- ; 

1 

, 4 
(iii.) 



("•) 



2 + 4' 



= 3 



3 "6-"' 



a: y~12 

6. Write the values of 8-», 8", 16», and (8a»6')l. 

7. Multiply together Voi?, a*J~'c*, and a"i6lc~'. 
a Divide a* - 6' by oi - VJ. 



III. 

Boston Univessity, Boston, Mass. 

Examinalnon for Admiteion, June, 1882. 



\-a* l-y* 



, and 



1 



1. Multiply together ^_^^. ^^^, — ^_^ 

plify the result as much as possible. 

2. Given 2LlL? - £±-^ = I 'LzUi-^LzJi 



and sim- 



2 4 2 5 6 

y+z _ x+y ^ 



= 0, and 



2 



- 4. Find the values of a;, y, and z. 



ALGEBRA. 79 

3. Sin^plify -^^--A_ + ^^. 

4. Extract the square root of 40a; + 25 -14rr»+ 9a^- 24a:». 

5. Given Sx" — 2xy = 15 ; 2a: + 3y = 12. Find values of 

X and y. 

6. Express with a single radical sign. 

V2 

7. Expand (1 — 2a?f by the binomial theorem. 



IV. 

Brown University, Providence, R.I. 

Examination for Admission^ June, 1883. 

1. Factor a;* — y* ; also, factor 4a*— 8a*a: + 4a'a;*. 

2. 6£±I_|£ii2^2^. Find value of ^. 

15 7a:-6 5 

3. A sum of money is divided equally among a certain 

number of persons; if there had been four more, 
each would have received a dollar less than he did ; 
if there had been five fewer, each would have re- 
ceived two dollars more than he did ; find the num- 
ber of persons and what each received. 

4. Multiply a* — ai -f- 1 — a~i -f- a~i by ai -f 1 — a""*. 

5. -y/a + x -f- -y/a—x = -y/b. Find value of x. 

6. x + y = 4:] - + _ = i. Find values of x and y. 

X y 

7. A boat's crew row 3 J miles down a river and back again 

in 1 hour and 40 minutes ; supposing the river to 
have a current of 2 miles per hour, find the rate at 
which the crew would row in still water. 

8. Find sum of six terms of the geometrical progression of 

which |- is the first term and f the second term. 
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V. 

Mass. Institute of Technology, Boston, Mass. 

^hitrance Examination^ Junt^ 1882. 

1. Factor the following expressions : 

4a:*-12a;y + 9y; a:» + 5a: + 6; a;* — 8y». 

2. Find the G.C.D. of 

2a:» - 4a;' - 13a; - 7 and 6a;' - 11 a:* - 37a: - 20. 

3. Find the L.C. M. of 4(1 + a;), 4(1 - a;), and 2(1 -oT). 
2a + b 2a-b 6ab 



4. Simplify - 



a + b d? — h^ 



6. Multiply a* + a' and Va together. 

6. Solve the equation , + a + — = 0. 

b — cx c 

7. Solve the simultaneous equations 

"^^ y^^-Q and^ I y~^-a 
5 ~ 10 ~^ ^'''^6+ 4 "^• 

8. Extract the square root of a;* — 2 sfy + 3 a;*y* — 2 xi^ + y*- 

9. Solve the quadratic equation x — ^~ = =-• 

8a; — 3 x-\- 1 

10. Solve the simultaneous quadratic equations 

1^1 . , 1^1 ,o 
-+- = 5and^ + p = 13. 

VI. 

Entrance Examination, 8ept.^ 1882. 

1. Factor the following : 

9m*-24m + 16; a;* - 2a;y + y» - 2». 

2. Find the G.C.D. of 

12ar» - 9a;» + 5a; + 2 and 24a:» + 10a; + 1. 
8. FindtheL.O.M. ofa;«-l; a;» + 2a;-3; 6a;»-a?-2. 
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4. Simplify ^3^+^^:3^-^^3^ 

5. Show that 

(a+iV=^)(a-5V=4)=(a+&+V2^)(a+*--V2^). 

6. Solve the equation ^f^^ - ^^ = ^ - i 

oa: box 

7. Solve the simultaneous equations 

y — a: 8 ' 7 

8. Extract the square root of 

9. Solve the quadratic equations 

^ + ^_^=0andl9:c*+216a:^ = a:. 
3 4 3a 

10. Solve the simultaneous quadratic equations 
- + f = l,and- + - = 4. 

VII. 

Haevaed College, Cambeidge, Mass. 

Examination for Admission, June, 1883. 

1. Solve theequationi = 2-^^^|^^. 

2. A man walks, at a regular rate of speed, on a road 

which passes over a certain bridge, distant 21 miles 
from the point which the man has reached at noon. 
If his rate of speed were half a mile per hour 
greater than it is, the time at which he crosses the 
bridge would be an hour earlier than it is. Find 
his actual rate of speed, and the time at which he 
crosses the bridge. Explain the negative answer. 
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3. Find the prime factors of the coefficient of the 6th tenn 

of the 19th power of (a — h). What are the expo- 
nents in the same term, and what is the sign? 

4. Reduce the following fraction to its lowest terms : 

5. Prove that, iia:h = c:d, ^= «:z^ = ? = ^. 

c +d c — d c d 

6. Solve the equations, xy = ^ — i^\ 2a:* — y*=17. Find 

all the answers, and show what values of ^ and y 
belong together. 

VIII. 

Yale College, New Haven, Ct. 
Examination for Admission, June, 1883. 

1. Reduce the following expression to its simplest form: 

1 + I + I 

x(x — a){x — b) a(a—x)(a~b) h{b—x){h — a) 

2. Resolve i^—h^ into three factors. 

3. Change xy~^ — 2xi^y~'^z''^ + z~'^ to an expression which 

will contain no negative exponents. 

^ j^ a + h + c + d _ a-h + c~d ^ ^^^ principles 

a + h-c-d a-b-c + d^ J f f 

of proportion that 7 = •^• 
b d 

5. Find the value of 2a Vr+~? when x = ■^(\t ~\~]' 

6. Given (7- 4V3) a;* +(2- V3) a: = 2, to find a:. 

7. The sum of two numbers is 16, and the sum of their 

reciprocals is \. What are the numbers ? 
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8. Compute the value of the continued fractiqn 

1 

9. Convert — _ into an infinite series by the method 

of indeterminate coefficients, or by the binomial 
theorem. 

10. Insert three geometrical means between i and 128. 



IX. 

Sheffield Scientific School, New Haven, Ct. 
Entrance Examination, June^ 1883. 

Candidates for examination in this subject as a whole should 
take the whole of this paper ; those for the first year's partial exam< 
ination, the first part of it ; those for the second year's partial exam- 
ination, the second part. 

State what text-book you have studied, and to what extent. 

I. 

1. Reduce to their simplest forms the fractions 

{' \ ac + hd+ad+bc . ,-- >. cud^ — haf^"^^ 
^^'^ af+ 2bx + 2ax + hf ^^^'^ a^bx - b'a^ ' 

2. Given g^ - (o^ + ^7^ -.hx = ae-S bx, to find x. 

d a 

3. A sum of money, at simple interest, amounted in m 

years to' a dollars, and in n years to b dollars. Find 
the sum and the rate of interest. 

4. Prove that if < 1 — -, and m is positive, then a:<y. 

m X '■ 
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6. (i.) Simplify (a* y)i + (a* c^*. 

(ii.) Extract the square root of 6 Am** + h^ + 9 m*". 

(iii.) Reduce — === to an equivalent fraction 

"y/x + a— V a: — a 

with a rational denominator. 

II. 

6. Given Iba^ — 20a: = 35, to find x, 

7. Given "^ "^ ^^^ ^(^^_ £)' , to find x. 

8. Given a^ — x7/ = ^8 and a?y — y* = 12, to find x and y. 

9. The number of permutations of n things taken r to- 

gether is equal to 10 times the number when taken 
r — 1 together ; and the number of combinations of 
n things taken r together is to the number when 
taken ?• — 1 together as 5 to 3 ; required the value 
of n and r. 

10. Expand into a series of ascending powers of x, 

by the method of indeterminate coefficients. (Four 
terms of the series will be sufficient.) 

X. 

Entrance Examination^ Sept., 1883. 
(State what text-book you have studied, and to what extent.) 

1. Given ^""^ . = a and ^'[^ . = 5, to find x and y. 

2. SimpHfy(i.) V27 + 2V48 + 3Vi08: 

(ii.) (V^yiV^^y, 

fui.) ^ 
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8. Form an equation whose roots shall be 2 and — 3. Re- 
solve a:* — 3 a: + 4 into two factors. 

4 Given - + - = 5 and 3 + -5 = 13, to find x and y, 
X y xr y^ 

- ^. 3a;+V4a: — a:* o x £ j 

5. Given , = 2, to find a?. 

3a:-V4a:-a;» 

6. To deduce a formula for the sum of a geometric pro- 

gression in terms of the first term, the ratio, and the 
number of terms. 

7. Having 10 difierent letters, how many sets of two each 

can you form of them, difiering by at least one 
letter? 

8. Expand into a series of ascending powers 

1 — 2x-{-ar 

of X by the method of indeterminate coefficients. 
(Four terms of the series will suffice.) 



;ion. 



9. Express log \—^ in a form adapted to computati 

10. To deduce a formula for the amount of a given sum 
of money for a given time at a given rate of com- 
pound interest. 



XI. 

Amherst College, Amherst, Mass. 

MBamination for Admission, June, 1883. 

1. Find the value of 6a - [45 - {4a - (6a --46)}]. 

2. Divide a-»*- &•" by a"*- 6'*. 

8. Show that a* = 1 ; also, that a"* = 1 -^ a*. 
4. Resolve a**— 5*** into its prime factors. 



EXAMINATION PAPEBS. 



6. Find the G.C.D. of a*- 5* and cf + a^h-ah^-h\ 

6. Given Sax—2bx—ic—i7nx=ic-i-imx—n—bx+2ax, 

to find X, 

7. Divide the number a into two parts, such that the sec- 

ond part shall equal m times the first part plus n. 

& 3y— 2a: = 9; 7a: + y = 26; find a: and y. ^ 

9. Multiply -Va + c by Va + c. 

10. Sx'~^x = lb. Find a?. 

11. Expand (1 + a^y by the binomial formula. 

12. Find the (2w)th term of the series 1, 3, 5, 7, 



XII. 

Williams College, Williamstown, Mass. 

IhUrance Examination, June, 1883. 

1. Divide a:* + -J + 2 by a; + -. 

5/ X 

2. 

2. Add the fractions — ■ and — — — — 

2a — 2b 2b — 2a 

3. Simplify ^ 



.+1 



4. The sum of two numbers is 5760, and their difference is 

equal to one-third of the greater. Find the numbers. 

5. ? + | = l; ^ + i^ = |. Find ^ and y. 
a^b V 3a 66 3 ^ 

6. Solve the equation V3a?+4 + V3a; — 5 = 9. 
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XIII. 

Tufts College, College Hill, Mass. 
Examination for Admission^ June^ 1881. 

1. Divide 2a"^* — 2a'^' - a*+"+ a** by 2a - oT. 

2. Find the G.C.D. of oi + am, hn + mw, and b^n — m*w. 

3. Simplify — p^. 

4. Solve 3:r-3£=d9_8 = 23^+5£:^ + 10. 

5. Solve V4+a: = 4 — Var. 

6. Solvei + 2 = lland§ + 4 = |. 

a: y 15 a; y 5 

7. There are three numbers whose sum is 324 ; the second 

exceeds the first as much as the third exceeds the 
second; the first is to the third as five to seven. 
What are the numbers ? 

g^ X b 

8. - + - = ^. Find the values of x. 
a X 

XIV. 

Trinity College, Hartford, Ct. 

Examination for Admission^ June, 1883. 

(One problem may be omitted in each of the three divisions indi- 
cated by the letters A, B, C.) 

A. 

1. Find the G.C.D. of 2a:» + a:- 1, a:*+5ic + 4, and a:* + l. 

o a t 4-1; 4.- 6a7 + 7 2a;-2 2a:— 1 

2. Solve the equation — -^ = — 

15 7 a; — 6 5 
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3. Two workmen together finish some work in 20 days; 

but if the first had worked twice as fast and the 
second half as fast, they would have done it in 15 
days. How long would it take each alone to do the 
work ? 

B. 

4. Multiply 2V=^-3V=^ by 4V^+6V^; di- 

vide V— 5 by V— 1. Explain the process in each 
case. 

5. Solve the equation Va?— 3 — Va:— 14 — V4 a: — 155=0. 

Give and explain the rule for solving a quadratic 
equation. 

6. Solve the equation^^ + | = ^^^ + ^; 

also, a^ + 4 a;* = 117. 

0. 

7. Find two numbers such that their product is 96, and 

the difference of their cubes is to the cube of their 
difference as 19 to 1. 

8. In an arithmetical progression, a = 3, Z=42f, eZ = 2i; 

find n and s. Explain the rule for the sum of a 
geometrical progression. * 

9. Expand (a — h)^ and ( ^ + 3 y ) by the binomial theorem. 

XV. 

Wesleyan University, Middletown, Ot. 

Examination for Admission, June, 1883. 

1. When a = 1, b = 0, c—% find the value of 

(3a + 2)(2a + 5)-a{2c-a[(3a' + 6) + c]}. 
Multiply a^s^^\^'lahQl^ by 2a'arl — oia;*. 
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2. Factor y'-64; a^b^ -Bab — A. 

3. Given 7(|- l)-3(2y+8) = 0; ^-^-^^2^=0; 

to find rp and y. 

4. Solve at least two of the following : 

(i.) 6x'-lSx + 6 = 0; 

(ii.) 3y"^/^+-^=16; 

(iii.) ^ + 2^ = 8; i+i = |. 
How do you " complete the square " ? 

5. From a^ ^ *" take b \j^^ — ^, and express the re- 

suit in its simplest form. 

6. Write the repeating decimal 0.3 as the sum of a geomet- 

rical progression. Find the limit of the sum. 

XVI. 

COBNELL UnIVEBSITY, ItHACA, N.Y. 
JBntrance Examination, June, 1882. — Elementary Algebra, 

1. Define: known and unknown quantities, positive and 

negative quantities, addition, a common multiple of 
two or more numbers, a radical, an equation, a 
theorem. 

2. Resolve m*— n* into three prime factors. 

8. Reduce the fraction ^ — ' r^-r y ^ ^^ equivalent 

^x — y 
fraction having a rational denominator. 

4. Divide a; + y + z — 3 ^xyz by a;* + y* + zi. 
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5. For $8 1 can buy 2 pounds of tea, 10 pounds of coffee, 

and 20 pounds of sugar, or 3 pounds of tea, 5 pounds 
of coffee, and 30 pounds of sugar, or 5 pounds of tea, 
5 pounds of coffee, and 10 pounds of sugar. What 
are the prices ? 

6. Solve the equation ^^ + f = § - ^^- 

7. Solve the equation a: + 5 + Va:+5 = 6, giving all the 

roots. 

8. Solve the equation -£i-^ + ?.I-=^= 1, and get the 

x—2a x+a 
sum and the product of the two roots. 

XVII. 

Entrance Excmirvation, June^ 1882. — Advanced Algebra. 

1. Prove the formula for the development of (a + x)* ; and 

from this formula get the development of (1-f aj+a;*)', 
and four tenns of (a* — a^)~^. 

2. Prove the formula for the sum of a geometrical progres- 

sion, the first term, the ratio, and the number of 
terms being given. From this formula obtain an 
expression for the amount of a deferred annuity at 
compound interest ; the annual payment, rate, and 
time being given. 

3. By the method of differences, find log 24, by continuing 

the series : log 20 = 1.3010, log 21 = 1.3222, 
log 22 = 1.3424, log 23 = 1.3617. 
From the same data find log 21} by interpolation. 

4. Prove that log^S X log^a; = logaO:. 

5. By the method of undetermined ceefficients prove that, if 

y = x-\-ii^ + Qi?+ , then also x = y — y^-\-i^— 

6. By continued fractions, find ^\q successive approxima- 

tions to the value of V2. 
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7. Depress the equation ar*+2ar* + ^ = 35a: + 74, by re- 

moving a commensurable root, and then find an in- 
commensurable root correct to two decimal places. 

8. Prove that, if the coefficients of an equation with one 

unknown quantity be real, any imaginary roots 
enter it in pairs. 

XVIII. 

Stevens Institute of Technology, Hoboken, N.J. 

Specimen Entrance Examination Faper. 

1. Multiply V2a by -y/Sa, 

2. Divide 1—x by 1 + x to four terms. 

3. Divide V3a by ^/2c^. 

4. Solve l-.f^^ = and a-^2^::^ = l. 

by —c \ — x 

Sx-2y 

5. Solve a — = = 2; 4:x — dy = 2. 

7 

6. Solve -Va — x — Vi — x= -yjc — x. 

7. Solve 3a:y-5y* = 2; 5a;y-f-3:r^ = 1. 

8. Solve ' — ^ = a; bx — -^—= = ay. 

y X 5 *^ 

9. Establish the equation for the permutations of n things 

taken r at a time. 

10. Prove that a proportion taken by division is a true 

proportion. 

11. If X varies as a+by, and when x=l, y = 2; and 

x = 2, y = — 5 ; show that 7x = 9 — y, 

12. In an arithmetical series, given the common difference, 

first term, and number of terms, to find the sum and 
the last term. 

13. In a geometrical progression, given the first term, 

number of terms, and the last term, to find the sum 
of the terms. 
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XIX. 

Madison Univebsity, Hamilton, N.Y. 
Entrance Examination, June, 1882. 

1. Define : (i.) positive and negative quantities ; (ii.) sys- 

tem of notation ; (iii.) similar terms ; (iv.) ratio ; 
(v.) compound ratio ; (vi.) proportion. 

2. Multiply arh '-a^^'b^'+l by a»"& " + 1. 

3. Rationalize the denominators of the following fractions : 

1 af^ 3 



(2)* ^ (3)i + (5)* 

4. Given ^^^ = ^^ + (Q^)* , to find the value of x. 

2 + x^ 40 + a:* 

5. Four given numbers are represented by a, i, c, and d ; 

what quantity added to each will make them pro- 
portional? 

6. Suppose a body to move eternally in this manner : viz., 

20 miles the first minute, 19 miles the second min- 
ute, 18^ miles the third minute, and so on in geo- 
metrical progression ; what is the utmost distance it 
can reach ? 

7. A hare, 50 of her leaps before a greyhound, takes 4 leaps 

to the greyhound's 3; but 2 of the greyhound's 
leaps are equal to 3 of the hare's. How many leaps 
must the greyhound take to catch the hare ? 

XX. 

Vassar College, Poughkeepsie, N.Y. 
Specimen Examination Paper for Admission. 

1. Factor the following expressions : 
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2. What is the rule for transposing a term from one side 

of an equation to the other ; what is the principle ? 

3. Solve the equation r = -. 

a a + b a — b 

4. Find the fifth power of 2 a' ; the fourth root of ,^ .,,, - 

5. Square x ; cube 3 + V2l 

X m 

6. A and B engage to mow a field. A alone can mow it 

in b days, and B alone in c days. In what time can 
both together mow it ? 



7. Solve the equation -y/x + 4 — -y/x = Var + f-. 

8. Solve the the equations 

a;»-y' = 215; x' + X7/ + y' = ^S. 

9. Find four values of x in the equation a:* + -5 = a' + -,- 

3/ CI 

10. Form the equations whose roots are a, — a, and b, 

11. Deduce the formula for the sum of n terms of a 

geometrical progression. 



XXI. 

CoLLBOE OP New Jersey, Princeton, N.J. 
Examination for Admission, Sept., 1883. 

1. What text-book have you used ? 

2. Simplify the expression ^ ^L2_ZE — 

b~a 
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8t Solve the following equations : 

5 6x I 7a; + 14 _ 17~3a: 4x + 2 , 
3 5 3 ' 

a:l + a:i = 6. 

4. Solve the simultaneous equations : 

5. Divide x + y + z — Za^y^z^ by a;i + y4 + zi. 

6. Find the square root of 

16a;* - IGaia;" + 16iV + 4a»i» - 8d!>» + 4i^*. 



XXII. 

John C. Green School of Science, Princeton, N.J. 
Entrarice Examination, Sept., 1883. 

1. What text-book have you used, and how much of it have 

you studied ? 

2. Solve the following equations : 

(3a — x) (a + 2a;) = (5a + x) {a — 2x) ; 

3. Solve the following pairs of simultaneous equations : 

^-y = 31; a; + | = 33; 

a;» + y» = 85 ; xy = 42. 

4. Form the quadratic equation whose roots are f and |. 

5. Add </\, Vi^, and V^. 

6. Find the square root ofa;*+— + 4a;*— a; + 4a;*— 2a;~i 
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XXIII. 

University of Pennsylvania, Philadelphia, Pa. 

Examination for Admission, June, 1882. 

1. Divide a^-9afi + 2bx^-Sa^- mx'+ 156a: - 72 by 

a^ — 2a^ — 4:X + S by synthetic division. 

2. Simplify (^_ j)(^_^)+ (^_^)(5_^) + ^^^^^^^-6) 

3. Simplify 

4. Find the difference between 2 + l + i + to infinity, 

and i + i + J + to 12 terms. 

5. Find the square root of 

a^-l2x'+623f-lS0a^+S2lx*-Sma^+24Q3?-9ex+16. 

6. Find the value of x from V2a; + 6 + V2a;-5 = 11. 

7. Find a: and y from 
" +A; = ;^and ^ 3 _ 1 



x + 2 y-S 12 a; + 2 y-3 12 

8. Solve the equations rp + y — z = 4, 2a: — 3y + 4z = 20, 

and5a: — 6y + 32=10. 

9. Find a: from \ = 1+1 + 1. 

a+b+x a b X 

10. Solve the equations 3:*+ 10a:y = 11 and 5a:y — 3y* = 2. 



XXIV. 

University of Michigan, Ann Arbor, Mich. 

Examination for Admission, June, 1883. 

1. Define exponent. Illustrate the significance of fractional 
and negative exponents. Write Va?y^ without 
using the radical sign. 
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2. Define elirnination. What method do you prefer, and 

why ? Apply to the equations 

a , b c , d 

- + - = w; -+-=w. 

X y X y 

3. Expand (a* + re*)* by the binomial formula. 

4. Solve the equation 3a^ ^ 15 + V9"a;. 

2 + VS 40 + VS 
6. Produce the formulae for last term and sum in arith- 
metical and geometrical progression. 

6. Simplify i ^V , k £Z.. 

X or 

7. Rationalize the denominator of 



■y/a^ + x+l + ^x' + x-'l 

8. Solve the simultaneous equations 

4(^ + y) = 3a^; a; + y + rr' + .y» = 26. 

9. Solve the simultaneous equations 

oi^ + xy + y^ = b2\ xy — a^ = ^. 
10. Define logarithm^ mantissa, characteristic. How can 
you extract roots by logarithms ? 
Given log x = 2.301030, what is log xk ? 



XXV. 

Lake Foeest University, Lake Forest, III. 

Enirance Examination, Junt, 1882. 

1. Define coefficient, exponent, similar quantities, monomial, 

binomial, equMion. 

2. Find the G.C.D. of 

a:* + 2a;" + 9and7a;»-lla;»+15a: + 9. 
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3. Find the value of x in 

3a7-l . b-x 2ar-4 _o x + 2 
7 4 12 28 * 

4. Explain the rule for subtraction, showing why the 

signs of the subtrahend are changed. Illustrate by 
diagram or numbers. 

5. A man rows a boat with the tide 8 miles in 48 minutes, 

and returns against a tide two-fifths as strong in 80 
minutes, what is the rate of the stronger tide ? 

6. The product of two numbers is 702, and their sum is 60. 

Find the numbers. 

7. Factor a;'-2rr-3andar»-a;'-13a; + 24. 



8. So\Ye^^^^-:^^^^ = ^-x. 



9. Solvea: + 5V37-a; = 43. 
10. What number added to its reciprocal makes 2.9 ? 

XXVI. 

Education Department, Ontario. 

Examination of Third Class Teachers, July, 1883. 

1. Divide 

(i.) (a-h)e^-\-{h-c)a'^ + (c-a)U^ by 
(a — h)(h — 6) (c — d)] 

^''•^"^Y" ^y» ^x y 

2. What must be the values of a, b, and c, that a^ + cux^ 

+ bx + c may have a; — 1, a: — 2, and a; — 3 all as 
factors? 

3. Find the H.C.F. of 

(i.) 3a;*-4ar'+land4a?*~5a;»-a;' + a; + l; 
(ii.) 8ar»-y»+272»+18a:yz and 4a:*+12a;z+92»-y'. 
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4. Simplify 

^ '^ bx*+(_ab + l)x'+(a + b)x+l 

5. Find the value of x that will make "^+^'1+"^+^^ 

independent of c and d. x — 6c + 

6. (i.)Ifa + ft + . = 0.theni+l+-L={i+l+ip 

(ii.) If a: = a' + ^* + c* and i/ = ab+'bc + ca, 

then ar» + 2^* - Sa^y" = (a» + &» + c» - 3a5c)^ 
(iii.) If 2a = y + 2;, 26 = z + ar, 2e? = a; + y, express 
(a + b + cy -2(0 + 1} + c)(a^ + 6^ + 0") 
in terms of a;, y, and z. 

7. Find a value of a which will make the quantities 

Ca + b)(a + c) ^^^ (a + c)(ia + d) 

a + b + c a + c-{-d 

equal to one another. 

8. Solve the equations 

(i.) Va: + 3+Va; + 2 = 5; 
n\\ 5~a: , 5 — 2a: x + 1 2 + 5rg _^. 
^ ^^ 3 "^ 4 "^ 3 2 ~ ' 

(iii.) (a; + or + b)(ic + d) = (x + c + d)(a + b), 
where c + c? is not equal to a + i. 

9. One side of a right-angled triangle exceeds the other 

by 3 feet, neither being the hypotenuse, and its area 
is 18 square feet. What are the sides ? 
10. A cistern with vertical sides is h feet deep. Water is 
carried away from it by one pipe |- as fast as it is 
supplied by another. Find at what point in the 
side the former pipe must be inserted that the cis- 
tern may fill in twice the time it would did water 
not flow from it at all. 
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XXVII. 

University of Toronto, Toronto, Ont. 

Junior Matriculation. — Annu^ Examination for Honors in Algebra, 

1883. 

1. Find the product of (a + i), (a^ + ah + b% (a — b), 

emi^a'-ab + b'). 

2. If a and b are positive integers, show that 

3. Prove the rule for finding the G.C.M. of two quantities. 
Find the G.C.M. of 6 ar*+ 15 a;*y- 4 a:* z'- 10 a;'y2:' and 

daf'y - 27x'yz - 6xyz^ + ISyz'. 

4. State the rule for extracting the square root of a, com- 

pound quantity. 
Extract the square root oi x^ -\-y. 

6. Solve the following equations : 

(i.) 3a; + z = ll, 2y + 32J=16, 5a; + 4y = 35; 
x + a ^ + b _ 



(ii.) 



x—a X— b 



ax X 

6. When are quantities said to be in geometrical progres- 
sion, when in harmonical progression, and when in 
arithmetical progression ? (i.) Find two harmonical 
means between a and b. (ii.) The first term of a 
geometric series is \, the ratio ^, and the number of 
terms is 6 ; find the sum of the series. 
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7. Show that the number of combinations of n things taken 

r together is 

n(n - 1) (n - 2) (n - r + 1) 

1x2x3 r 

How many words of four letters can be formed out of 
the first 13 letters of the alphabet, having one vowel 
in each word ? 

8. Expand to five terms (a + ft)~*. 

Show that (\^y 

9. A number consists of two digits : when the number is 

divided by their sum the quotient is 4, and when 
divided by their difference the quotient is 12 ; find 
the number. 
10. The crew of a boat rowed six miles down a river, and 
half-way back again, in 2 hours. Supposing the 
stream to have a current 2^ miles an hour, find at 
what rate they would row in still water. 

XXVIII. 

College of Ottawa, Ottawa, Can. 

Mairiculatum Examination. Session 1882-83. 

1. Translate the following into common language : 

l + 2a * 

2. Divide (i.) 2a'i + 6» + a' + 2a*' by a' + 6» + oA ; 

(ii.) 12n-'j^-* by -4ay. 

3. Find the prime factors of 250*0?* — 9a'c*. 

Find the G.O.D. and L.C.M. of 9ma^-6mx + m and 
9nx^ — n. 
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4. Find the sum of 

a+b ■ b+c ■ c—g 

(^b-c)(c-ay(c-a)(a-b)'^(a-b)(b-c) 

Find the algebraic sum of 

3 7 4-20a; 

l-2a; 2a: + l 4a;*-l' 

K ai 3a;~3, . 20- rg 6ar-8 , 4rp-4 

5. Solve.; — + ^=:— 7- + — 5— 

Find Xy y, and z in the following equations : 

^ + y + 2 = 24; a; — y + 2;=8; x + y — z = 6. 

6. Raise "^^"Y to the cube. 

7. Give the simplest form of ^3-^. 

8. Show why the square may be completed in the quad- 

ratic 3a:' ~-7x = 20, by the same rule as in a:* + 2rr 
= 24, without introducing fractions. 

9. Given a^ — 2sn/ = 12 and a:* — y* = 12, to find x and y. 

10. A boy being asked how many sheep his father had, 
replied that f of -J- the flock would be 26 less than 
the whole flock. How many sheep had his father ? 



XXIX. 

College of Ottawa, Ottawa, Can. 

Matriculation Examination. Session 1883-84. 

1. Clear away the parentheses, and reduce the following 
expression : 

a + b-(2a-Sb)-4(5a + 7b)-(-lSa + 2b) 
+ 3{a-6(i~a)|. 
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2. Give the three formulas for the expansion of (a + by, 
(a — i)^ and (a + h)(a — b), and give an example 
for each formula. 

8. Divide bz-S-Ax' + a^ + a^ by -S + x'-2x. 

4* Find the G.O.D. and the L.C.M. of the three following 
expressions : 
(2x-^)(Sx-6); (a:-3)(4a;-8); (2a:-6)(5a:-10). 

2m , , 

5. Simplify — , — - — ><i;;r-^' 

n m 

6. Solve the equations 

2x+4ySz = 22\ 4a;-2y+5z = 18 ; 5x+7y-z = QS. 

7. Extract the square root of 

15a*J' + a•-6a'^J-20a»J» + i« + 15a'5*-6a5^ 

& Convert Vi into such an expression, not a decimal, as 
shall not necessitate two extractions in finding the 
cube root of f . 

9. Solve the following equation : ia^ — ix + 20} = 42}. 

10. The hypotenuse of a right-angled triangle is 20 feet, 

and the area of the triangle is 96 square feet. Find 
the length of the legs. 

11. Find the tenth term, and the sum of ten terms, of the 

series 1, 4, 10, 20, 35. 
1 I 

12. Develop - — — into an infinite series by the method 

1 — x-\-ar 

of undetermined coefficients. 

13. Find the value of x in the equation 6* = 80. 
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XXX. 

McGiLL University, Montreal,. Can. 

School Examination, June, 1883. 

1. Multiply l + 2x'-x'—ia^hj itself, and find the value 

of the result if 1 — 2a; = 3. 

2. Find the remainder when a*— 4a'5'— 8a'"J'— 17aZ>*— 155* 

is divided by a* — 2 aJ — 3 J*. 

3. Simplify *^(a;+l){a:+2-i(2a:+l)}; ^^t^+l 

4. Reduce the following fractions to their lowest terms : 

a^£+(^. {x^—aF){x—a) . 1+a;* 

a:^-a^' (a;»+a'-2aa:)(aa:+a:») ' l+2a:+2ar»+a;»' 

5. Find the square root of 

^4 + 2a;» - :r + Und of i^^li^. 
4 9a;» + 6a;+l 

6. Solve the equations 

(i.) 2a:--^ = 18; (ii.) (77t + 7i)(w — a:) = m(w— a;); 

7. If oa;' + &a: + <? becomes 8, 22, 42, respectively, when x 

becomes 2, 3, 4, what will it become when a: = — J ? 

8. Find two numbers which produce the same result, 7, 

whether one be subtracted from the other, or the 
latter be divided by the former. 

9. In a certain school there are 6 boys to every 5 girls; if 

there were 2 boys less and 2 girls more, there would 
be the same number of each. Find the number. 

10. Any odd number may be represented by 2t;+l. Prove 
that the difference of the squares of any two odd 
numbers is exactly divisible by 8. 
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XXXI. 

Univeesity of Cambridge, Eng. 

Second General Examination for the Ordinary B.A. Degree^ Nov.^ 1880. 
Time allowed^ 3 hours. 

1. Solve the equations (i.) x — = — '- -^ — ; 

2. Solve the quadratic oar* + &a? + c = 0, and determine 

the condition that its roots may be equal. 
If a, ft be the roots^ form an equation whose roots are 

- and ^. 

3. Solve the equations 

,.x Sx + 2 . 3a? — 2 4a;' + 12a: + 2 . 
^^•^ x-S "^ x+S x'-d 

(ii.) Vi + Va + a:=-^; 

(iii.) (a; + 2y) (2a; + y) = 20, 4a: (re + y) = 16 - y«. 
4» The first term of an arithmetical progression of n terms 
is a, and the last term I! Find the sum, and also 
the common diflference. 
If n be odd, and the sum of the even terms be sub- 
tracted from the sum of the odd, show that the 

result is ^^^J^- 
2 

6. Find the sum of n terms of a series in geometrical pro- 
gression. 
If the sum of a geometrical series to infinity be n times 

the first term, show that the ratio is 1 . 

n 

& Find the sum of the series : 

(i.) 2 -f 21 + 2} -F , to 12 terms ; 

(ii.) i— i+ f — , to 8 terms; 

(iii.) 31 + 21 -f 1 J + , to infinity. 
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7. Show that a ratio of greater inequality is increased by 
• taking the same quantity from both its terms. 
Show that the ratio a — x :a-{-x ia greater or less than 

the ratio a^ — x^.a^ + a^j according as the ratio a : x 
is one of less or greater inequality. 

8. Define proportion. When are quantities said to be in 

continued proportion ? 
If a, &, Cj d be in continued proportion, show that 



fa -by a 
[b-^cj d 



9. When is one quantity said to vary directly and when 
inversely as another? 
The volume of a sphere varies as the cube of its radius : 
if three spheres of radii 9, 12, 15 inches be melted 
and formed into a single sphere, find its radius. 

10. A and B start simultaneously from two towns to meet 
one another. A travels 2 miles per hour faster 
than B, and they meet in 7 hours ; if B had trav- 
elled 1 mile per hour faster, and A at only half his 
previous pace, they would have met in 9 hours. 
Find the distance between the towns. 

IL A wine-merchant buys spirit, and after mixing water 
with it, sells the mixture at two shillings per gallon 
more than he paid for the spirit, making 23f per 
cent on his outlay : if he had used double the quan- 
tity of water he would have made 37 J per cent; 
what proportion of water was there in the mixture ? 

12. Two elevens, A and B, play a cricket match. A's first 
innings is the square of the difference of B'q two 
innings, and A's second one-third the sum of B's 
two innings; A scored 60 more their first innings 
than in their second, and lost the match by one run. 
What were the respective scores, B having first 
innings? 
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XXXII. 

University of Cambridge, Eng. 

Second Previotu Examination^ Dee., 1880. — Time aUowed, 2^ houn. 

L Define coefficient, term. 

Find the coefficient of x in the expression 

2. Find the continued product of 

a;» + 3a; + 2, a;* — 6a: + 6, a:» + 2a? — 3, 

and multiply together 

a^ + (V2-l)a: + l, :c»- (V2 + l)ar+ 1. 

3. Divide a^~(i~2)a:»-(2i-l)r'-(i»+25-~8)ar+3H3 

by x' + Sx + b + l. 

4. Simplify (i.) -i--F 1 2 . 



x-2 a^-Sx + 2 ar»-4a: + 3 
1+a? 1 + a;' 

(''•) 1+:^ 1+^' 
1 + a:* 1 + a;* 

5. If a measures both b and c, prove that it will measure 

the sum of any multiples of b and c. 
Find the G.C.M. of 1 + a: + ar*— a;* and 1 — a;*— a;*+ a:^ 

6. Solve the equations 

n ^ ^^ — ^ ar + 1 ._ o . 



^ '' 2(a;+ 3) ~ 3(a:+ 2) "*" 6(a;+ 1) ' 
(iii.) i(x + y) = i(x-y), 8a; + lly = 4 ; 

(iy.)8x' + l = ?|5; 

a + 5 a ax 
(vi.) (a; + l)(y + 2) = 10, ay = 8. 
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7. If a + i = 1, prove that {a? — h^ = «»+ ^>» — ah, 

8. If - = -, prove that each of these fractions is equal to 

h d 
a + mc 
h + md 
Iftt + &,& + c, c? + a are in continued proportion, prove 
that h + Cj c -\- a, c — a^ a — h are proportionals. . 

9. When is one quantity said to vary as another ? 

If - + - varies inversely as x + y, prove that a^ + y^ 
X y 

varies as ocy, 

XXXIII. 

University of Cambridge, Eng. 

General Examination for the Ordinary B.A. Degree^ June, 1881. 
Time allowed, 3 hours. 

1. Prove that {x + 4)»- {x + 1)» = 9 (a; + 1) (a: + 4) + 27. 

2. Simplify 

a-h'-d^-V + l 
^ '^ ah-a-h + \ 

3. Find the G.C.M. oia?-^+2x+Z and 2a;*~a;»-5a;-3. 

4. Prove that, if m and n be positive integers, 

Prove that ( V3)»^' = (3 V3)^». 

5. Solve the equations 

(i.)i(5x + l) + ^^=a;+A; 

,... 1 1 _ a+i 

(iii.) <ix-\-by = 2, ab{x-\-y)=^a-\- b. 
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6. Show that the product of the roots of the equation 

cux^ -{■ bx -{■ c = is — 
a 

Prove that the diflference of the roots of the equation 
x^ -\- px -\- q =^ is equal to the difference of the 
roots of the equation a^ + 8px + 2p^ -\- q = 0, 

7. Solve the equations 

(i) {x-2y + (x+by=:ix+7y; 

(ii.) ax' + 2bx = a — 2b; 
(iii.) Va: + y = Vy + 2, x — y = 7. 

8. Find the sum of n terms of a G.P. of which the first 

and second terms are a and b. 
If each term of a G.P. be squared, prove that the new 
series will also form a G.P. 

9. If ?= -, prove that each of these fractions is equal to 

b a 

pa + qc 
pb + qd 

10. What is meant by saying that A varies as B ? 

If the volume of a cone varies jointly as its height, 
and the square of the radius of its base, show that 
if the heights of three cones of equal volume are in 
continued proportion, so ako are the radii of their 



11. Find a fraction such that the denominator exceeds the 

square of half the numerator by unity, and the prod- 
uct of the sum and difference of the numerator 
and denominator is 64. 

12. A vessel is half full of a mixture of wine and water. 

If filled up with water, the quantity of water bears 
to that of wine a ratio nine times what it would be 
were the vessel filled up with wine. Determine the 
original quantities of wine and water. 
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XXXIV. 

University of Cambridge, Eng. 

Previous Examination, June, 1881. — Time allowed, 2 J hours. 
Elementary Algebra. 

1. Simplify (x - af - {x - by - {a — h){a + b - 3a:) ; 

and find the value of 

when a = and i = — 2. 

2. Divide 7a»-22a'i + 4a^>^--35» by a-Zh. 

3. Resolve into factors 

3^-2x-2bb', 2\a^-lZsn^-20f\ (a; + 2y)»-y». 
4 Simplify 

^^•^ a;* -22a; + 85' 

6. Find the L.C.M. of 

6. Solve the equations 

n\ jg+l , a; + 4 _ 10 — a; . .. 

(ii.) 2a:(7a: - 10) = 13(a: - 1) ; 

(iv.) 5aJar + 2y-=16^>, 3a*a; + 4y = 18i; 
(v.) a;' + 3a;y = -8, y»-a;y=:12. 

7. Extract the square root of 

9a;* >_ 6ar» + 43ar» - 14a; + 49. 

8. Prove that (a"*)" = a"^. 
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9. If a and P be the roots of the equation s? —px + J = 0, 
then will p = a-\- fi and q = afi. 
Form the equation whose roots are 27 and — 13. 

10. When are three quantities said to be in continued pro- 

portion ? 
Show that if a:, (x + y), and (x + 2y + z) be in con- 
tinued proportion, then x, y, z will also be in con- 
tinued proportion. 

11. Prove that if a: ex y and y oc 2, then will xccz. 
Given that x varies inversely as (y* — 1), and is equal 

to 24 when y = 10 ; find x when y = 5. 



XXXV. 

University of Cambridge, Eng. 

Premoua Examination, June, 1881. — Tirrie allowed, 2J Itours. 
IRgJier Algebra. 

1. If the first two terms of an arithmetical progression 

are given, find the sum of the first n terms. 
The sum of n terms of an arithmetical progression, 
whose first two terms are 43, 45, is equal to the sum 
of 2w terms of another progression, whose first two 
terms are 45, 43 ; find the value of n. 

2. Find the sum of n terms of a geometrical progression 

whose first term and common ratio are given. 
The sum of 2w terms of a geometrical progression, 
whose first term is a and common ratio r, is equal to 
the sum of n terms of a progression, whose first 
term is b and common ratio r* ; prove that b must 
be equal to the sum of the first two terms of the 
first series. 
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8. Sum the following series to 12 terms : 

(i.)l-f-Y- 

(ii.)l + I + M + 

(iii.) 1-1.2 + 1.44- 

How many strokes are struck in a week by a clock 
that tells the hours? 

4. If the sum of the first n terms of a series be 32w*, find 
the rth term. 

6. For what values of m is a:" + y* divisible hj x + y? 
Divide a» + 3a'J + 3ai' + i» + c?» by a + b + c, 

6. A clock gains 4 minutes per day ; what time should it 

indicate at 6 o'clock in the morning in order that it 
may be right at 7.15 p.m. on the same day ? 

7. The first four nights of the boat-races both divisions 

rowed, and 32 bumps in all were made. The greatest 
number on one evening, in the first division, was 
reached twice, and was equal to the least number in 
the second division, which also occurred twice. This 
number is the middle one of five consecutive num- 
bers, of which the first two represent the number of 
bumps the other two nights in the first division, and 
the last two represent the other bumps of the second 
division. How many bumps were made in the first 
division ? 

8. Define the logarithm of a number to a given base. Prove 

log«ilogia = l. 

9. Find the values of 

logatt-, log543^y49, logs 0.027. 
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XXXVII. 

University of CAMBBiDaE, Eng. 

Second Previous Examination, Dec,, 1881. — Time Allowed, 2} koun. 

L Simplify 6(a-2b)(b-2a)-(a-Sb)(Ab~a)-12ab, 
and from the sum of (2 a — 6)* and (a — 24)* take 
the square of 2 (a — b). 

2. Define muUipliccUiori.^ product, and coefficieni. 
Divide 14a* + 16a»5 + 33a»ft» + 36ai« + 28J* 
by 7a'-3ai+146*. 

8. Find the value of (a-by+(b-cy+(a-b)(b-c)+b(^ 
when a = 1, ft = — 2, c = J. 

4. Resolve into the simplest possible factors : 

(i.) ex' + bxiz-ei^; 

(ii.) x^-lSa^y + 42xi/'; 
(iii.) {a + 2b + Scy-^a + b-cy; 
(iv.) 81a:*-625y*. 

5. Define the highest common factor of two algebraical 

expressions. 
Find the highest common factor of 

Tar'-lOa;'— 7a;+10 and 2ar'-ar'-2x + l. 

6. Reduce to simple fractions in their lowest terms : 

^■^ x'+bxy+Qy' ' s(^ + xy-2f' 

/.. X x — a , a^ + ^ax . x + a ^ 

a: + a a: — or x~a 

ah 1 1 

a 

,... V a + & a* b^ 
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7. Solve the equations 

^ ^^ 5 9 "" 7 

(iii.) 6a:*- 17a? + 14 = 0; 

(iv.) a:'+y* = 5a»+65»+8ai, a;y=2a*+2y+5ai. 

8. Find the value of a:** X a?*, when m and n are positive 

integers. 
Simplify a»'+« X a'+*« -5- a'"'. 

9. Define the antecedent and consequent of a ratio. 

If 7 (a? — y) = 3 (a? + y), what is the ratio of a: to y ? 

10. Show that if a:b ::c:d::e:/y then will 

• a + Sc + 2e:a-c::b + 3d+2f:b-f. 

11. Find two numbers such that their sum, their differ- 

ence, and the sum of their squares are in the ratio 
5:3:51. 

12. Prove that if x varies as - 4- -, and is equal to 3 when 

y z 

y = 1 and 2 = 2, then xyz = 2(y + z). 



XXXVIII. 

University of Cambridge, Eng. 

Gmeral Hxamination for the Ordinary B.A. Degree, June, 1882. — ; 
Time AUowed, 3 hours. 



1. Simplify g h 

a-j-b a — b 
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2. Solve the equations 

(i.)§£±l_2(6-.)=5£^-£^; 
(ii.) 272:* -24a;- 16 = 0; 

(iii.) 2y+?-4 = 5y + ^ + 2 = y-? + 4. 

I 

3. What is the meaning of the expressions a:"*, x' ? 

4. Solve the equations 

(i.) a;* — (a — i)a: + (a — i + (?) (? = 2car + a6 ; 
(ii.) Vl4a7 + 9 + 2V5^+V3a: + l=0; 
(iii.) 3ar~2V^ + 9 = 0, 6 V5- 3Vy--3 = 0. 

5. Show that the sum of the roots of the equation 

or* — ia: + c = is — 
a 

If a and P are the roots of the ahove equation, form the 
equation whose roots are , 

6. When is one quantity said to vary as another ? 

If or + Jy + 1 = 0, where a and h are constant, and x 
and y are variable, and if the values of x are 2 and 
— 9 when the values of y are 1 and — 4, respectively, 
what will be the value of x when y is zero? 

7. Define a geometrical progression. 
Find the geometrical mean of 

9a:» - 12a: + 4 and A^a^ - 12a; -f 9. 

8. The first term of an arithmetical progression is 38, 

and the fourth term is 86 ; find the sum of the firBt 
twelve terms. 
The first term of a geometrical progression is 27, and 
the third term is 48 ; find the sum of the first six 
terms. 
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9. Find, to four places of decimals, the sum to infinity of 
the series 1 A 1-4 + 

10. The perimeter of a rectangular field is 306 yards, and 

the diagonal is 117 yards. What is the area? 

11. The expenses of a tram-car company are fixed, and 

when it only sells threepenny tickets for the whole 
journey it loses 10 per cent. It then divides the 
route into two parts, selling twopenny tickets for 
each part, thereby gaining 4 per cent, and selling 
3300 tickets every week. How many persons used 
the cars weekly under the old system ? 

12. The price of a passenger's ticket on a French railway 

is proportional to the distance he travels; he is 
allowed 25 kilograms of luggage free, but on every 
kilogram beyond this amount he is charged a sum 
proportional to the distance he goes. If a journey 
of 200 miles with 60 kilograms of luggage cost 25 
francs, and a journey of 150 miles with 35 kilograms 
cost 16} francs, what will a journey of 100 miles 
with 100 kilograms of luggage cost? 

XXXIX. 

Univeesity of Cambbidqe, Enq. 

Ih'evioua Examination, June, 1882. — Time Allowed, SlJ hourt, — 
Elementary Algehra, 

1. Find the value of 

(3a--56)(a~c) + c{2a-<?(3a-J)-y(a-c)|, 

whena = 0, 6 = 1, c = — \. 
S. Prove that 

Multiply 9a«a:i+ 6aAa:l + 4a;l by 9a— 6aAa:* + 4a*a:. 
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3. Eesolve into their simplest possible factors : 

4. What is meant by a common multiple of two quanti- 

ties? Prove that the sum of two quantities is a 
multiple of any of their common measures. 
Find the L.C.M. of 

a;*— Sar'y+Saiy'— %*, a^—a^y—xy^—^, and x^+x'y'-^-y^ 

6. Prove the rule for the multiplication of a fraction by 
an integer. 
• Keduce to fractions in their lowest terms : 

1 



(i) 



2a-U+ ^ ^ 



2a- Sb 2a— Sb 

(ii.) 1-1 {^zi^n + J^^y-il. 

^ ^ \x + y jf + y^ f^Xy^ X f 

6. Prove that a quadratic equation cannot have more than 

two roota. 
Solve the equations 

(ii.) a(2x-y)+b(2x+y) = c(2x-y)+d(2x-^) = l; 
(iii.) a;*-lla?-42 = 0; 

^ ^ (x-l)(x--2y a:-2^a:-l 

7. A certain number, consisting of two digits, becomes 

110 when the number obtained by reversing the 
digits is added to it ; also the first number exceeds 
unity by five times the excess of the second number 
over unity. What is the number ? 

8. Define a third proportional to two quantities. Having 

given a third proportional to a and &, and also to b 
and a, determine a and b in terms of them. 
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If a.h'.'.cid, and a; be a third proportional to a and (?, 
and y to & and d, prove that the third proportional 
to X and y is equal to that to a and d. 

9. When is a quantity said to vary inversely as another ? 
If a and b each vary inversely as c, prove that the 
sum of any given multiples of a and h varies in- 
versely as any given multiple of c. 

Given that x — y varies inversely as 2 + -1 aiid a; + y 

1 . ^ 

inversely as z ; find the relation between x and z, 

z 

provided that ar = 1 and y = 3, when z = \. 



TJnivebsity of Cambridge, Eng. 

Previous Examination, June^ 1882. — lime AUowed, 2} hours. 
Higher Algebra. 

L A has twice as many pennies as shillings ; B, who has 
Sd. more than A, has twice as many shillings as 
pennies ; together they have one more penny than 
they have shillings. How much has each ? 

2. A man can walk a certain distance in 4 hours ; if he 

were to increase his rate by one-fifteenth, he could 
walk one mile more in that time. What is his rate? 

3. Solve the equations 

(i.) V5¥+l = 2+V^+l. 
(ii.) :r»-2y«=7, 2^ + y=7. 

4. A man buys a number of articles for £1, and makes 

£1 \8. Od, by selling all but two at 2d. apiece 
more than they cost. How many did he buy ? 
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6. Find the sum of n terms of the progression 

a + ar -\- at* -{- 

Find the sum of 10 terms of the progression 
64 + 96+144+ 

6. The fifth term of an arithmetical progression is 81, and 

the second term is 24 ; find the series. 

7. Find an arithmetical progression whose first term ia 3, 

such that its second, fourth, and eighth terms may 
be in geometrical progression. 

8. li a : X ::h : y:: c : z, prove that 

M + mh^y + nc:^ pa + qh-{-rc 
lo^x-\-wh^ + TVS? px-\- qy + rz 

9. Prove that log. {pq) = log,jt? + log« q, 

10. Having given logio2 = 0.3010300, find the logarithm 
to base 10 of 25, 0.03125, and (0.025)*. 

XLI. 

University of Oxford, Eng. 

Local Examination^ Junior Candidates, May, 1880. — Tiine Allowed, 
2\ hours. 

No credit will be given for any answer, the fall working of which 
is not shown. 

I. Algebra. 

1. Find the value ©f : t-? — nr: -'+ yi2a -^» 

when a = 1, i = 0, and c = — ■^. 

2. Multiply ar* — oa:* + cfx — c^hj a^ + ax + a^\ also di- 

vide ^ — 9^^*+ 18 3^ by^* — 3j92r + 3^'*. 
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3. Simplify 

(i) / 2a; + y ^ V ^ ar + yV 

^■^ ^ y 2x + yJ\x + y x J' 

(^^ _i ga; + 2 , a; + 3 

'^ ■'' a;+l a:'-l^(a;-y)«' 

4 Find the G.O.M. of ar'-6a;-4 and Sa:* — 8a;+8; also 
the L.O.M. of (3a'-3aJ)', 18(a'J' - aJ«). and 
24(a»J>-i*). 

5. Solve the equations 

II. HiQHEB Algebra. 

6. Solve the equations 

(ii.) a{a-l)a? + b{a + b)x-2h''^0\ 
(pi,) a^ + 2ayy = \, a^-^y'^l^. 

7. The sum of 2 numbers is 35 ; and their difference ex- 

ceeds one-fifth of the smaller number by 2 ; find the 
numbers. 

8. After £ 12 have been divided equally among a certain 

number of men, an additional shilling apiece is given 
to them ; and it is then found that each possesses as 
many shillings as there are men. Find the number 
of the men. 

9. Prove that if ft be a mean proportional between a and 

c, then a* + 2h^',a::V + 2(?:c. - 
10. Sum to 6 terms the series -J- + li + 3^ + Also in- 
sert 12 arithmetic means between — ^ and 5. 
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XLII. 

University of Oxford, Eng. 

Local IkEominoiMn^ Senwr Candidates, May^ 1880. — TiiM, Allowed, 
2} hours. 

No credit will be given for any answer, the full working of which 
is not shown. 

Candidates are reminded that in order to pass in mathematics they 
must satisfy the Examiners in the first part of this paper. 

I. Algbbea to Quadeatio Equations. 

L If m = ^>^5l+l and w= ^^""^ ,find the value of 
2 2 

2. Find the G.O.M. of 2a^+Sx'-7x-10, 5-9a^-ia:»+4ar^; 

and the L.O.M. of a' + ab,b^ + ah, ah, 

3. Simplify -i-.-?-! ^ 



X—\ X x+\ 
4. Find the square root of 4a:* - 20a;» + 13a;» + 30a: + 9. 

6. Multiply a:i + 2a:i + 2by a:* — 2a:i + 2, and divide 
a»6-» + i»a-» + 1 by ab'^ + *«"' - 1. 

6. Solve the equations 

^M-a: 20' 
(ii.) a: = (2~a:)(2 + a:); 

(iii.)? + ? = ^+^ 
^ ^ x^a x^h' 

(iv.) a:» + 3/"=169 = 5a:+ 12y. 

7. Two rectangular fields each contain one acre ; one of 

the fields is four poles shorter and two poles broader 
than the other. Find the length and breadth of 
each field. 
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II. HlOHEB AlQEBBA. 

8. A spends £a in buying a number of articles, all at the 

same price; B spends £6 in the same way, except 
that he buys n more articles than A buys, and pays 
£c less for each. Find an equation to determine 
the number of articles bought by A. 

9. Solve the equations 

(i.) 4-+l = 5x2-^ 

(ii.) x^-Sx'-2a^-Sx+lr=0; 

(iii.) 3a? + 4y = 23 (in positive integers). 

10. Prove the formulaB for finding the nth term and the 

sum of n terms of an arithmetic progression, the 
first term and the common difference being known. 
A man pays his gardener 155. a week for the first fort- 
night ; at the end of the first and of every succeed- 
ing fortnight he raises the wages 6 c?. per week. 
What will the gardener have received in all at the 
end of fifty weeks ? 

11. Find the cost of an annuity oi £A per annum, to be 

paid quarterly, and to continue for p years ; the first 
payment to be made at the end of the first quarter, 
reckoning compound interest, at the rate of £r per 
cent per annum, to be due at the date of each quar- 
terly payment. 

12. Enunciate the binomial theorem. 

Show that the coefficient of the middle term in the ex- 
pansion of (1 + x)^ is the sum of the coefficients of 
the two middle terms in the expansion of (l+x)*^'^, 

13. Prove that 

«C+a+i+ ■)=>+3+i+ ■• 
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XLIII. 

Univebsity op Oxford, Eng. 

Local Sxaminationj Junior Oandidates, June, 1881. — Tiine Allowed^ 
2i "houn. 

No credit will be given for any answer, the fall working of which 
is not shown. 

I. Alqebsa. 

1. Find the value of a» + 6* - c» + 3a5e? : 

(i.) when a = }, ft = i, <? = i; 
(ii.) wh^ c = a + h> 

2. Multiply together a;»-7a7 + 6, 2;* + 7a:— 18, aj'-l, 

and express the result in simple factors. 

3. Find the G.O.M. of 2r^+7a:» + 10a; + 5 and ar» + 3a:» 

+ 4a; + 2, and the L.O.M. of Gai^/* (a:+y), 3ar* (2;-y)*, 
and 4 (ic* — y*). 

4. Simplify 

6. Solve the equations 

^ ^^ 2^1 4^ 3 ' 
(ii.) 9a:-8y = l, 12a:-10y=l. 

6. Into a cistern one-third full of water 31 gallons are 
poured, and the cistern is then found to be half full; 
find its capacity. 
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II. HiGHEB Algebra. 

7. Solve the equations 

(ii.) aaJ'--^ = car-Ja*; 
a + b 

^ ^ 17 10 ^ 

8. A person bought a certain number of sheep for £210. 

He lost 10, and to make up the deficiency sold the 
remainder at 10 s. profit per head. How many did 
he buy ? 

9. Prove the rule for the summation to infinity of a geo- 

metrical progression ; and sum to n terms and to 
infinity 8i + 6 + 3 + 

10. The seventh term of an arithmetical progression is 1 ; 

and the sum of twenty-five terms is zero. Find the 
progression. 

11. Ii a:b::c: d, prove that a -{- b : a — b :: c + d : c — d. 

12. If 2a; + 3y:2a:-3y::2a' + 3i':2a«-3J», then x 

has to y the duplicate ratio that a has to b. 

XLIV. 

University of Oxford, Enq. 

Loecd ExcmwruUiem, Senior Candidates, June^ 1881. — TiTne AUowed, 
2} Jioura. 

No credit will be given for any answer, the fall working of which 
is not shown. 

I. Alqebba to Quadbatio Equatioits. 
1. Prove that 

(a+b)(a+x)(b+x)-'a(b+xy-b(a+xy==(a-b)% 
and divide a* — b* by ai — 2aW + 2ai J — bl 



x+1 x+2 


a; + 4' 


1 1 


1 


1_1 11 

X of X 


1 2- ' 


Va;+Va;-1 


Va: — Va;— i 
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2. Resolve into component factors 

(i.)63a;»y-28ay; (ii.) a*- a*5-a6* + i^ 
Find the remainder when a* + 6* is divided by a — i. 

3. Find the G.O.M. of 

a;*-6a:»+13a;»-l2a:+4 and a^-4a:»+8a;»-16a?+16, 
and the L.O.M. of a;* — y", af + ^, a^ — x^, and 

4 Simplify the fractions 

(i.) ?Ji2_^+i 2_ 

(ii.) 

(iii.) 

■y/x — Va: — 1 Vx + -y/x— 1 

5. Solve the equations 

(i.)i{(2a:-32)-(a:+16){=3V{(^~20)~(2a:~ll)}; 
(ii.) (a:+5)(y+7)=(aH-l)(y-9)+112,2:r+5=3y-4; 

6. A person invests £500, part of it at 5 per cent and 

the remainder at 3 per cent ; and he thus gets 4} 
per cent on the whole. How much does he invest 
at each rate of interest? 

7. Find the square root of 9~24a;-68a;»+112a;»+196a?*. 

II. HlGHES AlGEBBA. 

8. Prove that a ratio of greater inequality is diminished, 

and a ratio of less inequality is increased, by add- 
ing the same number to each of its terms. 
If a:a — b::c:c — dj then a + b ibiic + did^ 



ALGEBBA. 127 



9. Prove that the geometrical mean between two numbers 
is also the geometrical mean between the arithmeti- 
cal and harmonical means. 
Sum the series : 

(i.) 25^+24+22^+21+ to 15 and to 21 terms ; 

(ii.) 4^^+21+ 1J+ to w terms, and to infinity. 

lOi Prove that the number of combinations of n things 
taken r together is equal to that of n things taken 
n — r together, and greater than that of w— 1 things 
taken r — 1 together. 
How many different numbers can be made with all or 
any of the figures of the number 1881 ? 

11. Employ the binomial theorem to expand (a — a:)" ; also 

(a + a:)* in ascending powers of a: to 5 terms. 

12. If a, P are the roots of the equation a^ + hx+c=^0, 

find the values of a+/8 and a'+jS'in terms of a, h, c. 

13. Solve the equations 

(i.)^-^+7(^+l) = 0; 
(ii.) 3a;* + y» = 3a:y+7 = 19. 

XLV. 

University of Oxford, Enq. 

Local Examination, Junior Candidates, June, 1882. — Time Allowed, 
2J Iwurs. 

No credit will be given for any answer, the fiill working of 
which is not shown. 

I. Algebra. 



1. Find the value of , . % , 
x^ + y" 

(i.)whena: = «±-^y = «Z^*; 

(ii.) when x = \, y = ~ i- 
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2. Square 26 — 3<?, and find the product of a + 26 — 3<? 

and a — 2* + 3c. 

3. FindtlieG.0.M.of2a*i+2a*J*and4a*+4a»J'+4a6*; 

and the L.O.M. of 6x(a^ + 2x+l), 10a^(a;»--l), 
and lb(x +l)(a^--2x + 1). 

4 Simplify 

/ • X 4a* 2a' . a , a 



a:* + a' a + x a — x* 
(ii 






2 



ar-1 
Solve the equations 

1 5 — x 5 — a: 1 



i+i 

X 



(i-) 



2 a; — 2 » — 2 2' 



(ii.) 2a; + | = 4, 2y + | = l. 

6. A and B set out at the same time from the same spot 

to walk to a place 6 miles distant and back again. 
After walking for 2 hours, A meets B coming back. 
Supposing B to walk twice as fast as A, and each 
to maintain uniform speed throughout, find their 
respective rates of walking. 

II. HiGHEB AlQEBSA. 

7. Solve the equations 

ii.) ir 1 1 1 

^ 2|_(a:+2)(2ar-l) (a;-2)(2a;+l)J 



C 



(a:+2)(2ar-l) (a;-2)(2a;+l)J ^x'-l' 

8. Show that the sum of any two consecutive whole num- 
bers is equal to the difference of their squares. 



ALGEBRA. 129 



9. Find the sum to n terms of an arithmetical progres- 
sion, the first term and the common difference being 
given. 
What is the amount of a debt which can be discharged 
in two years by the payment of 10 5. the first month, 
£ 1 the second, 30$. the third, and so on, no interest 
being exacted ? 

10. Sum to n terms, and to infinity, the series f — J- + f — 

11. If Oi : Ji : : a, : J,, prove that 

12. Show that if S is a mean proportional between a and c, 

then (a' + S«) (h^ + <?) = (ah + hc)\ 

XLVI. 

University of Oxford, Enq. 

Local Examination, Senior Candidates, June, 1882. — Hme Allowed, 
2| Aours. 

No credit will be given for any answer, the full working of 
which is not shown. 

Candidates are reminded that in order to pass in mathematics, 
they must satisfy the examiners in the first part of this paper. 

I. Algebba to Quadratic Equations. 

1. Prove that (a + 2 J)» = a» + 2 J« + 6 5 (a + h)\ and find 

the quotient a' + db^ + i -h a + ct*Si + W. 

2. Simplify 



l + .T^- l + rv:: 1 + 



y+z z+x x+y 

rtii^ (S-c)' (.-g)' ja-by 

^ '' {c-a){a-hy {a-h){h-cy Cb-c){c-a^ 
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8. Find the G.O.M. of 3a:»+ 17a;»+ 22a:+ 8 and 6a* 
+ 25a;* + 23a? + 6, and the L.O.M. of (a?* - y*)«, 
«* + y*,a;'-y", and(a;»-y*)*. 
4. Extract the square root of 
(i.) 7-4 V3; 

(ii.) a*(af + 2) + 2x'(x' + l)-x(x-2) + l, 
6. Solve the equations 

(L) lla;-6(a:-6)-6(3a:-ll) + 9(a?-7) = 0; 

(ii.) £ + 2^ = ^+2^ = 20; 

(iii.) (3a;-6)'+7a:»-266 = 0. 

6. My income of £240 is derived from two sums invested 

at three and nine per cent respectively ; but, if the 
rates of interest were interchanged, my income would 
be doubled ; find the sums invested. 

II. HiGHEB Algebra. 

7. If a:b::c:dy prove that 

(i.) a' + (P>b' + (^; 
(ii.) Sa + 2h:Sa — 2b::Sc + 2d:Sc — 2d, 

8. Find an expression for the sum of n terms of a geo- 

metrical series, and explain the expression " sum to 
infinity." 
Find the fourth term in 

(i.) 2 + 2^ + 3 + 

(ii.)2 + 2^ + 3i+ 

(iii.) 2 + 2^ + 3^ + 

9. Find the number of permutations *P^ of w things taken 

r together. If ""F, : ""'Pb : : 3 : 22, find n. 

10. Show that the number of terms in the expansion of 
(a + a;)* is w + 1, if n is a positive integer. 
Apply the binomial theorem to find (10.001)^ to five 
places of decimals. 
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11. If a, p are the roots of aa^ + 6a: + c = 0, find the equa- 

tion whose roots are 

(i.)«',)8'; (ii.)a(l + /3),)8(l+a). 

12. Solve the equations 

(i.) 144a:»-l + 6V9a;*-a:=16a?; 
(ii.) x^(£-y^) = 25, y^ja^ + y") = 19* ; 
(iii.) \/ir=^+-v/l4 + a; = 4. 

XLVII. 

Univeesity of Oxfoed, Enq. 
First Examination of Women, May, 1880. — Ihne Allowed, 2} hours. 

1. Findthevalueof^^4^=:^^whena = l,i = ~J,(? = 0. 

a' + 46* 

2. Take a + 2J + 3c--4rf — 5e from 3a — 4J + c-rf+e. 

3. Multiply a' - a« 5 + aJ* - 6' by a + S, 

and divide a* + a' J' + ft* by a» + aft + ft*. 

4. Find the H.O.F. of a* + 5a* — 6 and a* + 5 a' + 4, and 

the L.O.M. of 12(a»-ft'), 15(a«+ft'), 20aft(a'-ft'). 

5. Simplify ^±^^- 

6. Extract the square root of a* — 2 a' + 2a' — a + J. 

7. Solve 

Ci.) 7(a?-l)-6(ar-2) = 3(ar-3); 

(^•) 9 + 6 + 3 = ^-^* 
(iii.) (a;-3)(a:-18) = (a:-4)(a?--9); 
(iv.) 8ar + 3y=74, 9ar-2y=51. 

8. I have in my purse £1 13 s. 9 c?. made up of a certain 

number of pence, twice the same number of farth- 
ings, and thrice the same number of fourpenny 
pieces. Find the number of each coin. 



132 EXAMINATION PAFE&S. 

9t A is thrice as old as B, Seven years ago A was four 
times as old as B. Find their ages now. 

10. A and B play at cards. A wins six shillings, and finds 
he has thrice as much as B. The game is continued 
till A finds he has lost twenty-four shillings, and 
then has a third of what B has. With what sum 
did each begin ? 

XLVIII. 

Univeesity of Oxford, Eng. 

Second ExarnvnaJlion of Women, May, 1880. — Time Allowed, 2 hours. 

1. Divide oi — a"* by at — a"^, 

2. Simplify 

(6a'~a-2)(8a«-10a + 3)a2a'+17a + 6) . 
(8a*-2a-3)(12a» + a-6)(6a« + a-2) ' 

6a»-17a+12 . 27a'+18a-24 , 25a'-25a+6 
12a»-25a+12"*' 12a»+7a-12 20a»-23a+6* 

3. Extract the square root of 

(ii.) 41 -12 Vs. 
4* Solve the equations 

(i.) 2^ + 3^ = 5; 
^ ^ x + x + a 

(ii.) a;»-7a;+10 = 0; 
(iii.) Vx^^ + VJ+3 = V4ar +~1 ; 
(iv.) ar + y = 8, xy = lb. 

5. li a:h:\c:d^ prove that a + h : a — b :: c -{- d: c— d. 
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6. £21 IS 8. is divided equally among a certain number 

of persons. If each received a penny less, each 
would have had as many pence as there were per- 
sons. Find the number of persons. • 

7. A steamer takes 2 hours 24 minutes less time to travel 

from A to B than from B to A. The steamer trav- 
els at the rate of 16 miles an hour, and the stream 
flows at the rate of 6 miles an hour. Find the dis- 
tance of A from B. 



XLIX. 

Univeesity of Oxford, Enq. 

First ExaminaMon of Women, June, 1882. — Time AUowed, 2 J hours. 

1. Find the value of x (y+2)+y [^— (y+2)] —2 [y— ^ (^~^)] 

when a; = 3, y = 2, z = 1. 

2. Subtract 2a:* + |a;» — a: -f J from ^x* + a^-\x — |. 

3. Multiply l+2x+Si/+4:a^—6xj/ + 9i/' by l-2a?-3y. 
4 Dividear*-J^a;» + a;» + |a;-2 by a:-|. 

6. Resolve into factors 

(i.) 4a:*-36a;*y»; 

(ii.) (2a;-3y)'-(a;-2y)'. 
6. Find the G.O.M. of a;* - 3a; -f 2 and a;» + 4a;» — 5. 

Z Find the L.O.M. of 

12(1 -a;*), 15(1 -a:)», and 20(a; + a:»). 

8. Simplify 

,. X Sa^h (?d 4ai hed—ed} 
^'•^"r^8a»^ cd ^4i'-4W 

^"^^ vr+4^"^F:^j'^vr^^""i+4a;/ 
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9. Solve the equations 

(m.) — ^ = If, -^ =2J. 

10. A person walks a certain distance at the rate of 3i 

miles an hour, and finds that if he had walked 
4 miles an hour, he would have gone the same dis- 
tance in less time by one hour; what is the distance? 

11. Find two numbers such that, if half the ^ first be added 

to the second, or J of the second be added to the 
first, the sum will in either case be 30. 

12. Find the square root of 

a«-4a'' + 8a*-10a» + 8a«-4a+l. 



L. 

Univeesity of Oxford, Eng. 

Second Examination of WomeUf June^ 1882. — Time AUovoed^ 2 Tiours. 

1. Find the value of (a + b-cy+(b+c-ay+(c+a-by 

when a = 2, 5 = 3, e? = — }. 

2. li a + b + c =jp, bc-j-ca + ab = (f, and ahc = r*, prove 

that a» + ft' + c» =/ - Zpf + 37^. 

3. Find the G.C.M. of 

2a;» + re* — 12a: + 9 and 2a;»- 7a;» + 12a;-^9, and 
1 1 



simplify 



2ar»-7a;» + 12a;-9 2a?+a;»-l^a: + 9 



A Ajji. i.i_ x — a x + a - 2a:(3a — a;) 

4. Add together ^-^^p^., ^^-^,. and (^^ZT^^^, 
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6. Find the square root of 

a;" + a«a;* + 2aV + t aV - a'^a: + a«. 

6. Solve the equations 



2a;-l 4a7-3 a;-!' 



(ii.) V5a;* + a7-16 = 3a;-2; 
(iii.) (a;-y)(a;-3y) = 24, a:-2y=5. 

7. There are 250 flowers in a conservatory ; the number 

of geraniums is five times the number of roses, and 
is less by 30 than the number of other flowers. How 
many roses, geraniums, and other flowers respec- 
tively are there in the conservatory ? 

8. Find the value of x in each of the following propor- 

tions : 

(i.) l:a:::2:3; (ii.) 1 : 2 :: 3 :a:; (iii.) 4 : re : : a: : 9. 

9. Two persons, A and B, start at the same time by their 

watches, from two places 24 miles apart, and drive 
towards each other at rates which are as 2 : 3 ; but 
in consequence of A's watch being } hour too fast, 
and B's } hour too slow, they meet half way. At 
what rate does each drive ? 



LI. 

University of Oxford, Enq. 
^rst Examination of Women, June^ 1883. — 7S>me Allowed, 2J hours. 

1. Evaluate (x-'yy + Q/ — zy + (z — xyi when a: = 3 J, 
y = 2i, z = lj. 

2. . From the sum of |(2a:-3y+42) and ^(4^+Sy—llz) 
subtract -^(Sx — 9y + 62;). 
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3. Multiply a:* + y' + a(x — y) by ay — a(ar + y)+«'• 
4. Divide «• + 85^- 1252* + 30ayz by <c + 2y — 5«. 

5. Express in fiiictors 

(i.) Ta:*- 77a:- 182; 
(ii.) 20ar«-60«»y + 45a;'y'. 

6. Find theG.C.M. of a;»+lla; + 30, 9 a;* + 53 a;* -9 a; -18. 

7. Find the L.O.M. of 

15a;'(a'-2aa:+a:^, 21a\c^+2ax+x^, 35aa<a'-a^. 

_«_ + _* 1 

a Simplify °-^ ^ + ^ and find the value of 



a 



— 6 a— 6 



--^— + - -T wnenar= J. 

2--ar 2 + ar 4-a;* 

9. Solve the equations 

(i.) |(x-l) + 3g-9)-(a;-13) = ll; 

a? — a X — X — a — o 

fiii) 5ar+7y^ 7ar + 5y ^3 
^ '"^ 7 8 

10. The sum of three consecutive whole numbers exceeds 
the greatest of them by 19 ; what are the numbers? 

IL Find the fraction which is such that if 3 be subtracted 
from the numerator, and 5 added to the denomina- 
tor, the value is \ ; but if 5 be subtracted from the 
numerator, and 3 added to the denominator, the 
value is \. 

12. Extract the square root of 

36a;» - 120aa: -- 12a'a: + 100a" + 20a» + a*. 
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LII. 

University of Oxfoed, Eng. 

Second UxaminatUm of Women, June, 1883. — Time Allowed, 2 hours. 

1. Divide a^ — t/^ — xy (a^ + 2^) hj {x + y){x — y) — xy, 

and verify the result when a: = 2y = J. 

2. Prove that {cy — hzf + {az — cxy + i}>^ — oyf — ^ + y* 

+ 2'-(aa7 + 6y + cz)Mfa» + S' + c' = l. 

3. Find the G.C.M. and the L.C.M. of 

7a:» - 2a;' - 5 and 7a:»+ 12a;' + 10a: + 6. 

4. Simplify 

(i) y{^-f) i^-y^y (^-y)' . 

^'•'' x{x + y) ^{a?a^ + xy + y') ' (a; + 2/)'' 

rii^ ^ I ^ , 2q^^ 

5. Find the square root of 

{a? + y^){a^ + ^) + 2x(a» + yz)(y + z)+^a^yz. 

6. Solve the equations 

r^x — ^ 2ar— 1 , 7a:— 11 n 

,.., 5(3a:»-l) 2 „ 

(iii.) a:» + y' = 9, a: — 8y + 3 = 0. 

7. A number of men are employed at 13 s. 6cf. per week 

each, and women at 10s. Q>d, ; the number of women 
exceeds that of the men by 6, but the men's wages 
amount to 27s. per week more than the women's; 
how many of each sex are employed ? 
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8. Find the mean proportional between ^ and f; and 

the fourth proportional to 9, 11, 27. 
If the first two terms of a proportion* are 3 and 2, and 
the third 'term exceeds the fourth by 5, what are 
the third and fourth terms ? 

9. Divide £500 among three persons, so that the share of 

the first may be to that of the second as 8 : 17, and 
the share of the third to the other two together as 
3:2. 

LIII. 

University of London, Eng. 

Matriculation Examination, Arithmetic and Algebra, June, 1877. 

1. Divide U + ^-^^^^J H-H + \i^ and multiply 

the result by 6y«^ + 9^ - 13|. 

2. Find what fraction of a guinea is equal to the differ- 

ence between if of a crown and -J-f- of a shilling. 

3. Calculate to five places of decimals the fraction 

3.70271 X 0.64732 
0.043679 

4. Keduce the circulating decimal 1.5237^ to a vulgar 

fraction in its lowest terms. 

5. Extract the square roots, to five places of decimals, of the 

numbers, 3.9726523, 0.39726523, and 0.039726523. 

6. Simplify the algebraic expression, 

b 1 

^ax—bby ax 2by^ 

T~'^~'%ax — 2by 

7. Divide 15a;*-17a;*~24a;» + 138a;»-130a; + 63by 

5a;' + 6a:* — 9a:+7, and verify the result. 

8. Prove thatif4i:^^=^±<X^,then? = ^. 

w — uv + v^ yr + v^ y y v 
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9. Given the first term, the middle term, and the number 
of terms in an arithmetical progression ; find the 
sum of the series. Has this problem a meaning, if 
the number of terms is even ? 

10. Find to n terms and to infinity the sum of the geomet- 

rical progression in which the fourth term is 1 and 
the ninth term is -yjy. 

11. Solve the equations 

,.v l — ^x , 3a? + l _ 2 
^^'^ 2 "^ 2 "l-Zx' 
(ii.) 2a:-4y = 7, 3a: + 7y=19. 

12. A tourist, having remained behind his companions, 

wishes to rejoin them on the following day. He 
knows that they are 5 miles ahead, and that they 
will start in the morning at eight o'clock, and will 
walk at the rate of 3t miles an hour. When must 
he start, in order to overtake them at one o'clock, 
P.M., walking at the rate of 4 miles an hour, and 
resting once for half an hour on the road ? 

LIV. 

Science Schools and Classes, England. 

IfaihemaHcs, First Stage, May, 1880. 

Not more than three questions are to be answered. The number 
of marks assigned to each question is given in brackets. 

1. Find the value, when x = b and y = 3, of 

x*~^a?y + 6x'y'-5xy' + 2y' . , 

2a:*-6ar»y + 6a:*y»--4ay + y* ^ •■' 

2. Multiply a^ — a? by a" — a;*, and divide the product by 

{a-x)\ [8.] 

3. SimpHfy {a-l){h + c){c + a) + {h-c){c+a){a+h) 

+ (c — a) (a + h) (b + e), and find its value when 
a=l, J = 3, andc = -2. [10.] 
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4 Solve the equations [12.] 

(i.) ,(. + l)-5«(i+i) = 4. [6.] 

(ii.) 0.5a:+0.07y = 0.93, 0.03a:-0.4y = 0.46. [6.] 

6. The rent of a shop is if of the rent of the whole house 
of which it is a part. Being separately rated, its 
occupier pays £ipi5s. Orf. a year less in rates than 
the occupier of the rest of the house. The rates are 
3 s. 7 c?. in the pound. What is the rent of the 
whole house ? [14.] 

6. Find, as a fraction in its lowest terms, the value of 
1 1 



a*-8x'-'lbx + 2b a*+1x' + 6x-2b 



[12.] 



LV. 

Science Schools and Classes, England. 

Mathematics^ Second Stage, May, 1880. — Arithmetic and Algebra. 

Not more than three questions are to be answered. The number 
of marks assigned to each question is given in brackets. 

1. Assuming that a franc is worth 9.504 cf., and a hard 

dollar 50.49 c?., what is the smallest sum in francs 
that can be exactly paid in hard dollars? [16.] 

2. Show how to find the square root of a vulgar fraction, 

so as to make sure of obtaining it in a finite form, if 
it has one. 
Ascertain whether the square roots of the following frac- 
tions are finite or not : r^^, m^, i^, j^^, [18.] 

8. Solve two of the following sets of equations : [20.] 



S« i'-a« 



(i.) V?+^ — =^^-:^^. [10.] 
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(ii.) ^ + y = 7, a?+f==\^. [10.] 

(iii.) a:y+Var + y = ll, 2a^— Var + y = 13. [10.] 
4 What is the least integral multiplier which will make 
17a;*-~68a:*y+102a:»y»-68a;'y*+ 17ay a com- 
plete cube ? [20.] 

5. A rectangular plot of ground measures 42 acres, and 

its diagonal is 1243 yards long. What are its sides ? 

[22.] 

6. Two boys start at the same instant from the same cor- 

ner of a square, the length of one of whose sides is 
200 yards, and they run round it in opposite direc- 
tions : one (A) runs at the rate of 100 yards in 15 
seconds, and loses 2 seconds in turning a corner; 
the other (B) runs at the rate of 100 yards in 16 
seconds, and loses 1 second in turning a comer. 
Where do they meet? [26.] 

LVI. 

Science Schools and Classes, Enq. 

Mathematics, First Stage, May, 1881. 

Not more than three questions are to be answered. The number 
of marks assigned to each question is given in brackets. 

1. Show that 

are identical expressions ; that is to say, that the one 
can be deduced from the other. Find their values, 
when a: = 3, 2 = 4, and a = 6 = 5. [8.] 

2. Simplify ('^'j'^/'^y/'^Y, and find its value when 

a = 7, 6 = 3, t? = 2, m=2, w = l. [8.] 



142 EXAMINATION PAPEBS. 

3. Find the G.C.M. and L.C.M. o£ 2±' + 9a^ + 5x+12 

^d 2a^ + 4:0^ +lSx'+llx + 12. [12.] 

4 Solve the equations [12.] 

(i.) (2 + 3;r)(4-^) = (3-2*)(6-I): [6.] 

(ii.) (*+y)'-(x-y)'=352.x(y+5)=143. [6.] 

5. Of two squares of carpet, one measures 44 feet more 

round than the other, and 187 square feet more in 
area. What are their sizes ? [12.] 

6. Oranges are bought for half-a-crown a hundred ; some 

are sold at 3$. 6d. a hundred, and the rest at 28. 
10^ d. a hundred. The same profit is made, as if 
they had all been sold at 3 s. l^c?. a hundred. Of a 
thousand oranges sold, how many fetch 3«. 6d. a 
hundred? [14.] 

Lvn. 

Science Schools and Classes, Eno. 

Mathematical First Stage, May, 1882. 

Not more than three questions are to be answered. The number 
of marks assigned to each question is given in brackets. 

1. Divide a^ + Sy" — 21^ + 18ay2 by a: + 2y — 3 2, and 

test your answer by substituting a: = 5, y = — 4, 
2 = 3 in the dividend, divisor, and quotient. [12.] 

2. Show that the product of 1 5^, 1 H — r, and 

x + 2a x — 2o 

^ ^ X X 

Write down the value of each factor and of the product, 
when a; = 3a = 36. [12.] 

3. Keduce to its lowest terms -; ~ ^ , . — ttt- [12.] 
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4. Divide a^-{-px+ qhj x — a, and find the relation that 
must hold good between a, j9, and q, when the divi- 
sion can be performed without leaving a remainder. 

[12.] 

6. Solve the equations [12.] 

(i.) i(0.76^x) + ^(pA7 + 2x) = (3-~^)x. [6.] 

^ ^ 15^12 3 4 '- -^ 

6. A man has 1000 apples for sale ; at first he sells so as 
to gain at the rate of 50 per cent on the cost price ; 
when he has done this for a time the sale falls off, 
. so he sells the remainder for what he can get, and 
finds that by doing so he loses at the rate of 10 per 
cent ; if his total gain is at the rate of 29 per cent, 
how many apples did he sell for what he could get ? 

[14.] 

LVIII. 

Science Schools and Classes, England. 

Mat?U7natic8, Second Stage, May^ 1882. — Arithmetic and Algebra. 

Not more than three questions are to be answered. The number 
of marks assigned to each question is given in brackets. 

~2 
as 



1. Given VB = 2.236068, express -^_ and ^ 



V20 V5 + 2 

decimals, true to the fifth place. [IS.] 

2. Solve the equations [25.] 

(i.) a:»-2a:'-3a: + 4 = 0; 

(ii.) a;' + y = 8, Zx + 2y=l. 

8. A farmer sold 7 oxen and 12 cows for £250. He sold 
3 more oxen for £60 than he did cows for £30. 
Eequired the price of each. [25.1 
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4 What is the term which must be added to 

9a?*+12a:'+20a: + 25 to make it a completie square? 

[25.] 

6. Find (x+2y)\ and obtain the sixth root of 

6,321,363,049. [25.] 

6. It is known that the volume of a cylinder varies as 
the base and height jointly. If the volume of the 
first of two cylinders is to that of the second as 
11:8, and the height of the first is to that of the 
second as 3 : 4, and if the base of the first has an 
area of 16.5 square feet, what is the area of the 
base of the second? [25. J 

LIX. 

Science Schools and Classes, England. 

Mathematics, First Stage, May, 1883. 

Not more than three questions are to be answered. The number 
of marks assigned to each question is given in brackets. 

1. Explain why the product is a", when a* is multiplied 

by a^, and why the quotient is cf when cf is divided 
by cf, [8.] 

2. Obtain {a? + ^x+ 15)' - (a:» - 3 a: + 15)' in its simplest 

form, and find its value when 2a: = — 5. [12.] 

3. Simplify the expressions . [12.] 

r\X—a a—b 

a b X 



'^^C.^hH'-t)- 



4. Find the G.C.M. of ai" - 6a^ - Qx" + Sbx -7 and 
3a:' — 23a;' + 43a; — 8, and write down these expres- 
sions in factors. [12.] 
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5. Solve the equations [12.] 

r\ 2a?-0.3 _ 5 — a: 
^'•^ "^ 0.7 ~ 0.36 ' 

...32^_2£_13 ?,y_19 
^"•^ 4 5 ""5' 4'^5~12 

6. A sum of £23 14 s. is to be divided between A, B, ; 

if B gets 20 per cent more than A and 25 per cent 
more than 0, how much does each get? [16.] 

LX. 

Civil Seevice of Great Britain. 

OompetiMve Examination of Candidates for Inspectorships of National 
Schools, Ireland, 1878. — Time Allowed, 3 Iiours. 

1. Findthevalueof ^' + f'""f""^ when a = 2, 6 = ^, 

— -j- — a 

and the value of (1 + a)* X (1 — 6)"* when a = ^, 

2. Divide6a:» + a:» + a; + 2 by 2a^-x+\, 

Find the first four terms in the quotient obtained when 
1 + a; is divided by 1 — 2x, 

3. Simplify the expressions 

(i.) (16a* 60* X («***)' X (2ati)*; 
(ii.) (l+a+J)»+(l+a-6)»+(l-a+i)»+(l-a~S)». 

4. Multiply a»i-»-a6-^ + a-'^>-a-»i» by ab-^ + a-^h, 

and divide (x^y^y by (a^y^y^, 

^a^ — a? X 1 

6. Reduce the fraction —-- — —- to its lowest 

terms. 3«;'-4:^-«+2 

& Find the L.C.M. of 

(i.) la'ha?, Soa:*, 6aJ»; 

(ii.) Za?-x-2, 2a? + x-Z. 
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7. Find the value of a which will make x* — a^ — a^- 

divisible, without remainder, hj a^ + x. 

8. Solve the equations 



X 2x Sx 1 — x 2 — x 

9. Extract the square roots of 

(i.) 9 - 4 V2 ; (ii.) x'-Qx + lS- 12a:-^ + 4a:-«. 

10. Solve the equations 

(i.) V^_vT+^=-iz; 

(ii.) 1^X^ = 1; 
1 + ax a + x 

(iii.) a^ + xy = Z2, f-xy = l^, 

11. A train is timed to travel between two stations, A and 

C, at 45 miles an hour. It travels from A to an 
intermediate station, B, at the rate of 40 miles per 
hour, and the speed is then increased to 50 miles an 
hour. The train arrives punctually at the time 
appointed. Compare distances of B and from A. 



' LXI. 

Civil Service of Great Britain. 

Open Competitive Examination for Clerkships of the Superior Class in 
the India Office, 1879. — Tim^ Allowed, 3 hours. 

Full marks may be obtained by doing less than the whole of 
this paper. 

1 . If 7/1 and w be positive integers, prove that a^Xa*= a"*^ ; 
and, assuming this formula to hold good for all 

values of the indices, deduce the meanings of a», a®, 
and a"". 
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2. Divide 

x^+^+z'-2{a^y'+y':?+:^3i^) by a^+2yz-y'-z\ 
and multiply 

2a:f yi + 7a;*y* + 12y by a^y-^ — a;iy"i + ar^y"*. 

3. Prove that the L.C.M. of any two algebraical expres- 

sions is equal to their product divided by their 
G.O.M. 
Find the G.C.M. and L.C.M. of the expressions 
(x' + b')c+(b' + c')x&nd(x'-b')c + (b'-c')x. 

4. Simplify the following expressions : 
1 , 4a:'* 



,.. exy + 9f , fie^_2x\. 



1 + 4^-6^ 

(ii.) ( « + .y a + 2^^__\ 

\a* + 2aar — ay — 2a?y a^+ay — 2ax — 2xyj 
a^ + 2aa; + Q^y + ^^ . 
S<f + ai/ + 2ax — 2xy' 

(Hi) 2-\Ja-b 3Va + 6 

3Va+3-2Va^ 3Va+^ + 2Va^ 

Find the condition that the roots of the equation 
03^ + Ja: + (? = may be real, and show that the 
roots of the equation {x + i?) (^ + S') = Jp^l^ will 
always be real if ^ and q are real. 



Solve the equations 








,.. ar + 2a 3. 
^'' (x-^af x' 


= 0; 






(ii.) 6^;^ + i) + £ 


Yx-t 


-'¥ 


38; 


(iii.) a:»y-ar* = 27, 


^- 


-^y- 


= 84. 
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7. A man, who drives twice as fast as he can walk, finds 

that it takes him 9 hours to drive to a certain town 
and to walk back, and that when he has accom- 
plished half of the return journey, he meets a man 
who set out to walk from the same place an hour 
and a half later, and is travelling a mile and a half 
per hour more slowly than himself. Find the dis- 
tance of the town from the starting point, and the 
rate at which each man walks. 

8. Three lamps of equal brilliancy are placed in three 

different corners of a square room. Compare the 
intensities of light at the fourth corner and at the 
centre of the room, assuming that the illumination 
from a source of light varies inversely as the square 
of its distance. 

9. Show how to insert any number of harmonic means 

between two given quantities. 
If 2p and Sqho the ^th and qth. terms, respectively, 
of an harmonic series, prove that the (p -f g')th term 
will be ^ip — q)' 

10. Prove that the number of permutations of n things 

taken r together is n(n — 1) (w — 2) (w — r + 1). 

In how many ways can 24 ships belonging to 4 differ- 
ent nations be arranged in 4 lines, each consisting of 
6 ships of the same nationality ? 

11. Expand (a* — a:*)~i to five terms, and show that the 

middle term in the expansion of [ a: -f — j is equal to 

1x3x5 (2n-l) >^ ^^^ 

1x2x3 n 

12. Express the fourth root of 89 — 28ViO as the differ- 

ence of two surds, and extract the fifth root of 
99,999 correct to 15 places of decimals. 
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LXII. 

Civil Service of Great Britain. 

Open Competitive Examination for Admission to the Royal Indian 
Engin.eering College, July, 1879. — Time Allowed, 3 hours. 

1. Find the value of ^* + ^ + ^ + ^, when 

o — c c — d a — a a — b 

when x=l + V^. 

2. Multiply a:-(2+ V3)y + (1 + V3)2 by a:-(2- V3)y 

+ (1-V3)z; and divide a;»-4ry-fy by a;-(2+V3)y. 

3. Explain the law of indices in the multiplication and 

division of algebraic quantities. 
Multiply x^ + a^ + oc^ by x^ — x~i ; and reduce to its 
simplest form (x^ X x~^)~^ -h x~^. 

4. Simplify the following expressions : 

,. X 2bx* + 6a^-x-l . 
^^'^ 20 a:* + a:'-! ' 

a + x a — x a' + a;* a^~a^ 
f'^y^ a~x a + x ^ a^ — a? a^ + a^ 



a^ — a:' -t a* + ^* 

a' + a;" (a^ + a;^)^ 

5. Solve the equations 

(i.) V5 + V4T^ = -i3; 

<=> fo-KSi)+^'-°' 

(iv.) a;' + y» = 8, 2xy-y' = ^. 
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6. A number having two digits is to the number formed 

by inverting the order of the digits as 8 to 3, and 
the sum of the two numbers is 99. Find them. 

7. Prove the rule for finding the G.C.M. of two algebra- 

ical quantities. 
Find the L.C.M. of 

a^-ab+h\ d*+ah+b\ cf-b\ a»+J», and {a?-hj. 

8. Find the square roots of 

81a?*+108ar»--24a: + 4 and 327-87VI6. 

9. If p, q, and r are the arithmetic, geometric, and har- 

monic means of two algebraical quantities, show that 

(i.)^=3^; (ii.)i>-| = yp»-2^. 

10. Sum to n terms, and where possible to infinity, 

(i.) 3, 2J, 1| 

(ii.) 3, 2J, 1|^ 

1 1 1 



(iii.) 



2x3 3x4 4x5 



11. Distinguish between permutations and combinations, 

and find the number of the latter that can be formed 
from n things taken r together. 
In how many ways can a guard of 8 soldiers be selected 
from a company of 25, and in how many of them 
will two particular men be on guard together? 

12. Find the sixth term of f 3 a; — ^ j , and the two middle 

terms of {a — xf. ^ ^ 

13. If «±^=i+«? = £±^,8howthat 

o-\- cy c + ay a + by 



i 



,1 • 





